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Preface

This book is intended to provide a systematic introduction to the theory
of Hessian structures. Let us first briefly outline Hessian structures and
describe some of the areas in which they find applications. A manifold
is said to be flat if it admits local coordinate systems whose coordinate
changes are affine transformations. For flat manifolds, it is natural to pose
the following fundamental problem:

Among the many Riemannian metrics that may exist on a flat

manifold, which metrics are most compatible with the flat struc-

ture ?

In this book we shall explain that it is the Hessian metrics that offer the

best compatibility. A Riemannian metric on a flat manifold is called a

Hessian metric if it is locally expressed by the Hessian of functions with

respect to the affine coordinate systems. A pair of a flat structure and a

Hessian metric is called a Hessian structure, and a manifold equipped with

a Hessian structure is said to be a Hessian manifold. Typical examples of

these manifolds include regular convex cones, and the space of all positive

definite real symmetric matrices.

We recall here the notion of Kählerian manifolds, which are formally

similar to Hessian manifolds. A complex manifold is said to be a Kählerian

manifold if it admits a Riemannian metric such that the metric is locally

expressed by the complex Hessian of functions with respect to the holomor-

phic coordinate systems. It is well-known that Kählerian metrics are those

most compatible with the complex structure.

Thus both Hessian metrics and Kählerian metrics are similarly ex-

pressed by Hessian forms, which differ only in their being real or complex

respectively. For this reason S.Y. Cheng and S.T. Yau called Hessian met-

rics affine Kähler metrics. These two types of metrics are not only formally

similar, but also intimately related. For example, the tangent bundle of a

vii
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Hessian manifold is a Kählerian manifold.

Hessian geometry (the geometry of Hessian manifolds) is thus a very

close relative of Kählerian geometry, and may be placed among, and finds

connection with important pure mathematical fields such as affine differ-

ential geometry, homogeneous spaces, cohomology and others. Moreover,

Hessian geometry, as well as being connected with these pure mathematical

areas, also, perhaps surprisingly, finds deep connections with information

geometry. The notion of flat dual connections, which plays an important

role in information geometry, appears in precisely the same way for our

Hessian structures. Thus Hessian geometry offers both an interesting and

fruitful area of research.

However, in spite of its importance, Hessian geometry and related topics

are not as yet so well-known, and there is no reference book covering this

field. This was the motivation for publishing the present book.

I would like to express my gratitude to the late Professor S. Murakami

who, introduced me to this subject, and suggested that I should publish

the Japanese version of this book.

My thanks also go to Professor J.L. Koszul who has shown interest in

my studies, and whose constant encouragement is greatly appreciated. The

contents of the present book finds their origin in his studies.

Finally, I should like to thank Professor S. Kobayashi, who recom-

mended that I should publish the present English version of this book.
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Introduction

It is well-known that for a bounded domain in a complex Euclidean space

Cn there exists the Bergman kernel function K(z, w), and that the corre-

sponding complex Hessian form

∑

i,j

∂2 logK(z, z̄)

∂zi∂z̄j
dzidz̄j ,

is positive definite and invariant under holomorphic automorphisms. This
is the so-called Bergman metric on a bounded domain. E. Cartan classi-
fied all bounded symmetric domains with respect to the Bergman metrics.
He found all homogeneous bounded domains of dimension 2 and 3, which
are consequently all symmetric. He subsequently proposed the following
problem [Cartan (1935)].

Among homogeneous bounded domains of dimension greater

than 3, are there any non-symmetric domains ?

A. Borel and J.L. Koszul proved independently by quite different meth-

ods that homogeneous bounded domains admitting transitive semisimple

Lie groups are symmetric [Borel (1954)][Koszul (1955)]. On the other

hand I.I. Pyatetskii-Shapiro gave an example of a non-symmetric homo-

geneous bounded domain of dimension 4 by constructing a Siegel domain

[Pyatetskii-Shapiro (1959)]. Furthermore, E.B. Vinberg, S.G. Gindikin and

I.I. Pyatetskii-Shapiro proved the fundamental theorem that any homoge-

neous bounded domain is holomorphically equivalent to an affine homoge-

neous Siegel domain [Vinberg, Gindikin and Pyatetskii-Shapiro (1965)].

A Siegel domain is defined by using a regular convex cone in a real Eu-

clidean space Rn. The domain is holomorphically equivalent to a bounded

domain. It is known that a regular convex cone admits the characteristic

ix
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function ψ(x) such that the Hessian form given by
∑

i,j

∂2 logψ(x)

∂xi∂xj
dxidxj

is positive definite and invariant under affine automorphisms. Thus the

Hessian form defines a canonical invariant Riemannian metric on the regular

convex cone.

These facts suggest that there is an analogy between Siegel domains and

regular convex cones as follows:

Siegel domain ←→ Regular convex cone

Holomorphic

coordinate

←→ Affine coordinate

system {z1, · · · , zn} system {x1, · · · , xn}
Bergman kernel function ←→ Characteristic func-

tion

K(z, w) ψ(x)

Bergman metric ←→ Canonical metric
∑

i,j

∂2 logK(z, z̄)

∂zi∂z̄j
dzidz̄j

∑

i,j

∂2 logψ

∂xi∂xj
dxidxj

A Riemannian metric g on a complex manifold is said to be Kählerian

if it is locally expressed by a complex Hessian form

g =
∑

i,j

∂2φ

∂zi∂z̄j
dzidz̄j .

Hence Bergman metrics on bounded domains are Kählerian metrics. For
this reason it is natural to ask the following fundamental open question.

Which Riemannian metrics on flat manifolds are an extension

of canonical Riemannian metrics on regular convex cones, and

analogous to Kählerian metrics ?

In this book we shall explain that Hessian metrics fulfil these requirements.

A Riemannian metric g on a flat manifold is said to be a Hessian metric if

g can be locally expressed in the Hessian form

g =
∑

i,j

∂2ϕ

∂xi∂xj
dxidxj ,

with respect to an affine coordinate system. Using the flat connection D,

this condition is equivalent to

g = Ddϕ.
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A pair (D, g) of a flat connection D and a Hessian metric g is called a

Hessian structure.

J.L. Koszul studied a flat manifold endowed with a closed 1-form α

such that Dα is positive definite, whereupon Dα is a Hessian metric. This

is the ultimate origin of the notion of Hessian structures [Koszul (1961)].

However, not all Hessian metrics are globally of the form g = Dα. The more

general definition of Hessian metric given above is due to [Cheng and Yau

(1982)] and [Shima (1976)]. In [Cheng and Yau (1982)], Hessian metrics

are called affine Kähler metrics.

A pair (D, g) of a flat connection D and a Riemannian metric g is a

Hessian structure if and only if it satisfies the Codazzi equation,

(DXg)(Y, Z) = (DY g)(X,Z).

The notion of Hessian structure is therefore easily generalized as follows.

A pair (D, g) of a torsion-free connection D and a Riemannian metric g is

said to be a Codazzi structure if it satisfies the Codazzi equation. A Hessian

structure is a Codazzi structure (D, g) whose connection D is flat. We note

that a pair (∇, g) of a Riemannian metric g and the Levi-Civita connection

∇ of g is of course a Codazzi structure, and so the geometry of Codazzi

structures is, in a sense, an extension of Riemannian geometry.

For a Codazzi structure (D, g) we can define a new torsion-free connec-

tion D′ by

Xg(Y, Z) = g(DXY, Z) + g(Y,D′
XZ).

Denoting by ∇ the Levi-Civita connection of g, we obtain

D′ = 2∇−D,
and the pair (D′, g) is also a Codazzi structure. The connection D′ and the

pair (D′, g) are called the dual connection of D with respect to g, and the

dual Codazzi structure of (D, g), respectively.

For a Hessian structure (D, g = Ddϕ), the dual Codazzi structure

(D′, g) is also a Hessian structure, and g = D′dϕ′, where ϕ′ is the Leg-

endre transform of ϕ,

ϕ′ =
∑

i

xi ∂ϕ

∂xi
− ϕ.

Historically, the notion of dual connections was obtained by quite dis-

tinct approaches. In affine differential geometry the notion of dual con-

nections was naturally obtained by considering a pair of a non-degenerate

affine hypersurface immersion and its conormal immersion [Nomizu and
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Sasaki (1994)]. In contrast, S. Amari and H. Nagaoka found that smooth

families of probability distributions admit dual connections as their natu-

ral geometric structures. Information geometry aims to study information

theory from the viewpoint of the dual connections. It is known that many

important smooth families of probability distributions, for example normal

distributions and multinomial distributions, admit flat dual connections

which are the same as Hessian structures [Amari and Nagaoka (2000)].
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Chapter 1

Affine spaces and connections

Although most readers will have a good knowledge of manifolds, we will

begin this chapter with a summary of the basic results required for an un-

derstanding of the material in this book. In section 1.1 we summarize affine

spaces, affine coordinate systems and affine transformations in affine geom-

etry. Following Koszul, we define affine representations of Lie groups and

Lie algebras which will be seen to play an important role in the following

chapters. In sections 1.2 and 1.3, we outline some important fundamen-

tal results from differential geometry, including connections, Riemannian

metrics and vector bundles, and assemble necessary formulae.

1.1 Affine spaces

In this section we give a brief outline of the concepts of affine spaces, affine

transformations and affine representations which are necessary for an un-

derstanding of the contents of subsequent chapters of this book.

Definition 1.1. Let V be an n-dimensional vector space and Ω a non-

empty set endowed with a mapping,

(p, q) ∈ Ω× Ω −→ −→pq ∈ V,

satisfying the following conditions.

(1) For any p, q, r ∈ Ω we have −→pr = −→pq +−→qr.
(2) For any p ∈ Ω and any v ∈ V there exists a unique q ∈ Ω such that

v = −→pq.

Then Ω is said to be an n-dimensional affine space associated with V .

1
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Example 1.1. Let V be an n-dimensional vector space. We define a map-

ping

(p, q) ∈ V × V −→ −→pq = q − p ∈ V.
Then the set V is an n-dimensional affine space associated with the vector

space V .

Example 1.2. An affine space associated with the standard vector space

Rn = {p = (p1, · · · , pn) | pi ∈ R} is said to be the standard affine space.

A pair {o; e1, · · · , en} of a point o ∈ Ω and a basis {e1, · · · , en} of

V is said to be an affine frame of Ω with origin o. An affine frame

{o; e1, · · · , en} defines an n-tuple of functions {x1, · · · , xn} on Ω by

−→op =
∑

i

xi(p)ei, p ∈ Ω,

which is called an affine coordinate system on Ω with respect to the

affine frame.

Let {x̄1, · · · , x̄n} be another affine coordinate system with respect to an

affine frame {ō; ē1, · · · , ēn}. If ej =
∑

i a
i
j ēi,

−→̄
oo =

∑

i a
iēi, then

x̄i =
∑

j

ai
jx

j + ai.

Representing the column vectors [xi], [x̄i] and [ai] by x = [xi], x̄ = [x̄i] and

a = [ai] respectively, and the matrix [ai
j ] by A = [ai

j ], we have

x̄ = Ax+ a,

or
[
x̄

1

]

=

[
A a

0 1

] [
x

1

]

.

Let ei be a vector in the standard vector space Rn = {p =

(p1, · · · , pn) | pi ∈ R} whose j-th component is the Kronecker’s δij , then

{e1, · · · , en} is called the standard basis of Rn. An affine coordinate sys-

tem with respect to the affine frame {0; e1, · · · , en}, with origin the zero

vector 0, is called the standard affine coordinate system on Rn.

Let R∗
n be the dual vector space of Rn, and let {e∗1, · · · , e∗n} be the dual

basis of the standard basis {e1, · · · , en} of Rn. The affine coordinate system

{x∗1, · · · , x∗n} on Rn with respect to the affine frame {0∗; e∗1, · · · , e∗n}, with

origin the zero vector 0∗, is said to be the dual affine coordinate system

of {x1, · · · , xn}.
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Let Ω and Ω̃ be affine spaces associated to vector spaces V and Ṽ

respectively. A mapping ϕ : Ω −→ Ω̃ is said to be an affine mapping, if

there exists a linear mapping ϕ′ : V −→ Ṽ satisfying

ϕ′(−→pq) =
−−−−−−→
ϕ(p)ϕ(q) for p, q ∈ Ω.

The mapping ϕ′ is called a linear mapping associated with ϕ.

Let us consider vector spaces V and Ṽ to be affine spaces as in Example

1.1. Let ϕ : V −→ Ṽ be an affine mapping and let ϕ′ be its associated

linear mapping. Since ϕ′(v) = ϕ′(
−→
0v) =

−−−−−−→
ϕ(0)ϕ(v) = ϕ(v) − ϕ(0), we have

ϕ(v) = ϕ′(v) + ϕ(0).

Conversely for a linear mapping ϕ′ from V to Ṽ and v0 ∈ V , we define

a mapping ϕ : V −→ Ṽ by

ϕ(v) = ϕ′(v) + v0.

Then ϕ is an affine mapping with associated linear mapping ϕ′ and ϕ(0) =

v0.

For an affine mapping ϕ : V −→ Ṽ , the associated linear mapping ϕ′

and the vector ϕ(0) are called the linear part and the translation part

of ϕ respectively. A bijective affine mapping from Ω into itself is said to

be an affine transformation of Ω. A mapping ϕ : Ω −→ Ω is an affine

transformation if and only if there exists a regular matrix [ai
j ] and a vector

[ai] such that

xi ◦ ϕ =
∑

j

ai
jx

j + ai.

Let A(V ) be the set of all affine transformations of a real vector space

V . Then A(V ) is a Lie group, and is called the affine transformation

group of V . The set GL(V ) of all regular linear transformations of V is a

subgroup of A(V ).

Definition 1.2. Let G be a group. A pair (f, q) of a homomorphism

f : G −→ GL(V ) and a mapping q : G −→ V is said to be an affine

representation of G on V if it satisfies

q(st) = f(s)q(t) + q(s) for s, t ∈ G. (1.1)

For each s ∈ G we define an affine transformation a(s) of V by

a(s) : v −→ f(s)v + q(s).

Then the above condition (1.1) is equivalent to requiring the mapping

a : s ∈ G −→ a(s) ∈ A(V )
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to be a homomorphism.

Let us denote by gl(V ) the set of all linear endomorphisims of V . Then

gl(V ) is the Lie algebra of GL(V ). Let G be a Lie group, and let g be its Lie

algebra. For an affine representation (f, q) of G on V , we denote by f and

q the differentials of f and q respectively. Then f is a linear representation

of g on V , that is, f : g −→ gl(V ) is a Lie algebra homomorphism, and q is

a linear mapping from g to V . Since

q(Ad(s)Y ) =
d

dt

∣
∣
∣
∣
t=0

q(s(exp tY )s−1) = f(s)f(Y )q(s−1) + f(s)q(Y ),

it follows that

q([X,Y ]) =
d

dt

∣
∣
∣
∣
t=0

q(Ad(exp tX)Y )

= f(X)q(Y )q(e) + f(e)f(Y )(−q(X)) + f(X)q(Y ),

where e is the unit element in G. Since f(e) is the identity mapping and

q(e) = 0, we have

q([X,Y ]) = f(X)q(Y )− f(Y )q(X). (1.2)

A pair (f, q) of a linear representation f of a Lie algebra g on V and a

linear mapping q from g to V is said to be an affine representation of g

on V if it satisfies the above condition (1.2).

1.2 Connections

In this section we summarize fundamental results concerning connections

and Riemannian metrics. LetM be a smooth manifold. We denote by F(M)

the set of all smooth functions, and by X(M) the set of all smooth vector

fields on M . In this book the geometric objects we consider, for example,

manifolds, functions, vector fields and so on, will always be smooth.

Definition 1.3. A connection on a manifold M is a mapping

D : (X,Y ) ∈ X(M)× X(M) −→ DXY ∈ X(M)

satisfying the following conditions,

(1) DX1+X2
Y = DX1

Y +DX2
Y ,

(2) DϕXY = ϕDXY ,

(3) DX(Y1 + Y2) = DXY1 +DXY2,

(4) DX(ϕY ) = (Xϕ)Y + ϕDXY ,
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where ϕ ∈ F(M). The term DXY is called the covariant derivative of Y

in the direction X .

Henceforth, we always assume that a manifold M is endowed with a

connection D. A tensor field F of type (0, p) is identified with a F(M)-

valued p-multilinear function on F(M)-module X(M);

F :

p terms
︷ ︸︸ ︷

X(M)× · · · × X(M) −→ F(M).

In the same way a tensor field of type (1, p) is identified with a X(M)-valued

p-multilinear mapping on F(M)-module X(M).

Definition 1.4. For a tensor field F of type (0, p) or (1, p), we define a

tensor field DXF by

(DXF )(Y1, · · · , Yp)

= DX(F (Y1, · · · , Yp))−
p

∑

i=1

F (Y1, · · · , DXYi, · · · , Yp).

The tensor field DXF is called the covariant derivative of F in the

direction X . A tensor field DF defined by

(DF )(Y1, · · · , Yp, Yp+1) = (DYp+1
F )(Y1, · · · , Yp),

is said to be a covariant differential of F with respect to D.

Let {x1, · · · , xn} be a local coordinate system on M . The components

or the Christoffel’s symbols Γk
ij of the connection D are defined by

D∂/∂xi∂/∂xj =

n∑

k=1

Γk
ij

∂

∂xk
.

The torsion tensor T of D is by definition

T (X,Y ) = DXY −DYX − [X,Y ].

The component T k
ij of the torsion tensor T given by

T
( ∂

∂xi
,
∂

∂xj

)

=
∑

k

T k
ij

∂

∂xk

satisfies

T k
ij = Γk

ij − Γk
ji.

The connectionD is said to be torsion-free if the torsion tensor T vanishes

identically.
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The curvature tensor R of D is defined by

R(X,Y )Z = DXDY Z −DYDXZ −D[X,Y ]Z.

The component Ri
jkl of R given by

R
( ∂

∂xk
,
∂

∂xl

) ∂

∂xj
=

∑

i

Ri
jkl

∂

∂xi
,

is expressed in the form

Ri
jkl =

∂Γi
lj

∂xk
−
∂Γi

kj

∂xl
+

∑

m

(Γm
ljΓ

i
km − Γm

kjΓ
i
lm). (1.3)

The Ricci tensor Ric of D is by definition

Ric(Y, Z) = Tr{X −→ R(X,Y )Z}.

The component Rjk of Ric given by

Rjk = Ric
( ∂

∂xj
,
∂

∂xk

)

satisfies

Rjk =
∑

i

Ri
kij . (1.4)

Definition 1.5. A curve σ = x(t) in M is called a geodesic if it satisfies:

Dẋ(t)ẋ(t) = 0,

where ẋ(t) is the tangent vector of the curve σ at x(t).

Using a local coordinate system {x1, · · · , xn}, the equation of the

geodesic is expressed by

d2xi(t)

dt2
+

n∑

j,k

Γi
jk(x1(t), · · · , xn(t))

dxj (t)

dt

dxk(t)

dt
= 0,

where xi(t) = xi(x(t))D

Theorem 1.1. For any point p ∈ M and for any tangent vector Xp at p,

there exists locally a unique geodesic x(t) (−δ < t < δ) satisfying the initial

conditions (p,Xp), that is,

x(0) = p, ẋ(0) = Xp.
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A geodesic satisfying the initial conditions (p,Xp) is denoted by exp tXp.

If a geodesic x(t) is defined for −∞ < t < ∞, then we say that the

geodesic is complete. A connection D is said to be complete if every

geodesic is complete.

Theorem 1.2. For a tangent space TpM at any point p ∈M there exists a

neighbourhood, Np, of the zero vector in TpM such that: For any Xp ∈ Np,

exp tXp is defined on an open interval containing [−1, 1].

A mapping on Np given by

Xp ∈ Np −→ expXp ∈M
is said to be the exponential mapping at p.

Definition 1.6. A connection D is said to be flat if the tosion tensor T

and the curvature tensor R vanish identically. A manifold M endowed with

a flat connection D is called a flat manifold.

The following results for flat manifolds are well known. For the proof see

section 8.1.

Proposition 1.1.

(1) Suppose that M admits a flat connection D. Then there exist local

coordinate systems on M such that D∂/∂xi∂/∂xj = 0. The changes

between such coordinate systems are affine transformations.

(2) Conversely, if M admits local coordinate systems such that the changes

of the local coordinate systems are affine transformations, then there

exists a flat connection D satisfying D∂/∂xi∂/∂xj = 0 for all such local

coordinate systems.

For a flat connection D, a local coordinate system {x1, · · · , xn} satisfy-

ing D∂/∂xi∂/∂xj = 0 is called an affine coordinate system with respect

to D.

A flat connection D on Rn defined by

D∂/∂xi∂/∂xj = 0,

where {x1, · · · , xn} is the standard affine coordinate system on Rn, is called

the standard flat connection on Rn.

Definition 1.7. Two torsion-free connections D and D̄ with symmetric

Ricci tensors are said to be projectively equivalent if there exists a closed

1-form ρ such that

D̄XY = DXY + ρ(X)Y + ρ(Y )X.
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Definition 1.8. A torsion-free connection D with symmetric Ricci tensor

is said to be projectively flat if D is projectively equivalent to a flat

connection around each point of M .

Theorem 1.3. A torsion-free connection D with symmetric Ricci tensor

is projectively flat if and only if the following conditions hold (cf. [Nomizu

and Sasaki (1994)]).

(1) R(X,Y )Z =
1

n− 1
{Ric(Y, Z)X −Ric(X,Z)Y }, where n = dimM ,

(2) (DXRic)(Y, Z) = (DY Ric)(X,Z).

A non-degenerate symmetric tensor g of type (0, 2) is said to be an

indefinite Riemannian metric. If g is positive definite, it is called a

Riemannian metric.

Theorem 1.4. Let g be an indefinite Riemannian metric. Then there exists

a unique torsion-free connection ∇ such that

∇g = 0.

Proof. Suppose that there exists a torsion-free connection ∇ satisfying

∇g = 0. Since

0 = ∇XZ −∇ZX − [X,Z],

0 = (∇Xg)(Y, Z) = Xg(Y, Z)− g(∇XY, Z)− g(Y,∇XZ),

and we have

Xg(Y, Z) = g(∇XY, Z) + g(∇ZX,Y ) + g([X,Z], Y ).

Cycling X,Y, Z in the above formula, we obtain

Y g(Z,X) = g(∇Y Z,X) + g(∇XY, Z) + g([Y,X ], Z)

Zg(X,Y ) = g(∇ZX,Y ) + g(∇Y Z,X) + g([Z, Y ], X).

Eliminating ∇Y Z and ∇ZX from the above relations, we have

2g(∇XY, Z) = Xg(Y, Z) + Y g(X,Z)− Zg(X,Y ) (1.5)

+g([X,Y ], Z) + g([Z,X ], Y )− g([Y, Z], X).

Given that g is non-degenerate and the right-hand side of equation (1.5)

depends only on g, the connection ∇ is uniquely determined by g. For a

given indefinite Riemannian metric g we define ∇XY by equation (1.5). It

is then easy to see that ∇ is a torsion-free connection satisfying ∇g = 0.

�



November 13, 2006 12:3 World Scientific Book - 9in x 6in ws-book9x6

Affine spaces and connections 9

The connection ∇ given in Theorem 1.4 is called the Riemannian

connection or the Levi-Civita connection for g. We denote by gij

the components of an indefinite Riemannian metric g with respect to a local

coordinate system {x1, · · · , xn};

gij = g
( ∂

∂xi
,
∂

∂xj

)

.

Let Γk
ij be the Christoffel’s symbols of ∇. Upon substituting for X , Y

and Z in equation (1.5) using X = ∂/∂xiCY = ∂/∂xj and Z = ∂/∂xk, we

obtain

2
∑

l

Γl
ijglk =

∂gjk

∂xi
+
∂gik

∂xj
− ∂gij

∂xk
,

and hence

Γk
ij =

1

2

∑

l

gkl
(∂gjl

∂xi
+
∂gil

∂xj
− ∂gij

∂xl

)

. (1.6)

For a Riemannian metric g the sectional curvature K for a plane

spanned by tangent vectors X,Y is given by

K =
g(R(X,Y )Y,X)

g(X,X)g(Y, Y )− g(X,Y )2
. (1.7)

A Riemannian metric g is said to be of constant curvature c if the sec-

tional curvature is a constant c for any plane. This condition is equivalent

to

R(X,Y )Z = c{g(Z, Y )X − g(Z,X)Y }. (1.8)

1.3 Vector bundles

In this section we generalize the notion of connections defined in section 1.2

to that on vector bundles.

Definition 1.9. A manifold E is said to be a vector bundle over M , if

there exists a surjective mapping π : E −→ M , and a finite-dimensional

real vector space F satisfying the following conditions.

(1) For each point in M there exists a neighbourhood U and a diffeomor-

phism

φ̂U : u ∈ π−1(U) −→ (π(u), φU (u)) ∈ U × F.
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(2) Given two neighbourhoods U and V satisfying (1) above, if U ∩ V is

non-empty, then there is a mapping

ψUV : U ∩ V −→ GL(F )

such that

φV (u) = ψV U (π(u))φU (u), for all u ∈ π−1(U ∩ V ).

π is called the projection and F is called the standard fiber.

A mapping s from an open set U ⊂ M into E is said to be a section

of E on U if π ◦ s is the identity mapping on U . The set S(U) consisting

of all sections on U is a real vector space and an F(U)-module.

Example 1.3. Let M be a manifold and let TpM be the tangent space at

p ∈ M . We set TM =
⋃

p∈M

TpM , and define a mapping π : TM −→M by

π(X) = p for X ∈ TpM . Let {x1, · · · , xn} be a local coordinate system on

U . A mapping given by

X ∈ π−1(U) −→ ((x1◦π)(X), · · · , (xn◦π)(X), dx1(X), · · · , dxn(X)) ∈ R2n

is injective. The 2n-tuple {x1 ◦ π, · · · , xn ◦ π, dx1, · · · , dxn} then defines a

local coordinate system on π−1(U), and TM is a manifold. Upon setting

φ̂U : X ∈ π−1(U) −→ (π(X), dx1(X), · · · , dxn(X)) ∈ U ×Rn,

we have that TM is a vector bundle over M with the standard fiber Rn,

and is said to be the tangent bundle over M . A section of TM on M is

a vector field on M .

Example 1.4. Let T ∗
pM be the dual space of the tangent space TpM at

p ∈ M . We set T ∗M =
⋃

p∈M

T ∗
pM , and define a mapping π : T ∗M −→ M

by π(ω) = p for ω ∈ T ∗
pM . Let {x1, · · · , xn} be a local coordinate system

on U . A mapping given by

ω ∈ π−1(U) −→ ((x1◦π)(ω), · · · , (xn◦π)(ω), i∂/∂x1(w), · · · , i∂/∂xn(ω)) ∈ R2n

is injective, where i∂/∂xi(ω) = ω(∂/∂xi). Then {x1 ◦ π, · · · , xn ◦
π, i∂/∂x1 , · · · , i∂/∂xn} defines a local coordinate system on π−1(U), and

T ∗M is a manifold. Upon setting

φ̂U : ω ∈ π−1(U) −→ (π(ω), i∂/∂x1(w), · · · , i∂/∂xn(ω)) ∈ U ×R∗
n

we have that T ∗M is a vector bundle over M with the standard fiber R∗
n,

and is said to be the cotangent bundle over M . A section of T ∗M on M

is a 1-form on M .
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Definition 1.10. A connection D on a vector bundle E over M is a

mapping

D : (X, s) ∈ X(M)×S(M) −→ DXs ∈ S(M),

satisfying the following conditions,

(1) DX+Y s = DXs+DY s,

(2) DϕXs = ϕDXs,

(3) DX(s+ t) = DXs+DX t,

(4) DX(ϕs) = (Xϕ)s+ ϕDXs,

where X, Y ∈ X(M), s, t ∈ S(M) and ϕ ∈ F(M).

Example 1.5. A connection on the tangent bundle TM over M is a con-

nection on M in the sense of Definition 1.3.

Example 1.6. Let D be a connection on the tangent bundle TM over M .

We denote by S∗(M) the set of all sections of the cotangent bundle T ∗M

over M , and define a mapping

D∗ : (X,ω) ∈ X(M)×S∗(M) −→ DXω ∈ S∗(M)

by (D∗
Xω)(Y ) = X(ω(Y ))− ω(DXY ). Then D∗ is a connection on T ∗M .
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Chapter 2

Hessian structures

A Riemannian metric g on a flat manifold is said to be a Hessian metric if

it can be expressed by the Hessian form with respect to the flat connection

D. The pair (D, g) is called a Hessian structure. Of all the Riemannian

metrics that can exist on a flat manifold, Hessian metrics appear to be the

most compatible metrics with the flat connection D. In this chapter we will

study the fundamental properties of Hessian structures. In section 2.1 we

derive basic identities for a Hessian structure. In section 2.2 we proceed

to show that the tangent bundle over a Hessian manifold (a manifold with

a Hessian structure) is a Kählerian manifold and investigate the relation

between a Hessian structure and a Kählerian structure. In section 2.3 we

define the gradient mapping, which is an affine immersion, and show the

duality of Hessian structures. In section 2.4 we define the divergence of a

Hessian structure, which is particularly useful for applications in statistics.

By extending the notion of Hessian structures, we define in section 2.5

Codazzi structures.

2.1 Hessian structures

We denote by (M,D) a flat manifold M with a flat connection D. In this

section we consider a class of Riemannian metrics compatible with the flat

connection D. A Riemannian metric g on M is said to be a Hessian metric

if g is locally expressed by the Hessian with respect to D, and the pair

(D, g) is called a Hessian structure. A pair (D, g) of a flat connection D

and a Riemannian metric g is a Hessian structure if and only if it satisfies

the Codazzi equation. The difference tensor γ between the Levi-Civita

connection ∇ of a Hessian metric g and a flat connection D defined by

γ = ∇−D plays various important roles in the study of Hessian structures.

13
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Definition 2.1. A Riemannian metric g on a flat manifold (M,D) is called

a Hessian metric if g can be locally expressed by

g = Ddϕ,

that is,

gij =
∂2ϕ

∂xi∂xj
,

where {x1, · · · , xn} is an affine coordinate system with respect to D. Then

the pair (D, g) is called a Hessian structure on M , and ϕ is said to be

a potential of (D, g). A manifold M with a Hessian structure (D, g) is

called a Hessian manifold, and is denoted by (M,D, g).

Definition 2.2. A Hessian structure (D, g) is said to be of Koszul type,

if there exists a closed 1-form ω such that g = Dω.

Let (M,D) be a flat manifold, g a Riemannian metric on M , and ∇ the

Levi-Civita connection of g. We denote by γ the difference tensor of ∇
and D ;

γXY = ∇XY −DXY.

Since ∇ and D are torsion-free it follows that

γXY = γYX. (2.1)

It should be remarked that the components γi
jk of γ with respect to affine

coordinate systems coincide with the Christoffel symbols Γi
jk of ∇.

Proposition 2.1. Let (M,D) be a flat manifold and g a Riemannian met-

ric on M . Then the following conditions are equivalent.

(1) g is a Hessian metric.

(2) (DXg)(Y, Z) = (DY g)(X,Z)D

(3)
∂gij

∂xk
=
∂gkj

∂xi
D

(4) g(γXY, Z) = g(Y, γXZ)D

(5) γijk = γjikD

Proof. By the definition of Hessian metrics (1) implies (3). The condi-

tions (3) and (5) are the local expressions of (2) and (4) respectively. From

(1.6) the Christoffel symbols of g are given by

γi
jk =

1

2
gis

(∂gsj

∂xk
+
∂gsk

∂xj
− ∂gjk

∂xs

)

,
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γijk =
1

2

(∂gij

∂xk
+
∂gik

∂xj
− ∂gjk

∂xi

)

.1

This demonstrates that conditions (3) and (5) are equivalent. Finally, we

will show that condition (3) implies (1). Upon setting hj =
∑

i gijdx
i,

we have dhj =
∑

i

dgij ∧ dxi =
∑

k<i

(∂gij

∂xk
− ∂gkj

∂xi

)

dxk ∧ dxi = 0. Hence,

by Poincarè’s lemma, there exists ϕj such that hj = dϕj . If we put h =
∑

j ϕjdx
j , then dh =

∑
dϕj ∧ dxj = 0. Upon applying Poincarè’s lemma

again, there exists ϕ such that h = dϕ. Therefore we have
∂ϕ

∂xj
= ϕj and

∂2ϕ

∂xi∂xj
=
∂ϕj

∂xi
= gij . �

The equation (2) of Proposition 2.1 is said to be the Codazzi equation

of g with respect to D. In the course of the proof of Proposition 2.1 we

have proved the following proposition.

Proposition 2.2. Let (D, g) be a Hessian structure. Then we have

g(γXY, Z) =
1

2
(DXg)(Y, Z),

γi
jk =

1

2
gir ∂grj

∂xk
, γij

k = −1

2

∂gij

∂xk
, γijk =

1

2

∂gij

∂xk
.

Proposition 2.3. Let R be the curvature tensor of a Hessian metric g.

Then we have

(1) R(X,Y ) = −[γX , γY ], Ri
jkl = γi

lrγ
r
jk − γi

krγ
r
jl.

(2) The sectional curvature K for a plane spanned by X and Y is given by

K =
g(γXY, γXY )− g(γXX, γY Y )

g(X,X)g(Y, Y )− g(X,Y )2
.

Proof. By equation (1.3) and Proposition 2.2 we have

Ri
jkl =

∂γi
jl

∂xk
−
∂γi

jk

∂xl
− γi

lrγ
r
jk + γi

krγ
r
jl

=
1

2

(∂gir

∂xk

∂grj

∂xl
+ gir ∂2grj

∂xl∂xk

)

− 1

2

(∂gir

∂xl

∂grj

∂xk
+ gir ∂2grj

∂xl∂xk

)

(−γi
lrγ

r
jk + γi

krγ
r
jl)

= 2(−γir
kγrjl + γir

lγrjk) + (−γi
lrγ

r
jk + γi

krγ
r
jl)

= γi
lrγ

r
jk − γi

krγ
r
jl.

1We use Einstein’s summation convention.
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This proves (1). From equation (1.7) we have

K =
g(R(X,Y )Y,X)

g(X,X)g(Y, Y )− g(X,Y )2
,

while from Proposition 2.1 and (1) above we have

g(R(X,Y )Y,X) = g(−[γX , γY ]Y,X) = g(−γXγY Y + γY γXY,X)

= −g(γY Y, γXX) + g(γXY, γXY ).

Upon substituting into the expression for K above for g(R(X,Y )Y,X) we

derive (2). �

Lemma 2.1. A vector field X is a Killing vector field with respect to a

Hessian metric g if and only if

2g(γXY, Z) = g(AXY, Z) + g(Y,AXZ), for all Y, Z ∈ X(M),

where AX = LX −DX and LX is the Lie derivative with respect to X.

Proof. By Proposition 2.2 we have

0 = (LXg)(Y, Z)

= X(g(Y, Z))− g(LXY, Z)− g(Y,LXZ)

= (DXg)(Y, Z) + g(DXY, Z) + g(Y,DXZ)− g(LXY, Z)− g(Y,LXZ)

= 2g(γXY, Z)− g(AXY, Z)− g(Y,AXZ). �

Lemma 2.2. Let (D, g) be a Hessian structure. Then we have

(1) The difference tensor γ is ∇-parallel if and only if

[∇X , γY ] = γ∇XY , for all X, Y ∈ X (M).

(2) The curvature tensor R for g is ∇-parallel if and only if

[∇X , [γX , γZ ]] = [γ∇XY , γZ ] + [γY , γ∇XZ ], for all X, Y, Z ∈ X (M).

Proof. (1) follows from

(∇Xγ)(Y, Z) = ∇X(γY Z)− γ∇XY Z − γY∇XZ

= ([∇X , γY ]− γ∇XY )Z.

Applying Proposition 2.3 (1), we have

(∇XR)(Y, Z)W

= ∇X(R(Y, Z)W )−R(∇XY, Z)W −R(Y,∇XZ)W −R(Y, Z)∇XW

= −(∇X [γY , γZ ]− [γ∇XY , γZ ]− [γY , γ∇XZ ]− [γY , γZ ]∇X )W

= −([∇X , [γY , γZ ]]− [γ∇XY , γZ ]− [γY , γ∇XZ ])W.

This implies (2). �
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Example 2.1. Let g be a Riemannian metric and ∇ the Levi-Civita con-

nection for g. If ∇ is flat, then the pair (∇, g) is a Hessian structure.

Example 2.2. Let Rn be the standard affine space with the standard flat

connection D and the standard affine coordinate system {x1, · · · , xn}. Let

Ω be a domain in Rn equipped with a convex function ϕ, that is, the

Hessian g = Ddϕ is positive definite on Ω. Then the pair (D, g = Ddϕ) is

a Hessian structure on Ω. Important examples of these structures include:

(1) Let Ω = Rn and ϕ =
1

2

n∑

i=1

(xi)2, then gij = δij (Kronecker’s delta)

and g is a Euclidean metric.

(2) Let Ω = {x ∈ Rn | x1 > 0, · · · , xn > 0} and ϕ =

n∑

i=1

(xi logxi − xi),

then gij = δij
1

xi
.

(3) Let Ω =
{

x ∈ Rn | xn >
1

2

n−1∑

i

(xi)2
}

and ϕ = − log
(

xn− 1

2

n−1∑

i=1

(xi)2
)

.

Then [gij ] =
1

f2

[
δijf + xixj −xi

−xj 1

]

, where f = xn − 1

2

n−1∑

i=1

(xi)2.

(4) Let Ω = Rn and ϕ = log
(

1+

n∑

i=1

exi
)

. Then gij =
1

f
δije

xj− 1

f2
exi+xj

,

where f = 1 +

n∑

i=1

exi

.

(5) Let Ω =

{

x ∈ Rn | xn >
( n−1∑

i=1

(xi)2
)1/2

}

and ϕ = − log
(

(xn)2 −
n−1∑

i=1

(xi)2
)

, then gij =
2

f
εiδij+

4

f2
εiεjx

ixj , where f = (xn)2−
n−1∑

i=1

(xi)2,

εi = 1 for 1 ≤ i ≤ n− 1, and εn = −1.

(6) Let Ω =
{

x ∈ Rn | 1 >
n∑

i=1

(xi)2
}

and ϕ = − log
(

1−
n∑

i=1

(xi)2
)

. Then

gij =
2

f

(

δij +
2

f
xixj

)

, where f = 1−
n∑

i=1

(xi)2.
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2.2 Hessian structures and Kählerian structures

As stated in section 2.1, a Riemannian metric on a flat manifold is a Hessian

metric if it can be locally expressed by the Hessian with respect to an affine

coordinate system. On the other hand, a Riemannian metric on a complex

manifold is said to be a Kählerian metric if it can be locally given by the

complex Hessian with respect to a holomorphic coordinate system. This

suggests that the following set of analogies exists between Hessian structures

and Kählerian structures:

Flat manifolds ←→ Complex manifolds

Affine coordinate systems ←→ Holomorphic coordinate systems

Hessian metrics ←→ Kählerian metrics

In this section we show that the tangent bundle over a Hessian manifold

admits a Kählerian metric induced by the Hessian metric. We first give

a brief summary of Kählerian manifolds, for more details the interested

reader may refer to [Kobayashi (1997, 1998)][Weil (1958)].

Definition 2.3. A Hausdorff space M is said to be an n-dimensional

complex manifold if it admits an open covering {Uλ}λ∈Λ and mappings

fλ : Uλ −→ Cn satisfying the following conditions.

(1) Each fλ(Uλ) is an open set in Cn, and fλ : Uλ −→ fλ(Uλ) is a homeo-

morphism.

(2) If Uλ ∩ Uµ 6= φ, then

fµ ◦ f−1
λ : fλ(Uλ ∩ Uµ) −→ fµ(Uλ ∩ Uµ)

is a holomorphic mapping.

An n-tuple of functions {z1
λ, · · · , zn

λ} on Uλ defined by fλ(p) =

(z1
λ(p), · · · , zn

λ (p)) for p ∈ Uλ is called a holomorphic coordinate system

on Uλ.

Let M be a complex manifold and let {z1, · · · , zn} be a holomorphic

coordinate system in M . Denoting zk = xk +
√
−1yk, we have

∂

∂zk
=

1

2

( ∂

∂xk
−
√
−1

∂

∂yk

)

,
∂

∂z̄k
=

1

2

( ∂

∂xk
+
√
−1

∂

∂yk

)

and

dzk = dxk +
√
−1dyk, dz̄k = dxk −

√
−1dyk.
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Define a tensor J of type (1, 1) by

J
( ∂

∂xk

)

=
∂

∂yk
, J

( ∂

∂yk

)

= − ∂

∂xk
.

Note that, with this definition, J is independent of holomorphic coordinate

systems that are selected. We have

J2(X) = −X, X ∈ X(M),

and J is said to be the complex structure tensor on M . A complex

manifold M with a complex structure tensor J is denoted by (M,J).

Let g be a Riemannian metric on a complex manifold M . We denote by

T c
pM = TpM⊗C the complexification of the tangent space TpM at p ∈M ,

and extend g to

g : T c
pM × T c

pM −→ C,

so that g(U, V ) is complex linear and complex conjugate linear with respect

to U and V respectively. We set

gij = g
( ∂

∂zi
,
∂

∂zj

)

, gij̄

( ∂

∂zi
,
∂

∂z̄j

)

,

gīj̄ = g
( ∂

∂z̄i
,
∂

∂z̄j

)

, gīj = g
( ∂

∂z̄i
,
∂

∂zj

)

.

Definition 2.4. A Riemannian metric g on a complex manifold is said to

be a Hermitian metric if

gij = gīj̄ = 0.

We denote the Hermitian metric by

g =
∑

ij̄

gij̄dz
idz̄j .

Proposition 2.4. A Riemannian metric on a complex manifold (M,J) is

a Hermitian metric if and only if

g(JX, JY ) = g(X,Y ), for all X, Y ∈ X(M).

The following fact is well known.

Theorem 2.1. A complex manifold admits a Hermitian metric.
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The proof follows by applying a standard argument using a partition of

unity.

Definition 2.5. A Hermitian metric g on a complex manifold (M,J) is said

to be a Kählerian metric if g can be locally expressed by the complex

Hessian of a function ϕ,

gij̄ =
∂2ϕ

∂zi∂z̄j
,

where {z1, · · · , zn} is a holomorphic coordinate system. The pair (J, g)

is called a Kählerian structure on M . A complex manifold M with

a Kählerian structure (J, g) is said to be a Kählerian manifold and is

denoted by (M,J, g).

For a Hermitian metric g we set

ρ(X,Y ) = g(JX, Y ).

Then the skew symmetric bilinear form ρ is called a Kählerian form for

(J, g), and, using a holomorhic coordinate system, we have

ρ =
√
−1

∑

i,j

gij̄dz
i ∧ dz̄j .

Proposition 2.5. Let g be a Hermitian metric on a complex manifold M .

Then the following conditions are equivalent.

(1) g is a Kählerian metric.

(2) The Kählerian form ρ is closed; dρ = 0.

Let (M,D) be a flat manifold and let TM be the tangent bundle over

M with projection π : TM −→ M . For an affine coordinate system

{x1, · · · , xn} on M , we set

zj = ξj +
√
−1ξn+j , (2.2)

where ξi = xi ◦ π and ξn+i = dxi. Then n-tuples of functions given by

{z1, · · · , zn} yield holomorphic coordinate systems on TM . We denote

by JD the complex structure tensor of the complex manifold TM . For a

Riemannian metric g on M we put

gT =
n∑

i,j=1

(gij ◦ π)dzidz̄j . (2.3)

Then gT is a Hermitian metric on the complex manifold (TM, JD).

Proposition 2.6. Let (M,D) be a flat manifold and g a Riemannian met-

ric on M . Then the following conditions are equivalent.
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(1) g is a Hessian metric on (M,D).

(2) gT is a Kählerian metric on (TM, JD).

Proof. Denoting by ρT the Kählerian form of the Hermitian metric gT ,

we have

ρT =
√
−1

n∑

i,j=1

(gij ◦ π)dzi ∧ dz̄j = 2

n∑

i,j=1

(gij ◦ π)dξi ∧ dξn+j .

Differentiating both sides we have

dρT = 2

n∑

i,j=1

d(gij ◦ π) ∧ dξi ∧ dξn+j

= 2

n∑

i,j=1

n∑

k=1

∂(gij ◦ π)

∂ξk
dξk ∧ dξi ∧ dξn+j

= 2

n∑

i,j,k=1

(∂(gij ◦ π)

∂ξk
− ∂(gkj ◦ π)

∂ξi

)

dξk ∧ dξi ∧ dξn+j

= 2

n∑

i,j,k=1

((∂gij

∂xk
− ∂gkj

∂xi

)

◦ π
)

dξk ∧ dξi ∧ dξn+j .

Hence the equations dρT = 0 and
∂gij

∂xk
=
∂gkj

∂xi
are equivalent. Conditions

(1) and (2) are therefore equivalent by Proposition 2.1. �

Example 2.3.

(1) Let Ω = Rn and ϕ =
1

2

n∑

i=1

(xi)2. Then g =

n∑

i=1

(dxi)2 is a Euclidean

metric on Rn. The tangent bundle TRn is identified with Cn by the

complex coordinate system {z1, · · · , zn} given in (2.2). Since gT =
∑

i

dzidz̄i, (TRn, JD , g
T ) is a complex Euclidean space.

(2) Let Ω = R+ = {x ∈ R | x > 0} and ϕ = logx−1. We then have

g =
1

x2
dx2. Let {ξ1, ξ2} be the coordinate system on the tangent

bundle TR+ as defined by equation (2.2). Then TR+ is identified with

a half plane {(ξ1, ξ2) | ξ1 > 0}, and the Kählerian metric gT on TR+

induced by g is expressed by

gT =
(dξ1)2 + (dξ2)2

(ξ1)2
.

Thus gT is the Poincaré metric on the half plane.
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Example 2.3 (2) is extended to regular convex cones as follows.

Example 2.4. Let Ω be a regular convex cone in Rn, and let ψ be the

characteristic function. Then (D, g = Dd logψ) is a Hessian structure on

Ω (cf. section 4.1). The tangent bundle TΩ over Ω is identified with

the tube domain TΩ = Ω +
√
−1Rn over Ω in Cn = Rn +

√
−1Rn. TΩ

is holomorphically equivalent to a bounded domain in Cn, while gT is

isometric to the Bergman metric on the bounded domain (cf. Theorem

8.4).

Example 2.5. Let (Ω, D, g = Ddϕ) be the Hessian domain of Example

2.2 (3), where Ω =
{

x ∈ Rn | xn >
1

2

n−1∑

i=1

(xi)2
}

and ϕ = − log
(

xn −

1

2

n−1∑

i=1

(xi)2
)

. Let {z1, · · · , zn} be a holomorphic coordinate system on

TΩ = Ω +
√
−1Rn as defined in equation (2.2). Consider the following

holomorphic transformation defined by

wj = zj
(

zn − 1

4

n−1∑

k=1

(zk)2 + 1
)−1

, 1 ≤ j ≤ n− 1,

wn =
(

zn − 1

4

n−1∑

k=1

(zk)2 − 1
)(

zn − 1

4

n−1∑

k=1

(zk)2 + 1
)−1

.

Then TΩ is holomorphically equivalent to the bounded domain
{

(w1, · · · , wn) ∈ Cn |
n∑

k=1

|wk |2 < 1
}

.

2.3 Dual Hessian structures

In this section we will establish the duality that exists for Hessian struc-

tures. Let R∗
n be the dual vector space of Rn. We denote by D∗ the

standard flat connection on R∗
n, and by {x∗1, · · · , x∗n} the dual affine coor-

dinate system on R∗
n with respect to the standard affine coordinate system

{x1, · · · , xn} on Rn(cf.section 1.1) Let Ω be a domain in Rn with a Hes-

sian structure (D, g = Ddϕ). We call this domain a Hessian domain, and

denote it by (Ω, D, g = Ddϕ). Let us define a mapping ι from Ω into R∗
n

by

ι = −dϕ,



November 13, 2006 12:3 World Scientific Book - 9in x 6in ws-book9x6

Hessian structures 23

that is,

x∗i ◦ ι = − ∂ϕ
∂xi

. (2.4)

Then since the Jacobian matrix

[
∂2ϕ

∂xi∂xj

]

of ι is regular, we know that ι

is an immersion from Ω into R∗
n. The mapping ι is called the gradient

mapping for the Hessian domain (Ω, D, g = Ddϕ).

Theorem 2.2. Let (Ω, D, g = Ddϕ) be a Hessian domain in Rn and ι the

gradient mapping. We define locally a flat affine connection D′ on Ω by

ι∗(D
′
XY ) = D∗

ι∗X ι∗(Y ).

Then

(1) D′ = 2∇−D, where ∇ is the Levi-Civita connection for g.

Hence D′ is a globally defined flat connection on Ω.

(2) Let x′i = ∂ϕ/∂xi. Then {x′1, · · · , x′n} is an affine coordinate system

with respect to D′ and

g
( ∂

∂x′i
,
∂

∂xj

)

= δi
j , g

( ∂

∂x′i
,
∂

∂x′j

)

= gij ,

where δi
j is the Kronecker’s delta and [gij ] = [gij ]

−1.

(3) Xg(Y, Z) = g(DXY, Z) + g(Y,D′
XZ).

(4) The pair (D′, g) is a Hessian structure.

Proof. Denoting by Γi
jk the Christoffel symbols of the Levi-Civita con-

nection ∇ for g, it follows from Proposition 2.2 that

Γi
jk = γi

jk =
1

2

∑

r

gir ∂grj

∂xk
.

Since ι is locally bijective and

ι∗

( ∂

∂xi

)

= −
∑

j

(gij ◦ ι−1)
∂

∂x∗j
, ι−1

∗

( ∂

∂x∗i

)

= −
∑

j

gij ∂

∂xj
,
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we have

D′
∂/∂xi

∂

∂xj
= ι−1

∗

(

D∗
ι∗(∂/∂xi)ι∗

( ∂

∂xj

))

= ι−1
∗

(

D∗∑
k(gik◦ι−1)∂/∂x∗

k

∑

l

(gjl ◦ ι−1)
∂

∂x∗l

)

= ι−1
∗

( ∑

k,l

(gik ◦ ι−1)
∂(gjl ◦ ι−1)

∂x∗k

∂

∂x∗l

)

=
∑

k,l,r,s

gik
∂gjl

∂xr
grkgsl ∂

∂xs
= 2

∑

s

Γs
ij

∂

∂xs

= (2∇−D)∂/∂xi

∂

∂xj
.

We have thus proven statement (1). It follows from the definition of D′,

and the relation ι∗

( ∂

∂x′i

)

= − ∂

∂x∗i
, that {x′1, · · · , x′n} is an affine coordinate

system with respect to D′, and

g
( ∂

∂x′i
,
∂

∂xj

)

= g
(∑

p

∂xp

∂x′i

∂

∂xp
,
∂

∂xj

)

=
∑

p

gpigpj = δi
j ,

g
( ∂

∂x′i
,
∂

∂x′j

)

= g
(∑

p

∂xp

∂x′i

∂

∂xp
,
∑

p

∂xq

∂x′j

∂

∂xq

)

=
∑

pq

gpigpqg
qj = gij .

This completes the proof of assertion (2). In seeking to prove assertion (3),

it is sufficient to consider the case when X =
∂

∂xi
, Y =

∂

∂xj
, and Z =

∂

∂xk
.

By assertion (1) and Proposition 2.2 we have

∂

∂xi
g

(
∂

∂xj
,
∂

∂xk

)

= 2γjik = 2
∑

r

gjrγ
r
ik = g

(
∂

∂xj
, 2∇∂/∂xi

∂

∂xk

)

= g

(

D∂/∂xi

∂

∂xj
,
∂

∂xk

)

+ g

(
∂

∂xj
, D′

∂/∂xi

∂

∂xk

)

.

Thus assertion (3) is also proved. Since

d(
∑

i

xidx′i) =
∑

i

dxi ∧ dx′i =
∑

i,j

∂x′i
∂xj

dxi ∧ dxj =
∑

i,j

gijdx
i ∧ dxj = 0,

by Poincaré’s Lemma there exists a local function ψ′ such that
∑

i

xidx′i = dψ′.

Therefore

xi =
∂ψ′

∂x′i
, gij =

∂xi

∂x′j
=

∂2ψ′

∂x′i∂x
′
j

. (2.5)

This shows that g is a Hessian metric with respect to D′. �
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Corollary 2.1. Let (M,D, g) be a Hessian manifold and let ∇ be the Levi-

Civita connection for g. We define a connection D′ on M by

D′ = 2∇−D.
Then

(1) D′ is a flat connection.

(2) Xg(Y, Z) = g(DXY, Z) + g(Y,D′
XZ).

(3) (D′, g) is a Hessian structure.

Proof. By Theorem 2.2, we know that (1)-(3) hold on any small local

coordinate neighbourhood. Hence they hold on M . �

Definition 2.6. The flat connection D′ given in Corollary 2.1 is said to be

the dual connection of D with respect to g, and the pair (D′, g) is called

the dual Hessian structure of (D, g).

Let us study the relation between the potentials of a Hessian structure

(D, g) and its dual Hessian structures (D′, g). Let ϕ be a potential of (D, g).

Using the same notation as in the proof of the above theorem, we have

∂2ψ′

∂x′i∂x
′
j

= gij =
∑

k,l

gkl
∂xk

∂x′i

∂xl

∂x′j
=

∑

k,l

∂2ϕ

∂xk∂xl

∂xk

∂x′i

∂xl

∂x′j

=
∑

l

∂

∂x′i

( ∂ϕ

∂xl

) ∂xl

∂x′j
=

∂

∂x′i

( ∑

l

∂ϕ

∂xl

∂xl

∂x′j

)

−
∑

l

∂ϕ

∂xl

∂2xl

∂x′i∂x
′
j

=
∂2ϕ

∂x′i∂x
′
j

−
∑

l

x′l
∂2xl

∂x′i∂x
′
j

,

∂2

∂x′i∂x
′
j

(∑

l

x′lx
l
)

=
∂

∂x′i

(

xj +
∑

l

x′l
∂xl

∂x′j

)

= 2
∂2ψ′

∂x′i∂x
′
j

+
∑

l

x′l
∂2xl

∂x′i∂x
′
j

.

Hence

∂2ψ′

∂x′i∂x
′
j

=
∂2

∂x′i∂x
′
j

( ∑

l

x′lx
l − ϕ

)

.

Thus

ψ′ =
∑

i

x′ix
i − ϕ+

∑

i

aix′i + a,

where ai and a are constants. Differentiating both sides by x′i, we obtain

ai = 0. Hence

ψ′ =
∑

i

x′ix
i − ϕ+ a.
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Therefore, a function ϕ′ defined by

ϕ′ =
∑

i

xi ∂ϕ

∂xi
− ϕ, (2.6)

is a potential of the dual Hessian structure (D′, g). The function ϕ′ given

by (2.6) is called the Legendre transform of ϕ.

Definition 2.7. A Hessian domain (Ω̄, D, ḡ = Ddϕ̄) in Rn is said to be a

deformation of a Hessian domain (Ω, D, g = Ddϕ) in Rn, if there exists

a diffeomorphism f : Ω̄ −→ Ω satisfying ϕ̄ = ϕ ◦ f .

Example 2.6. Let D̃ be the standard flat connection on Rn+1 and let

ψ̃ =
1

2

n+1∑

i

(xi)2. We set (R+)n+1 = {(x1, · · · , xn+1) | xi > 0, for all i}

and restrict the Hessian structure (D̃, D̃dψ̃) to (R+)n+1. We define a dif-

feomorphism f : Rn+1 −→ (R+)n+1 by

f(x1, · · · , xn+1) =
√

2(e−x1/2, · · · , e−xn+1/2),

and set

ϕ̃ = ψ̃ ◦ f =

n+1∑

i=1

e−xi

.

Then the Hessian domain (Rn+1, D̃, D̃dϕ̃) is a deformation of the Hessian

domain ((R+)n+1, D̃, D̃dψ̃).

Let (Ω, D, g = Ddϕ) be a Hessian domain. Assume that the gradient

mapping ι for (Ω, D, g = Ddϕ) is injective, that is, we suppose ι : Ω −→ R∗
n

to be an imbedding. We will also term a function ϕ∗ on Ω∗ = ι(Ω) defined

by

ϕ∗ = ϕ′ ◦ ι−1 = −
∑

i

(xi ◦ ι−1)x∗i − ϕ ◦ ι−1 (2.7)

the Legendre transform of ϕ.

From equations (2.4), (2.5) and (2.7) it follows that

∂ϕ∗

∂x∗i
=

∑

p

( ∂ϕ′

∂x′p
◦ ι−1

)∂(x′p ◦ ι−1)

∂x∗i
= −xi ◦ ι−1.

Upon introducing g∗ = D∗dϕ∗, we have

g∗(
∂

∂x∗i
,
∂

∂x∗j
) =

∂2ϕ∗

∂x∗i ∂x
∗
j

=
∂

∂x∗i
(−xj ◦ ι−1)

= −
∑

p

(∂xj

∂x′p
◦ ι−1

)∂(x′p ◦ ι−1)

∂x∗i
=
∂xj

∂x′i
◦ ι−1

= gij ◦ ι−1.
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Hence (D∗, g∗ = D∗dϕ∗) is a Hessian structure on Ω∗. Using this result,

together with the proof of Theorem 2.2, we obtain

g∗
(

ι∗

( ∂

∂xi

)

, ι∗

( ∂

∂xj

))

= g∗
( ∑

p

(gip ◦ ι−1)
∂

∂x∗p
,
∑

q

(gjq ◦ ι−1)
∂

∂x∗q

)

=
∑

p,q

(gipgjqg
pq) ◦ ι−1 = g

( ∂

∂xi
,
∂

∂xj

)

◦ ι−1.

This implies that ι : (Ω, g) −→ (Ω∗, g∗) is an isometry. Identifying the dual

space of R∗
n with Rn, the gradient mapping ι∗ for (Ω∗, D∗, g∗ = D∗dϕ∗)

satisfies

xi ◦ ι∗ = −∂ϕ
∗

∂x∗i
= xi ◦ ι−1,

so

ι∗ = ι−1.

Denoting by (ϕ∗)∗ the Legendre transform of ϕ∗ we have

(ϕ∗)∗ = −
∑

i

xi(x∗i ◦ ι∗−1)− ϕ∗ ◦ ι∗−1

= −
∑

i

xi(x∗i ◦ ι)− {−
∑

i

(x∗i ◦ ι)xi − ϕ}

= ϕ.

The following proposition summarizes these results.

Proposition 2.7. Suppose that the gradient mapping ι for a Hessian do-

main (Ω, D, g = Ddϕ) is an imbedding. Then (Ω∗, D∗, g∗ = D∗dϕ∗) is a

Hessian domain. We denote by ι∗ the gradient mapping for (Ω∗, D∗, g∗ =

D∗dϕ∗) and identify the dual space of R∗
n with Rn. We then have

(1) ι∗ = ι−1 : Ω∗ −→ Ω.

(2) ι : (Ω, g) −→ (Ω∗, g∗) is an isometry.

(3) The Legendre transform (ϕ∗)∗ of ϕ∗ coincides with ϕ ; (ϕ∗)∗ = ϕD

The Hessian domain (Ω∗, D∗, g∗) is said to be the dual Hessian domain

of (Ω, D, g).

Example 2.7. Let (Rn+1, D̃, g̃ = D̃dϕ̃) be the Hessian domain given in

Example 2.6. We denote by D̃∗ the standard flat connection on R∗
n+1 and

set

(R∗+)n+1 = {(x∗1, · · · , x∗n+1) ∈ R∗
n+1 | x∗i > 0, for all i }.
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Since the gradient mapping ι satisfies x∗i ◦ ι = e−xi

, we have

ι(Rn+1) = (R∗+)n+1.

The Legendre transform ϕ̃′ of ϕ̃ is reduced to

ϕ̃′ = −
∑

(xi + 1)e−xi

,

and so

ϕ̃∗ = ϕ̃′ ◦ ι−1 =

n+1∑

i=1

(x∗i logx∗i − x∗i ).

Thus the dual Hessian domain of (Rn+1, D̃, g̃ = D̃dϕ̃) is given by

((R∗+)n+1, D̃∗, g̃∗ = D̃∗dϕ̃∗).

Example 2.8. We use the same notation as in Example 2.7. Upon intro-

ducing

∆∗
n =

{

(x∗1, · · · , x∗n+1) ∈ (R∗+)n+1 |
n+1∑

i=1

x∗i = 1
}

,

we have that ∆∗
n is a flat manifold with an affine coordinate system

{x∗1, · · · , x∗n}. We denote by D∗ the flat connection on ∆∗
n, and by

ϕ∗ =

n+1∑

i=1

x∗i logx∗i − 1 the restriction of ϕ̃∗ to ∆∗
n. We then have

∂ϕ∗

∂x∗i
= log

x∗i
x∗n+1

,
∂2ϕ∗

∂x∗i ∂x
∗
j

= δij 1

x∗i
+

1

x∗n+1

.

Hence

[

∂2ϕ∗

∂x∗i ∂x
∗
j

]

is positive definite on ∆∗
n, and so (D∗, g∗ = D∗dϕ∗) is

a Hessian structure on ∆∗
n. The Legendre transform of ϕ∗ is given by

ϕ =

n∑

i=1

x∗i
∂ϕ∗

∂x∗i
− ϕ∗ = − logx∗n+1 + 1 = log

( n∑

i=1

exi

+ 1
)

+ 1, and so

(Rn, D, g = Ddϕ) is the dual Hessian domain of (∆∗
n, D

∗, g∗ = D∗dϕ∗) (cf.

Example 2.2 (4) and Proposition 3.9). The Hessian structure (D, g = Ddϕ)

coincides with the Hessian structure on the multinomial distributions (cf.

Example 6.2).

Example 2.9. Let Ω = {x ∈ Rn | f(x) > 0} and ϕ(x) = − log f(x), where

f(x) = xn − 1

2

n−1∑

i=1

(xi)2. Then (Ω, D, g = Ddϕ) is a Hessian domain (see
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Example 2.2 (3)). Since
∂ϕ

∂xi
=

xi

f
(i ≤ n − 1) and

∂ϕ

∂xn
= − 1

f
, the

gradient mapping ι satisfies −∞ < x∗i ◦ ι <∞ (i ≤ n− 1) and x∗n ◦ ι > 0.

Hence xi ◦ ι−1 = −x
∗
i

x∗n
(i ≤ n − 1) and xn ◦ ι−1 =

1

x∗n
+

1

2

n−1∑

i=1

(x∗i
x∗n

)2

D

The Legendre transform ϕ′ of ϕ is given by ϕ′ =
xn

f
+ log f − 2D Thus

ϕ′ ◦ ι−1 =
xn

f
◦ ι−1 + log(f ◦ ι−1) − 2 =

1

2

n−1∑

i=1

(x∗i )
2

x∗n
− logx∗n − 1. The

dual Hessian domain is therefore given by (Ω∗, D∗, g∗ = D∗dϕ∗), where

Ω∗ = {(x∗1, · · · , x∗n) ∈ R∗
n | −∞ < x∗i < ∞ for i ≤ n − 1, x∗n > 0} and

ϕ∗ =
1

2

n−1∑

i=1

(x∗i )
2

x∗n
− logx∗n.

Example 2.10. Let Ω = {x ∈ Rn | f(x) > 0, xn > 0} and ϕ(x) =

− log f(x), where f(x) = (xn)2 −
n−1∑

i=1

(xi)2. Then (Ω, D, g = Ddϕ) is a

Hessian domain (see Example 2.2 (5)). Since
∂ϕ

∂xi
=

2xi

f
(i ≤ n− 1) and

∂ϕ

∂xn
= −2xn

f
, we have f∗ ◦ ι =

4

f
, xi ◦ ι−1 = −2x∗i

f∗
for i ≤ n − 1 and

xn ◦ ι−1 =
2x∗n
f∗

, where f∗(x∗) = (x∗n)2−
n−1∑

i=1

(x∗i )
2. The Legendre transform

ϕ′ of ϕ is given by ϕ′ = −ϕ−2. Hence ϕ′◦ι−1 = log(f ◦ι−1)−2 = − log f∗+

log 4− 2D This implies the dual Hessian domain is (Ω∗, D∗, g∗ = D∗dϕ∗),

where Ω∗ = {x∗ ∈ R∗
n | f∗(x∗) > 0, x∗n > 0} and ϕ∗(x∗) = − log f∗(x∗).

2.4 Divergences for Hessian structures

In this section we define the divergence for a Hessian structure which plays

an important role in statistics.

Let (Ω, D, g = Ddϕ) be a Hessian domain in Rn. For p ∈ Ω we define

a function ϕp on Ω by

ϕp(x) =
∑

i

(xi − xi(p))
∂ϕ

∂xi
(x)− (ϕ(x) − ϕ(p)).
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Then

ϕp(p) = 0,
∂ϕp

∂xi
(p) = 0,

[
∂2ϕp

∂xi∂xj
(p)

]

= [gij(p)] > 0.

This implies that ϕp(x) attains a unique relative minimum ϕp(p) = 0 at p.

Therefore, defining a mapping D by

D : (p, q) ∈ Ω× Ω −→ ϕp(q) ∈ R,

we have

D(p, q) ≥ 0,

D(p, q) = 0 ⇐⇒ p = q,

where q is a point in a small neighbourhood of p. Using the Legendre

transform ϕ′ of ϕ, we obtain

D(p, q) = ϕ(p) + ϕ′(q)−
∑

i

xi(p)x′i(q),

where x′i =
∂ϕ

∂xi
. The mapping D is called the divergence for the Hessian

structure (D, g = Ddϕ) [Amari and Nagaoka (2000)].

By making use of the Taylor expansion of ϕp(x) at p, we have

ϕp(x) =
1

2

∑

ij

gij(p)(x
i − xi(p))(xj − xj(p))

+
2

3!

∑

ijk

∂gij

∂xk
(p)(xi − xi(p))(xj − xj(p))(xk − xk(p))

+
3

4!

∑

ijkl

∂2gij

∂xk∂xl
(p)(xi − xi(p))(xj − xj(p))(xk − xk(p))(xl − xl(p))

+ · · · .

Since
∂gij

∂xk
(p) = (Dg)ijk(p),

∂2gij

∂xk∂xl
(p) = (D2g)ijkl(p), · · · , we know that

the definition of the divergence D is independent of the choice of an affine

coordinate system {x1, · · · , xn} and a potential ϕ, and depends only on the

Hessian structure (D, g). If the points p and q are sufficiently close, then

D(p, q) is approximated by

D(p, q) +
1

2

∑

ij

gij(p)(x
i(q)− xi(p))(xj (q)− xj(p)).

Let D′(p, q) be the divergence for the dual Hessian structure (D′, g =

D′dϕ′) of the Hessian structure (D, g = Ddϕ). Then

D′(p, q) = D(q, p).
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In fact, it follows from ϕ′ =
∑

i

xix′i − ϕ and
∂ϕ′

∂x′i
= xi that

D′(p, q) =
∑

i

(x′i(q)− x′i(p))
∂ϕ′

∂x′i
(q)− (ϕ′(q)− ϕ′(p))

=
∑

(xi(p)− xi(q))x′i(p)− (ϕ(p)− ϕ(q))

= D(q, p).

Example 2.11. Let (∆∗
n, D

∗, g∗ = D∗dϕ∗) be the Hessian domain of Ex-

ample 2.8, and let D∗ be the divergence for the Hessian structure. Upon

substituting for ϕ∗ =

n+1∑

i=1

x∗i logx∗i − 1 and
∂ϕ∗

∂x∗i
= log

x∗i
x∗n+1

into the ex-

pression D∗(p, q) =
n∑

i=1

(x∗i (q)− x∗i (p))
∂ϕ∗

∂x∗i
(q)− ϕ∗(q) + ϕ∗(p) we have

D∗(p, q) =

n+1∑

i=1

x∗i (p) log
x∗i (p)

x∗i (q)
.

Example 2.12. Let
(

Rn, D, g = Dd
(1

2

∑

i

(xi)2
))

be the Euclidean

space. The divergence is then given by

D(p, q) =
1

2

∑

i

(xi(p)− xi(q))2,

that is, D(p, q) is half of the square of the Euclidean distance between p

and q.

In view of the above Example 2.12, the following theorem is regarded

as an extension of Pythagoras’s Theorem in Euclidean space [Amari and

Nagaoka (2000)].

Theorem 2.3. Let (Ω, D, g = Ddϕ) be a Hessian domain and let p, q and

r ∈ Ω. If σ, the geodesic for D connecting q and p, and σ′, the geodesic for

the dual connection D′ of D connecting q and r, are orthogonal at q, then

we have

D(p, r) = D(p, q) +D(q, r).

Proof. Using an affine coordinate system {x1, · · · , xn} with respect to

D, we may suppose

xi(σ(t)) = xi(q) + (xi(p)− xi(q))t.
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In the same way we have

x′j(σ
′(t)) = x′j(q) + (x′j(r)− x′j(q))t,

where
{
x′1 = ∂ϕ/∂x1, · · · , x′n = ∂ϕ/∂xn

}
is an affine coordinate system

with respect to D′. By the definition of the divergence and g
( ∂

∂xi
,
∂

∂x′j

)

=

δj
i we obtain

D(p, r) −D(p, q)−D(q, r)

=
∑

i

(xi(r) − xi(p))x′i(r) − (ϕ(r) − ϕ(p))

−{
∑

i

(xi(q)− xi(p))x′i(q)− (ϕ(q) − ϕ(p))}

−{
∑

i

(xi(r) − xi(q))x′i(r) − (ϕ(r) − ϕ(q))}

= −
∑

i

(xi(p)− xi(q))(x′i(r) − x′i(q))

= −gq(σ̇(0), σ̇′(0)) = 0.
�

2.5 Codazzi structures

We first assert that the Codazzi equation for a pair of a flat connection and

a Riemannian metric is restated as follows.

Lemma 2.3. Let D be a torsion-free connection and let g be a Riemannian

metric. Let us define a new connection D′ by

Xg(Y, Z) = g(DXY, Z) + g(Y,D′
XZ).

Then the following conditions (1)-(3) are equivalent.

(1) The connection D′ is torsion-free.

(2) The pair (D, g) satisfies the Codazzi equation,

(DXg)(Y, Z) = (DY g)(X,Z).

(3) Let ∇ be the Levi-Civita connection for g, and let γXY = ∇XY −
DXY . Then g and γ satisfy

g(γXY, Z) = g(Y, γXZ).
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If the pair (D, g) satisfies the Codazzi equation, then the pair (D′, g) also

satisfies this equation and

D′ = 2∇−D,
(DXg)(Y, Z) = 2g(γXY, Z).

Proof. By the definition of D′, it follows that

(DXg)(Y, Z) = Xg(Y, Z)− g(DXY, Z)− g(Y,DXZ)

= g(D′
XY −DXY, Z).

Hence

(DXg)(Y, Z)− (DY g)(X,Z) = g(D′
XY −D′

Y X − [X,Y ], Z).

This implies that (1) and (2) are equivalent. Since (DXg)(Y, Z) =

g(γXY, Z) + g(Y, γXZ) and γXY = γY X , we obtain

(DXg)(Y, Z)− (DY g)(X,Z) = g(γZX,Y )− g(X, γZY ).

Hence (2) and (3) are also equivalent. If (D, g) satisfies the Codazzi equa-

tion, then it follows from (3) that

g(D′
XY, Z) = Xg(Y, Z)− g(Y,DXZ)

= g(∇XY, Z) + g(Y, γXZ)

= g((∇X + γX)Y, Z).

This shows that D′ = 2∇−D. Hence (D′
Xg)(Y, Z) = −(DXg)(Y, Z), which

implies that (D′, g) satisfies the Codazzi equation. Furthermore, we have

(DXg)(Y, Z) = g(D′
XY −DXY, Z) = 2g(γXY, Z). �

Proposition 2.1 asserts that a pair (D, g) of a flat connection D and a

Riemannian metric g on M is a Hessian structure if and only if it satisfies

the Codazzi equation. In view of this fact, the notion of Hessian structures

was generalized by [Delanoe (1989)] as follows.

Definition 2.8. A pair (D, g) of a torsion-free connectionD and a Rieman-

nian metric g on M is called a Codazzi structure if it satisfies Codazzi

equation,

(DXg)(Y, Z) = (DY g)(X,Z).

A manifold M equipped with a Codazzi structure (D, g) is said to be a

Codazzi manifold, and is denoted by (M,D, g).

For a Codazzi structure (D, g) the connection D′ defined by

Xg(Y, Z) = g(DXY, Z) + g(Y,D′
XZ)

is called the dual connection of D with respect to g, and the pair (D′, g)

is said to be the dual Codazzi structure of (D, g).
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Let M be a manifold with a torsion-free connection D and let TM be

the tangent bundle over M with canonical projection π : TM −→M . For a

local coordinate system {x1, · · · , xn} on M we set qi = xi ◦π and ri = dxi.

Then {q1, · · · , qn, r1, · · · , rn} forms a local coordinate system on TM . A

tangent vector

A =
∑

i

ai
( ∂

∂qi

)

z
+

∑

i

an+i
( ∂

∂ri

)

z

at z =
∑

i

zi
( ∂

∂xi

)

π(z)
∈ TM is said to be a horizontal vector if it

satisfies the following conditions,

an+i +
∑

j,k

Γi
jk(π(z))ajzk = 0,

where Γi
jk are the Christoffel symbols for D [Dom]. The set of all horizontal

vectors Hz at z ∈ TM is called the horizontal subspace at z. Then we have

TzTM = Kerπ∗z ⊕Hz , dimHz = n.

Let T ∗M represent the cotangent vector bundles overM with canonical pro-

jection π∗ : T ∗M −→M . For a local coordinate system {x1, · · · , xn} on M

we set qi = xi◦π∗ and pi =
∂

∂xi
. Then the 2n-tuple {q1, · · · , qn, p1, · · · , pn}

forms a local coordinate system on T ∗M . The canonical symplectic form

on T ∗M is given by

ρ =
n∑

i=1

dqi ∧ dpi.

A Riemannian metric g on M induces a mapping

g : z ∈ TM −→ g(z, ) ∈ T ∗M.

We denote by g∗z the differential of the mapping at z. Then we have the

following theorem due to [Delanoe (1989)].

Theorem 2.4. Let D be a torsion-free connection and let g be a Rieman-

nian metric on M . Then the following conditions are equivalent.

(1) (D, g) is a Codazzi structure.

(2) g∗(H) is a Lagrangian subspace with respect to the canonical symplectic

form ρ on T ∗M .
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Proof. The mapping g : TM −→ T ∗M is expressed by

g : (q1, · · · , qn, r1, · · · , rn) −→
(
q1, · · · , qn,

∑

k

g1kr
k, · · · ,

∑

k

gnkr
k
)
,

and so

g∗

( ∂

∂qi

)

=
∂

∂qi
+

∑

j,k

∂gjk

∂qi
rk ∂

∂pj
,

g∗

( ∂

∂ri

)

=
∑

j

gij
∂

∂pj
.

Since
{

Ai =
∂

∂qi
−

∑

k,l

Γl
ikr

k ∂

∂rl

∣
∣ 1 ≤ i ≤ n

}

is a basis of the horizon-

tal subspace H, {A∗
i = g∗(Ai)

∣
∣≤ i ≤ n} forms a basis of g∗(H). Upon

introducing Di = D∂/∂xi , we have

A∗
i = g∗

( ∂

∂qi

)

−
∑

k,l

Γl
ikr

kg∗

( ∂

∂rl

)

=
∂

∂qi
+

∑

j,k

∂gjk

∂qi
rk ∂

∂pj
−

∑

j,k,l

Γl
ikr

kglj
∂

∂pj

=
∂

∂qi
+

∑

j,k

(

Digjk +
∑

l

Γl
ijglk

)

rk ∂

∂pj
.

Hence
{

A∗
1, · · · , A∗

n,
∂

∂p1
, · · · , ∂

∂pn

}

is a basis of each tangent space of

T ∗M . Note that ρ vanishes on the space spanned by
{ ∂

∂p1
, · · · , ∂

∂pn

}

.

Since

dqs(A∗
i ) = δs

i ,

dps(A
∗
i ) =

(
Digsk +

∑

l

Γl
isglk

)
rk ,

we have

ρ(A∗
i , A

∗
j ) =

∑

s

(dqs ∧ dps)(A
∗
i , A

∗
j )

=
∑

s

{
dqs(A∗

i )dps(A
∗
j )− dqs(A∗

j )dps(A
∗
i )

}

=
∑

k,s

{

δs
i

(
Djgsk +

∑

l

Γl
jsglk

)
− δs

j

(
Digsk +

∑

l

Γl
isglk

)}

rk

=
∑

k

(
Djgik −Digjk

)
rk .
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Therefore ρ vanishes on g∗(H) if and only if

Djgik −Digjk = 0.

Hence (D, g) is a Codazzi structure if and only if g∗(H) is a Lagrangian

subspace with respect to ρ. �

Definition 2.9. A Codazzi structure (D, g) is said to be of a constant

curvature c if the curvature tensor RD of D satisfies

RD(X,Y )Z = c{g(Y, Z)X − g(X,Z)Y },
where c is a constant real number [Kurose (1990)].

Proposition 2.8. Let (D, g) be a Codazzi structure and let (D′, g) be the

dual Codazzi structure.

(1) Denoting by RD and RD′ the curvature tensors of D and D′ respectively

we have

g(RD(X,Y )Z,W ) + g(Z,RD′(X,Y )W ) = 0.

(2) If (D, g) is a Codazzi structure of constant curvature c, then (D′, g) is

also a Codazzi structure of constant curvature c.

The proof is straightforward, and so we do not present it here.

By Proposition 2.1 we have the following proposition.

Proposition 2.9. A Codazzi structure (D, g) is of constant curvature 0 if

and only if (D, g) is a Hessian structure.

The above Proposition 2.9 is generalized as follows.

Proposition 2.10. Let (D, g) be a Codazzi structure of constant curvature.

Then g is locally expressed by

g = Ddϕ+
ϕ

n− 1
RicD, n = dimM,

where RicD is the Ricci tensor of D and ϕ is a local function (cf. [Nomizu

and Simon (1992)]).

Proof. For the proof of this proposition the reader may refer to the above

literature. �
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Chapter 3

Curvatures for Hessian structures

In section 2.1 we introduced the difference tensor γ = ∇−D on a Hessian

manifold (M,D, g). The covariant differential Q = Dγ of γ is called the

Hessian curvature tensor for (D, g). It reflects the properties of the Hessian

structure (D, g), and performs a variety of important roles. The Hessian

curvature tensor is analogous to the Riemannian curvature tensor for a

Kählerian metric. Indeed, denoting by gT the Kählerian metric on the tan-

gent bundle TM overM induced by g, the Riemannian curvature tensor for

gT may be related to the Hessian curvature tensor (Proposition 3.3). Using

D and the volume element of g, we define the second Koszul form β, which

is related to the Ricci tensor for gT (Proposition 3.5). This suggests that the

second Koszul form plays an important role similar to the Ricci tensor for a

Kählerian metric. We also define the Hessian sectional curvature, which is

similar to the holomorphic sectional curvature for a Kählerian metric, and

construct Hessian manifolds of constant Hessian sectional curvature.

3.1 Hessian curvature tensors and Koszul forms

In this section we define the Hessian curvature tensor and the Koszul forms

α and β for a Hessian structure (D, g). These tensors play important roles

in Hessian geometry similar to that of the Riemannian curvature tensor

and the Ricci tensor in Kählerian geometry.

Definition 3.1. Let (D, g) be a Hessian structure and let γ = ∇ −D be

the difference tensor between the Levi-Civita connection ∇ for g and D. A

tensor field Q of type (1,3) defined by the covariant differential

Q = Dγ

37
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of γ is said to be the Hessian curvature tensor for (D, g). The compo-

nents Qi
jkl of Q with respect to an affine coordinate system {x1, · · · , xn}

are given by

Qi
jkl =

∂γi
jl

∂xk
.

Proposition 3.1. Let gij =
∂2ϕ

∂xi∂xj
. Then we have

(1) Qijkl =
1

2

∂4ϕ

∂xi∂xj∂xk∂xl
− 1

2
grs ∂3ϕ

∂xi∂xk∂xr

∂3ϕ

∂xj∂xl∂xs
.

(2) Qijkl = Qkjil = Qklij = Qilkj = Qjilk.

Proof. By Proposition 2.2, we obtain

Qijkl = gir

∂γr
jl

∂xk
=
∂(girγ

r
jl)

∂xk
− ∂gir

∂xk
γr

jl

=
∂γijl

∂xk
− 1

2
grs∂gir

∂xk

∂gsj

∂xl

=
1

2

∂4ϕ

∂xi∂xj∂xk∂xl
− 1

2
grs ∂3ϕ

∂xi∂xk∂xr

∂3ϕ

∂xj∂xl∂xs
,

which proves (1). Assertion (2) follows directly from (1). �

Proposition 3.2. Let R be the Riemannian curvature tensor for g. Then

Rijkl =
1

2
(Qijkl −Qjikl).

Proof. From Propositions 2.2, 2.3 and 3.1 it follows that

Qijkl =
1

2

∂4ϕ

∂xi∂xj∂xk∂xl
− 2grsγikrγjls,

whereby

Qijkl −Qjikl = −2grsγikrγjls + 2grsγjkrγils

= 2(γjkrγ
r
il − γjlrγ

r
ik)

= 2Rijkl.
�

From the above proposition it may be seen that the Hessian curvature

tensor Q carries more detailed information than the Riemannian curvature

tensor R.

The following Proposition 3.3 suggests that the Hessian curvature tensor

plays a similar role to that of the Riemannian curvature tensor in Kählerian
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geometry. In Proposition 2.6 we proved that a Hessian structure (D, g) on

M induces a Kählerian structure (J, gT ) on the tangent bundle TM . With

the same notation as section 2.2, we have the following proposition.

Proposition 3.3. Let RT be the Riemannian curvature tensor on the

Kählerian manifold (TM, J, gT ). Then we have

RT
ij̄kl̄ =

1

2
Qijkl ◦ π.

Proof. We introduce F = 4ϕ ◦ π, and by expression (2.3) we obtain

gT
ij̄ =

∂2F

∂zi∂z̄j
.

Making use of a formula in [Kobayashi and Nomizu (1963, 1969)](II,p157),

we have

RT
ij̄kl̄ =

∂2gT
ij

∂zk∂z̄l
−

∑

p,q

gT p̄q
∂gT

ip̄

∂zk

∂gT
qj̄

∂z̄l

=
∂4F

∂zi∂z̄j∂zk∂z̄l
−

∑

p,q

(gpq ◦ π)
∂3F

∂zk∂zi∂z̄p

∂3F

∂z̄j∂z̄l∂zq

=
1

4

{ ∂4ϕ

∂xi∂xj∂xk∂xl
−

∑

p,q

gpq ∂3ϕ

∂xi∂xk∂xp

∂3ϕ

∂xj∂xl∂xq

}

◦ π

=
1

2
Qijkl ◦ π.

�

Definition 3.2. Let v be the volume element of g. We define a closed

1-form α and a symmetric bilinear form β by

DXv = α(X)v,

β = Dα.

The forms α and β are called the first Koszul form and the second

Koszul form for a Hessian structure (D, g) respectively.

Proposition 3.4. We have

(1) α(X) = Tr γX .

(2) αi =
1

2

∂ log det[gkl]

∂xi
= γr

ri.

(3) βij =
∂αi

∂xj
=

1

2

∂2 log det[gkl]

∂xi∂xj
= Qr

rij = Q r
ij r.
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Proof. Since v = (det[gij ])
1
2 dx1∧· · ·∧dxn and γ∂/∂xidxk = −

∑

l

γk
ildx

l

we have

αiv = α
( ∂

∂xi

)

v = D∂/∂xiv

=
∂

∂xi
(det[gij ])

1
2 dx1 ∧ · · · ∧ dxn

=
∂

∂xi
log(det[gij ])

1
2 v,

αiv = D∂/∂xiv = (D −∇)∂/∂xiv = −γ∂/∂xiv

= −(det[gij ])
1
2

∑

k

dx1 ∧ · · · ∧ γ∂/∂xidxk ∧ · · · ∧ dxn

= γk
ikv.

These imply (1) and (2). Assertion (3) follows from (2) and Definition 3.1.

�

Lemma 3.1. Let α and β be the Koszul forms for a Hessian structure

(D, g), and let α′ and β′ be the Koszul forms for the dual Hessian structure

(D′, g). Then we have

α′ = −α, β′ = β − 2∇α.

Proof. We have

α′(X) = D′
Xv = (2∇X −DX)v = −DXv = −α(X)v,

β′ = β − 2∇α.
�

Proposition 3.5. Let RT
ij̄

be the Ricci tensor on the Kählerian manifold

(TM, J, gT ). Then we have

RT
ij̄ = −1

2
βij ◦ π.

Proof. By Propositions 3.3, 3.4 and a formula in [Kobayashi and Nomizu

(1963, 1969)](II,p157), we obtain

RT
ij̄ = −gpq̄RT

iq̄pj̄ = −1

2
(gpq ◦ π)(Qiqpj ◦ π) = −1

2
(gpqQijpq) ◦ π

= −1

2
Q q

ij q ◦ π = −1

2
βij ◦ π.

�
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The above proposition suggests that the second Koszul form β plays a

similar role to that of the Ricci tensor in Kählerian geometry. Accordingly,

it is appropriate to introduce the following definition, which originated in

[Cheng and Yau (1982)].

Definition 3.3. If a Hessian structure (D, g) satisfies the condition

β = λg, λ =
βi

i

n
,

then the Hessian structure is said to be Einstein-Hessian.

The following theorem then follows from Proposition 3.5 and expression

(2.3).

Theorem 3.1. Let (D, g) be a Hessian structure on M and let (J, gT ) the

Kählerian structure on the tangent bundle TM induced by (D, g). Then the

following conditions (1) and (2) are equivalent.

(1) (D, g) is Einstein-Hessian.

(2) (J, gT ) is Einstein-Kählerian.

Example 3.1. Let us find the Koszul forms for Hessian domains given in

Example 2.2. Let α and β be the Koszul forms for a Hessian structure

(D, g) on Ω, and let α′ and β′ be the Koszul forms for the dual Hessian

structure (D′, g).

(1) Let Ω =
{

x ∈ Rn | xn >
1

2

n−1∑

i

(xi)2
}

and ϕ = − log
{

xn− 1

2

n−1∑

i=1

(xi)2
}

.

Then

det

[
∂2ϕ

∂xi∂xj

]

= f−n−1, where f = xn − 1

2

n−1∑

i=1

(xi)2.

Hence

α = −n+ 1

2
d log f =

n+ 1

2
dϕ, β =

n+ 1

2
Ddϕ =

n+ 1

2
g.

By Lemma 3.1 we have

α′ = −α =
n+ 1

2
d log f = −n+ 1

2
d log(−x′n),

β′ =
n+ 1

2

(dx′n
x′n

)2

, where x′i =
∂ϕ

∂xi
.
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(2) Let Ω = Rn and ϕ = log
(

1 +

n∑

i=1

exi
)

. Then

det

[
∂2ϕ

∂xi∂xj

]

=
ex1 · · · exn

fn+1
, where f =

n∑

i=1

exi

+ 1.

Hence

α =
1

2

{ n∑

i=1

dxi − (n+ 1)d log f
}

,

β = Dα = −n+ 1

2
Dd log f = −n+ 1

2
g.

Upon introducing x′i = ∂ϕ/∂xi, we have

f =
1

1−∑n
k=1 x

′
k

, xi = log
x′i

1−∑n
k=1 x

′
k

.

By Lemma 3.1 we further obtain

α′ = −α = −1

2
d log

{(
1−

n∑

k=1

x′k
)n
x′1 · · ·x′n

}

,

β′ =
n

2

(

d log
(
1−

n∑

k=1

x′k
))2

+
1

2

n∑

k=1

(d logx′k)2.

(3) Let

Ω =

{

x ∈ Rn | xn >
(

n−1∑

i=1

(xi)2
) 1

2

}

, ϕ = − log

{

(xn)2 −
n−1∑

i=1

(xi)2

}

.

Then det

[
∂2ϕ

∂xi∂xj

]

=
( 2

f

)n

, where f = (xn)2 −
n−1∑

i=1

(xi)2. Hence

α = −n
2
d log f =

n

2
dϕ, β =

n

2
Ddϕ =

n

2
g.

Introducing x′i =
∂ϕ

∂xi
and f ′ = (x′n)2−

n−1∑

i=1

(x′i)
2, we have f =

4

f ′
. The

Legendre transform of ϕ is given by ϕ′ = −ϕ− 2 = − log f ′ + log 4− 2.

By the same way as above, we have det

[

∂2ϕ′

∂x′i∂x
′
j

]

=
( 2

f ′

)n

. Hence

α′ = −n
2
d log f ′ =

n

2
dϕ′, β′ =

n

2
D′dϕ′ =

n

2
g.
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3.2 Hessian sectional curvature

A Kählerian manifold of constant holomorphic sectional curvature is called

a complex space form. It is known that a simply connected, complete,

complex space form is holomorphically isometric to the complex projective

space Pn(C), the complex Euclidean space Cn, or the complex hyperbolic

space Hn(C) according to whether the sectional curvature is positive, zero

or negative respectively [Kobayashi and Nomizu (1963, 1969)](II, Theorem

7.8, 7.9). In this section we define a Hessian sectional curvature on a Hessian

manifold (M,D, g) corresponding to a holomorphic sectional curvature on

a Kählerian manifold, and construct Hessian domains of constant Hessian

sectional curvature.

Definition 3.4. Let Q be a Hessian curvature tensor on a Hessian mani-

fold (M,D, g). We define an endomorphism Q̂ on the space of symmetric

contravariant tensor fields of degree 2 by

Q̂(ξ)ik = Qi k
j lξ

jl.

The endomorphism Q̂ is symmetric with respect to the inner product

〈, 〉 induced by the Hessian metric g. In fact, by Proposition 3.1 we have

〈Q̂(ξ), η〉 = Qi k
j lξ

jlηik = Qijklξ
jlηik

= Qjilkη
ikξjl = (Qj l

i kη
ik)ξjl = 〈ξ, Q̂(η)〉.

Definition 3.5. Let ξx 6= 0 be a symmetric contravariant tensor field of

degree 2. We put

q(ξx) =
〈Q̂(ξx), ξx〉
〈ξx, ξx〉

,

and call it the Hessian sectional curvature for ξx.

Definition 3.6. If q(ξx) is a constant c for all symmetric contravariant

tensor field ξx 6= 0 of degree 2 and for all x ∈ M , then (M,D, g) is said to

be a Hessian manifold of constant Hessian sectional curvature c.

Proposition 3.6. The Hessian sectional curvature of (M,D, g) is a con-

stant c if and only if

Qijkl =
c

2
(gijgkl + gilgkj).
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Proof. Suppose that the Hessian sectional curvature is a constant c.

Since Q̂ is symmetric and 〈Q̂(ξx), ξx〉 = c〈ξx, ξx〉 for all ξx, we have

Q̂(ξx) = cξx.

Introducing

T i k
j l = Qi k

j l −
c

2
(δi

jδ
k
l + δi

lδ
k
j ),

we have

T i k
j l = T k i

j l = T i k
l j , T i k

j lξ
jl
x = 0.

Hence

0 = T i k
j l(a

jbl + albj)(cidk + ckdi) = 4Tijkla
ibjckdl

for all tangent vectors ai, bi, ci, di at x. This implies T i k
j l = 0 and

Qijkl =
c

2
(gijgkl + gilgkj).

Conversely, if the above relations hold, it is easy to see that the Hessian

sectional curvature is constant with value c. �

Corollary 3.1. The following conditions (1) and (2) are equivalent.

(1) The Hessian sectional curvature of (M,D, g) is a constant c.

(2) The holomorphic sectional curvature of (TM, J, gT ) is a constant −c.

Proof. The holomorphic sectional curvature of the Kähler manifold

(TM, J, gT ) is a constant −c if and only if

RT
ij̄kl̄ =

1

2
c(gij̄gkl̄ + gil̄gj̄k)

cf. [Kobayashi and Nomizu (1963, 1969)](II, p169)D It therefore follows

from Proposition 3.3 and gij̄ = gij ◦ π that assertions (1) and (2) are

equivalent. �

This suggests that the notion of Hessian sectional curvature corresponds

to that of holomorphic sectional curvature for Kählerian manifolds.

Corollary 3.2. Suppose that a Hessian manifold (M,D, g) is a space of

constant Hessian sectional curvature c. Then the Riemannian manifold

(M, g) is a space form of constant sectional curvature − c
4
.
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Proof. By Propositions 3.2 and 3.6 we have

Rijkl = − c
4
(gikgjl − gilgjk).

This implies that the Riemannian manifold (M, g) is a space form of con-

stant sectional curvature − c
4
. �

Corollary 3.3. If the Hessian sectional curvature of (M,D, g) is a constant

c, then the Hessian structure (D, g) is Einstein-Hessian and

β =
(n+ 1)c

2
g.

Proof. The above assertion follows from Proposition 3.4 (3) and Propo-

sition 3.6. �

Definition 3.7. We define a tensor field W of type (1, 3) by

W i
jkl = Qi

jkl −
1

n+ 1
(δi

jβkl + δi
lβkj).

Theorem 3.2. A Hessian sectional curvature is a constant if and only if

W = 0.

Proof. Suppose that the Hessian sectional curvature is a constant c. By

Proposition 3.6 and Corollary 3.3 we have

W i
jkl = Qi

jkl −
1

n+ 1
(δi

jβkl + δi
lβkj)

= Qi
jkl −

c

2
(δi

jgkl + δi
lgkj) = 0.

Conversely, suppose W = 0. Then

Qijkl =
1

n+ 1
(gijβkl + gilβkj).

From this expression, together with Qijkl = Qklij , it follows that

gijβkl + gilβkj = gklβij + gkjβil.

Multiplying both sides of this formula by gij and contracting i, j, we have

βkl =
βr

r

n
gkl.

Hence

Qijkl =
βr

r

n(n+ 1)
(gijgkl + gilgkj),

and by Proposition 3.6 the Hessian sectional curvature is a constant. �
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The above theorem suggests that the tensor field W plays a similar role

to that of the projective curvature tensor on a Kählerian manifold.

Theorem 3.3. We have

Tr Q̂2 ≥ 2

n(n+ 1)
(Tr β̂)2,

where Tr β̂ = βr
r. The equality holds if and only if the Hessian sectional

curvature is a constant.

Proof. Following the notation of Proposition 3.6, we introduce

T i k
j l = Qi k

j l −
Tr β̂

n(n+ 1)
(δi

jδ
k
l + δi

lδ
k
j ),

and then

T i k
j lT

j l
i k = Qi k

j lQ
j l

i k −
2Tr β̂

n(n+ 1)
Q j l

i k (δi
jδ

k
l + δi

lδ
k
j )

+
Tr β̂

n(n+ 1)
2(δi

jδ
k
l + δi

lδ
k
j )(δj

i δ
l
k + δl

iδ
j
k)

= Tr Q̂2 − 2Tr β̂

n(n+ 1)
(Q i k

i k +Q j i
i j ) +

2(Tr β̂)2

n(n+ 1)

= Tr Q̂2 − 2

n(n+ 1)
(Tr β̂)2.

This ensures

Tr Q̂2 ≥ 2

n(n+ 1)
(Tr β̂)2,

and the equality holds if and only if

Qi k
j l =

Tr β̂

n(n+ 1)
(δi

jδ
k
l + δi

lδ
k
j ).

�

Now let us construct a Hessian domain (Ω, D, g = Ddϕ) in Rn of con-

stant Hessian sectional curvature c.

Proposition 3.7. The following Hessian domains are examples of spaces

of constant Hessian sectional curvature 0.

(1) The Euclidean space
(

Rn, D, g = Dd
(1

2

n∑

i=1

(xi)2
))

D

(2)
(

Rn, D, g = Dd
( n∑

i=1

exi
))

.
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Proof. (1) Since gij = δij we have γi
jk = 0C and so the Hessian curvature

tensor Q vanishes identically.

(2) Putting ϕ =

n∑

i=1

exi

and ηi =
∂ϕ

∂xi
= exi

we have

[gij ] = [δijηi].

Let us denote by γi and γi matrices whose (j, l) components are γijl and

γi
jl respectively. Then

γi =
1

2

∂

∂xi
[gjl] =

1

2
[δjlgij ],

hence

γi =
1

2
[δjlδ

i
j ].

We denote by Qi
k a matrix whose (j, l) components are Qi

jkl. Then

Qi
k = [Qi

jkl] =

[

∂γi
jl

∂xk

]

=
∂

∂xk
γi = 0.

Thus the Hessian sectional curvature vanishes identically. �

Proposition 3.8. Let c be a positive real number and let

Ω =
{

(x1, · · · , xn) ∈ Rn | xn >
1

2

n−1∑

i=1

(xi)2
}

,

ϕ = −1

c
log

{

xn − 1

2

n−1∑

i=1

(xi)2
}

.

Then (Ω, D, g = Ddϕ) is a Hessian domain of constant Hessian sectional

curvature c. The Riemannian manifold (Ω, g) is isometric to a hyperbolic

space form (H(− c
4
), g) of constant sectional curvature − c

4
, where

H =
{
(y1, · · · , yn−1, yn) ∈ Rn | yn > 0

}
,

g =
1

(yn)2

{ n−1∑

i=1

(dyi)2 +
4

c
(dyn)2

}

.

Proof. Introducing ηi =
∂ϕ

∂xi
, we have

ηi =







1
cx

i
{

xn − 1
2

∑n−1
r=1 (xr)2

}−1

, 1 ≤ i ≤ n− 1,

− 1
c

{

xn − 1
2

∑n−1
r=1 (xr)2

}−1

, i = n,

[gij ] =

[
cηiηj − δijηn cηiηn

cηnηj cηnηn

]

.
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From the above expressions we can express g in the form

g = c
{ n−1∑

i=1

ηidx
i + ηndx

n
}2

− ηn

n−1∑

i=1

(dxi)2

=
1

2
(d log f)2 +

1

2

n−1∑

i=1

(dxi)2,

where f = xn − 1

2

n−1∑

i=1

(xi)2. Upon further introducing

yi =







c−
1
2xi, 1 ≤ i ≤ n− 1,

f
1
2 , i = n,

then

ηi =







c−
1
2 yi(yn)−2, 1 ≤ i ≤ n− 1,

−c−1(yn)−2, i = n,

xi =







c
1
2 yi, 1 ≤ i ≤ n− 1,

(yn)2 + c
2

∑n−1
i=1 (yi)2, i = n,

−∞ < yi < +∞, 1 ≤ i ≤ n− 1,

yn > 0.

Using these expressions we can express g in the form

g =

n∑

i,j=1

∂ηi

∂xj
dxidxj =

n−1∑

i=1

dηidx
i + dηndx

n

=

n−1∑

i=1

d
{
c−

1
2 yi(yn)−2

}
d(c

1
2 yi) + d

{

− 1

c

1

(yn)2

}

d
{

(yn)2 +
c

2

n−1∑

i=1

(yi)2
}

=
1

(yn)2

{ n−1∑

i=1

(dyi)2 +
4

c
(dyn)2

}

.

Hence g is positive definite and (D, g = Ddϕ) is a Hessian structure on

Ω. With reference to the above expression for g, we deduce that (Ω, g)

is isometric to a hyperbolic space form (H(− c
4
), g) of constant sectional



November 13, 2006 12:3 World Scientific Book - 9in x 6in ws-book9x6

Curvatures for Hessian structures 49

curvature − c
4
. Let γi and γi be matrices whose (j, l) components are γijl

and γi
jl respectively. Then

γi =
1

2

∂

∂xi
[gjl]

=
1

2





cgijηl + cgilηj − δjlgin cgijηn + cginηj

cginηl + cgilηn 2cginηn



 ,

and so

γi =
1

2





cδi
jηl + cδi

lηj − δjlδ
i
n cδ

i
jηn + cδi

nηj

cδi
nηl + cδi

lηn 2cδi
nηn



 .

Denoting by Qi
k a matrix whose (j, l) components are Qi

jkl, we have

Qi
k = [Qi

jkl] = [
∂γi

jl

∂xk
] =

∂

∂xk
γi

=
c

2





δi
jgkl + δi

lgkj δ
i
jgkn + δi

ngkj

δi
ngkl + δi

lgkn 2δi
ngkn



 ,

that is

Qi
jkl =

c

2
(δi

jgkl + δi
lgkj).

Hence the Hessian sectional curvature of (Ω, D, g = D2ϕ) is the constant c.

�

Proposition 3.9. Let c be a negative real number and let

ϕ = −1

c
log

( n∑

i=1

exi

+ 1
)

.

Then (Rn, D, g = Ddϕ) is a Hessian domain of constant Hessian sectional

curvature c. The Riemannian manifold (Rn, g) is isometric to a domain in

a sphere defined by

n+1∑

i=1

(yi)2 = −4

c
,

y1 > 0, y2 > 0, · · · , yn+1 > 0.
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Proof. We introduce

ηi =
∂ϕ

∂xi
= −1

c
exi

( n∑

j=1

exj

+ 1
)−1

,

yi =







2(ηi)
1
2 , 1 ≤ i ≤ n,

2
{
− c

( ∑n
j=1 e

xj

+ 1
)}− 1

2 , i = n+ 1.

Then

y2
1 + · · ·+ y2

n + y2
n+1 = −4

c
, yi > 0,

dyn+1 = −
n∑

i=1

yi

yn+1
dyi,

xi = 2 log
yi

yn+1
− log(−c).

With these expressions we have

g =

n∑

i,j=1

∂ηi

∂xj
dxidxj =

1

4

n∑

i,j=1

∂y2
i

∂xj
dxidxj

=
1

2

n∑

i=1

yi

( n∑

j=1

∂yi

∂xj
dxj

)

dxi =
1

2

n∑

i=1

(yidyi)dx
i

=
n∑

i=1

(yidyi)d log
yi

yn+1
=

n∑

i=1

(yidyi)
yn+1

yi

yn+1dyi − yidyn+1

y2
n+1

=

n∑

i=1

(dyi)
2 −

( n∑

i=1

yi

yn+1
dyi

)

dyn+1

=
n∑

i=1

(dyi)
2 + (dyn+1)

2.

Hence g is positive definite and (D, g = Ddϕ) is a Hessian structure. With

reference to the above expression for g, we deduce that the Riemannian

manifold (Rn, g) is isometric to a domain in the sphere

n+1∑

i=1

y2
i = −4

c
defined

by y1 > 0, y2 > 0, · · · , yn+1 > 0. Since gij = δijηi + cηiηj , using the same

notation in the proof of Proposition 3.8 we have

γi =
1

2

∂

∂xi
[gjl] =

1

2
[δjlgij + c(gijηl + gilηj)] ,

γi =
1

2
[δjlδ

i
j + c(δi

jηl + δi
lηj)].
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Thus

Qi
k = [Qi

jkl] =

[

∂γi
jl

∂xk

]

=
∂γi

∂xk

=
[ c

2
(δi

jgkl + δi
lgkj)

]

,

that is

Qi
jkl =

c

2
(δi

jgkl + δi
lgkj).

This means that (Rn, D, g = Ddϕ) is a Hessian domain of constant Hessian

sectional curvature c. �
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Chapter 4

Regular convex cones

In Chapters 2 and 3 we surveyed the general theory and fundamental re-

sults of Hessian structures. In this chapter we give a brief exposition on

regular convex cones. We will first show that regular convex cones admit

canonical Hessian structures. The study of regular convex cones is the ori-

gin of the geometry of Hessian structures. I.I. Pyateckii-Shapiro studied

realizations of homogeneous bounded domains by considering Siegel do-

mains in connection with automorphic forms [Pyatetskii-Shapiro (1969)].

For a problem proposed by [Cartan (1935)] he constructed a 4-dimensional

non-symmetric affine homogeneous Siegel domain which is an example of a

non-symmetric homogeneous bounded domain [Pyatetskii-Shapiro (1959)].

Regular convex cones are used to define Siegel domains. In section 4.1 we

define a characteristic function ψ of a regular convex cone Ω, and show that

g = Dd logψ is a Hessian metric on Ω invariant under affine automorphisms

of Ω. The Hessian metric g = Dd logψ is called the canonical Hessian met-

ric on Ω. In section 4.2 we prove that if Ω is a homogeneous self dual cone,

then the gradient mapping is a symmetry with respect to the canonical

Hessian metric, and Ω is a symmetric homogeneous Riemannian manifold.

Furthermore, we give a bijective correspondence between homogeneous self

dual cones and compact Jordan algebras [Koecher (1962)][Vinberg (1960)].

4.1 Regular convex cones

In this section we outline the fundamental theoretical results for regular

convex cones, such as dual cones, characteristic functions and canonical

Hessian structures.

53
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Definition 4.1.

(1) A subset S in Rn is said to be a convex set if a segment of a line

joining any two points in S is contained in S.

(2) A subset S in Rn is said to be a cone with vertex 0 if, for any x in S

and any positive real number λ, λx belongs to S.

Suppose that Rn is equipped with an inner product (x, y). The polar

set S0 of any subset S in Rn is defined by

So = {y ∈ Rn | (y, x) ≤ 1, for all x ∈ S}.

Theorem 4.1. Suppose that S is a closed convex set containing the origin

0. Then

(So)o = S.

Proof. It is clear that S is contained in (So)o. For the proof that S

contains (So)o, it suffices to show for any x0 /∈ S there exists y0 satisfying

(x0, y0) > 1, (x, y0) ≤ 1

for all x ∈ S. Let x1 ∈ S be a point realizing the minimal distance from x0

to S, then

‖x− x0‖ ≥ ‖x1 − x0‖
for any x ∈ S, where ‖x‖ = (x, x)1/2. Since λx+(1−λ)x1 ∈ S for all x ∈ S
and 0 ≤ λ ≤ 1, we have

‖λx+ (1− λ)x1 − x0‖2 ≥ ‖x1 − x0‖2,
that is

λ2‖x− x1‖2 + 2λ(x− x1, x1 − x0) ≥ 0,

and so

(x − x1, x1 − x0) ≥ 0.

Therefore

(x, x0 − x1) ≤ (x1, x0 − x1),

for all x ∈ S, and so substituting x for 0, we have

(x1, x0 − x1) ≥ 0.

Since (x0 − x1, x0 − x1) > 0, there exists µ such that

0 ≤ (x1, x0 − x1) < µ < (x0, x0 − x1).

From these inequalities we have

(x, x0 − x1) ≤ (x1, x0 − x1) < µ < (x0, x0 − x1),

for any x ∈ S. Therefore the selection y0 =
1

µ
(x0−x1) satisfies the required

condition. �
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Let C be a convex cone. Then the set

C − C = {x− y | x, y ∈ C}
is the minimal subspace containing C. The set

C ∩ −C
is the maximal subspace contained in C, where −C = {−x | x ∈ C}. We

define

C] = {y ∈ Rn | (x, y) ≥ 0, for all x ∈ C}.
Then C] is a closed convex cone and it is straightforward to deduce that

C] = −Co.

From this we have immediately the following corollary.

Corollary 4.1. Let C be a closed convex cone. Then

(C])] = C.

Corollary 4.2. Let C be a closed convex cone. Then

(C] − C])⊥ = C ∩ −C.

Proof. x ∈ (C] − C])⊥ if and only if (x, y) = 0 for all y ∈ C], which is

equivalent to x and −x ∈ (C])] = C. �

Proposition 4.1. Let C be a closed convex cone. Then

int(C]) = {y | (y, x) > 0, for all x 6= 0 ∈ C},
where int(C]) is the set of interior points of C].

The following conditions are equivalent.

(1) C contains no full straight lines.

(2) C ∩ −C = {0}D
(3) int(C]) 6= ∅D

Proof. Put B = {y | (y, x) > 0, for all x 6= 0 ∈ C}. Then

B = {y | (y, x) > 0, for all x ∈ C ∩ Sn−1},
where Sn−1 is the unit sphere with centre 0. Since C ∩ Sn−1 is compact,

B is an open set. Therefore B is contained in the interior of C]. Let y

be an inner point of C]. If ‖u‖ is small enough, then y + u ∈ C], and so

(x, y) + (x, u) = (x, y + u) ≥ 0 for all x 6= 0 ∈ C. Hence (x, y) > 0, and

y ∈ B. Thus the interior of C] is contained in B. Therefore int(C]) = B.

It is obvious that (1) and (2) are equivalent. By corollary 4.2, the condition

(2) holds if and only if C] − C] = Rn, which is equivalent to (3). �
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Definition 4.2.

(1) A convex domain not containing any full straight line is said to be a

regular convex domain.

(2) An open convex cone not containing any full straight line is called a

regular convex cone.

Proposition 4.2. Let Ω be a regular convex domain. Then the following

assertions hold.

(1) There exists an affine coordinate system {y1, · · · , yn} on Rn such that

yi(p) > 0, for all p ∈ Ω, where i = 1, · · · , n.
(2) The tube domain TΩ = Rn +

√
−1Ω ⊂ Cn over Ω is holomorphically

isomorphic to a bounded domain in Cn.

Proof. Without loss of generality, we may assume that Ω contains the

origin o. Let K be the set of all points p such that tp ∈ Ω for all t > 0.

Then K is a closed convex cone not containing any full straight line with

vertex o. Since, by Proposition 4.1 int(K]) = {y | (y, x) > 0, x 6= 0 ∈ K} is

a non-empty open set, we can choose a basis {v1, · · · , vn} of Rn contained

in int(K]). We show that there exists a positive real number m such that

(vi, p) > −m for all p ∈ Ω. Suppose that such a positive number does not

exist, then we can find a sequence of points {pn} such that (vi, pn)→ −∞.

Let S be a small sphere centred at o such that {pn} lie outside of S, and

S ⊂ Ω. Let qn be a point of intersection between S and the line segment

joining pn and o, and let pn = λnqn, λn > 0. Selecting, if necessary, a

subsequence of pn, we may assume that qn → q0 ∈ S. Since (vi, qn) →
(vi, q0) and (vi, pn) = λn(vi, qn) → −∞, it follows that λn → ∞. Suppose

that there exists a positive number t0 > 0 such that t0q0 is contained

in the boundary of Ω. Since Ω̄ is a convex set we have sq0 ∈ Ω for all

0 ≤ s < t0. For a fixed t1 > t0 the point t1q0 is an exterior point of Ω.

Choosing a sufficiently large n, we have λn > t1. Since Ω is a convex set and

λnqn = pn ∈ Ω, it follows that t1qn ∈ Ω. Hence t1q0 ∈ Ω̄. However, this

contradicts that t1q0 is an exterior point of Ω. Thus we know tq0 ∈ Ω for

all t > 0, that is, q0 ∈ K. This implies (vi, q0) > 0, and so (vi, qn) > 0 for a

sufficiently large n. This means (vi, pn) = λn(vi, qn) > 0, which contradicts

the limiting behaviour (vi, pn)→ −∞.

(1) Taking a basis {u1, · · · , un} of Rn such that (ui, vj) = δij , we define a

function yi by yi : p =
∑

k

pkuk −→ pi +m. Then {y1, · · · , yn} is an affine
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coordinate system on Rn satisfying yi(p) > 0 for all p ∈ Ω.

(2) We define a holomorphic coordinate system on TΩ = Rn +
√
−1Ω by

z1 = x1 +
√
−1y1, · · · , zn = xn +

√
−1yn. Applying Cayley transformations

to all the components zj , mapping upper half-planes to unit disks, we derive

the result that TΩ is holomorphically isomorphic to a bounded domain. �

Theorem 4.2. Let Ω be a regular convex cone and let Ω̄ be the closure of

Ω. We set

Ω? = {y | (y, x) > 0, for all x 6= 0 ∈ Ω̄}.
Then

(1) Ω? is a regular convex cone.

(2) (Ω?)? = Ω.

Proof. Since Ω is a convex set not containing any full straight line, its

closure Ω̄ also does not contain any full straight line and

Ω̄ ∩ −Ω̄ = {0}.
By Proposition 4.1, we have Ω? = int((Ω̄)]) 6= ∅D Since Ω is an open set, by

Corollary 4.1 and 4.2 we have (Ω̄)] ∩−(Ω̄)] = (((Ω̄)])] − ((Ω̄)])])⊥ = (Ω̄−
Ω̄)⊥ = Ω̄∩−Ω̄ = {0}D Therefore Ω? is a regular convex cone. Furthermore,

we have (Ω?)? = int(((Ω̄)])]) = int(Ω̄) = Ω. �

Definition 4.3. The regular convex cone Ω? is called the dual cone of Ω

with respect to the inner product ( , ).

Let R∗
n be the dual vector space of Rn. We denote by 〈x, y∗〉 the value

y∗(x) of y∗ ∈ R∗
n at x ∈ Rn. If we replace the inner product (x, y) on Rn

by the pairing 〈x, y∗〉, by the same method as the proof of Theorem 4.2, we

can prove the following theorem.

Theorem 4.3. Let Ω be a regular convex cone in Rn. We define a subset

Ω∗ of R∗
n by

Ω∗ = {y∗ ∈ R∗
n | 〈x, y∗〉 > 0, x 6= 0 ∈ Ω̄}.

Then

(1) Ω∗ is a regular convex cone in R∗
n.

(2) Identifying the dual space of R∗
n with Rn we have (Ω∗)∗ = Ω.

Definition 4.4. The regular convex cone Ω∗ is said to be the dual cone

of Ω in R∗
n.
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Let Ω be a regular convex cone. We define a function ψ on Ω by

ψ(x) =

∫

Ω∗

e−〈x,x∗〉dx∗, (4.1)

where dx∗ is aD∗-parallel volume element in R∗
n. We show that the integral

defining ψ(x) is convergent. For a fixed x ∈ Ω we define a hyperplane

Pt in R∗
n by Pt = {x∗ ∈ R∗

n | 〈x, x∗〉 = t}. Then the set Pt ∩ Ω̄∗

is bounded with respect to the Euclidean norm ‖ · ‖ on R∗
n. Suppose

that the set is unbounded, then there exists a sequence of points {p∗k} in

Pt ∩ Ω̄∗ such that lim
k→∞

‖p∗k‖ = ∞ and lim
k→∞

p∗k
‖p∗k‖

= p∗. Then p∗ 6= 0 ∈ Ω̄∗

and so 〈x, p∗〉 > 0 since x ∈ (Ω∗)∗. However, we also have 〈x, p∗〉 =

lim
k→∞

〈x, p∗k
‖p∗k‖

〉 = lim
k→∞

t

‖p∗k‖
= 0. This is a contradiction. Hence Pt ∩ Ω̄∗ is

bounded, and the volume

v(t) =

∫

Pt∩Ω∗

dx∗t

is finite, where dx∗t is the volume element on Pt induced by dx∗. Since

Pt = tP (1), we have v(t) = tn−1v(1), and so

ψ(x) =

∫

Ω∗

e−〈x,x∗〉dx∗ =

∫ ∞

0

e−t

(∫

Pt∩Ω∗

dx∗t

)

dt

= v(1)

∫ ∞

0

e−ttn−1dt = (n− 1)!v(1) <∞.

Definition 4.5. The function ψ(x) is said to be the characteristic func-

tion of a regular convex cone Ω.

Proposition 4.3. Let x0 be a boundary point of a regular convex cone Ω.

Then

lim
x→x0

ψ(x) =∞.

Proof. Let {pk} be a sequence of points in Ω converging to x0. Then

Fk(x∗) = e−〈pk,x∗〉 is uniformly convergent to F0(x
∗) = e−〈x0,x∗〉 on any

compact subset of R∗
n. Hence

lim inf
k→∞

ψ(pk) = lim inf
k→∞

∫

Ω∗

Fk(x∗)dx∗

≥
∫

Ω∗

lim inf
k→∞

Fk(x∗)dx∗ =

∫

Ω∗

F0(x
∗)dx∗.
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Since (Ω∗)∗ = Ω, there exists x∗0 6= 0 ∈ Ω̄∗ such that 〈x0, x
∗
o〉 = 0. Let K

be a closed ball contained in Ω∗, and let

L = K + {λx∗0 | λ > 0} ⊂ Ω∗.

We set c = min
x∗∈K

F0(x
∗). Then c > 0 and c = min

x∗∈L
F0(x

∗). Therefore

∫

Ω∗

F0(x
∗)dx∗ ≥

∫

L

F0(x
∗)dx∗ ≥ c

∫

L

dx∗ =∞.

Hence

lim
k→∞

ψ(pk) =∞.
�

An endomorphism s of Rn preserving a regular convex cone Ω is said to

be a linear automorphism of Ω. The dual endomorphism s∗ of a linear

automorphism s of Ω is a linear automorphism of the dual cone Ω∗. For a

linear automorphism s of Ω, changing variables to y∗ = s∗x∗ we have

ψ(sx) =

∫

Ω∗

e−〈sx,x∗〉dx∗ =

∫

Ω∗

e−〈x,s∗x∗〉dx∗

=

∫

Ω∗

e−〈x,y∗〉 1

det s
dy∗.

Thus

ψ(sx) =
ψ(x)

det s
, (4.2)

and the following proposition has been proved.

Proposition 4.4. Let dx be a D-parallel volume element on Rn. Then

ψ(x)dx is a volume element on Ω invariant under linear automorphisms of

Ω.

Proposition 4.5. The Hessian of logψ with respect to D,

Dd logψ =
∑

i,j

∂2 logψ

∂xi∂xj
dxidxj ,

is positive definite on Ω.

Proof. Let x+ta be a straight line passing through x ∈ Ω in the direction

a ∈ Rn. Then it follows from definition (4.1) that

d

dt
ψ(x+ ta) = −

∫

Ω∗

e−〈x+ta,x∗〉〈a, x∗〉dx∗,

d2

dt2
ψ(x+ ta)) =

∫

Ω∗

e−〈x+ta,x∗〉〈a, x∗〉2dx∗.
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Put F (x∗) = e−〈x,x∗〉/2 and G(x∗) = e−〈x,x∗〉/2〈a, x∗〉. Then by Schwartz’s

inequality we have

(Dd logψ)(a, a) =
d2

dt2

∣
∣
∣
∣
t=0

logψ(x+ ta))

= − 1

ψ2(x)

( d

dt

∣
∣
∣
∣
t=0

ψ(x+ ta)
)2

+
1

ψ(x)

d2

dt2

∣
∣
∣
∣
t=0

ψ(x+ ta(t))

=
1

ψ2(x)

{ ∫

Ω∗

F 2dx∗
∫

Ω∗

G2dx∗ −
(∫

Ω∗

FGdx∗
)2}

> 0.

�

Definition 4.6. We call the metric g = Dd logψ and the pair (D, g) the

canonical Hessian metric and the canonical Hessian structure on a

regular convex cone Ω respectively.

Let s be a linear automorphism of Ω. From logψ(sx) = logψ(x) −
log det s, it follows that

d(logψ ◦ s) = d(logψ − log det s) = d logψ,

that is, d logψ is invariant under s. Therefore Dd logψ is also invariant

under s. Thus we have proved the following proposition.

Proposition 4.6. The canonical Hessian metric g = D logψ on a regular

convex cone Ω is invariant under linear automorphisms of Ω.

Let ι be the gradient mapping for a regular convex cone (Ω, D, g =

Dd logψ). For a straight line x + ta passing through x ∈ Ω in direction

a ∈ Rn we have

(dψ)(a) =
d

dt

∣
∣
∣
∣
t=0

ψ(x+ ta) = −
∫

Ω∗

e−〈x,x∗〉〈a, x∗〉dx∗,

and so

(dψ)x = −
∫

Ω∗

e−〈x,x∗〉x∗dx∗.

Hence

ι(x) = −(d logψ)x = − (dψ)x

ψ(x)
=

∫

Ω∗ e
−〈x,x∗〉x∗dx∗

∫

Ω∗ e−〈x,x∗〉dx∗
.

Using the same notation as in the proof of the convergence of ψ(x), we have

ι(x) =

∫ ∞

0 e−t
(∫

Pt∩Ω∗ x
∗dx∗t

)

dt

∫ ∞

0
e−t

(∫

Pt∩Ω∗ dx∗t

)

d
.
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Applying this expression together with
∫

Pt∩Ω∗

x∗dx∗t =
( t

n

)n
∫

Pn∩Ω∗

x∗dx∗n,

∫

Pt∩Ω∗

dx∗t =
( t

n

)n−1
∫

Pn∩Ω∗

dx∗n,

we obtain

ι(x) =

∫ ∞

0
e−ttndt

∫

Pn∩Ω∗ x
∗dx∗n

n
∫ ∞

0 e−ttn−1dt
∫

Pn∩Ω∗ dx∗n
=

∫

Pn∩Ω∗ x
∗dx∗n

∫

Pn∩Ω∗ dx∗n
,

and so ι(x) is the center of gravity of Pn ∩ Ω∗. Since Pn ∩ Ω∗ is convex we

have ι(x) ∈ Pn ∩ Ω∗, that is,

ι(x) ∈ Ω∗, 〈x, ι(x)〉 = n. (4.3)

Proposition 4.7. The gradient mapping ι is a bijection from Ω to Ω∗.

Proof. It suffices to show that for any x∗ ∈ Ω∗ there exists a unique

x ∈ Ω such that ι(x) = x∗. Let Q be a hyperplane defined by

Q = {z ∈ Rn | 〈z, x∗〉 = n}.
Suppose that there exists x ∈ Ω such that ι(x) = x∗, then by (4.3) it follows

that x ∈ Q and

−(d logψ)x(z − x) = 〈z − x, ι(x)〉 = 〈z, x∗〉 − n = 0

for all z ∈ Q. Hence ψ restricted on Q ∩ Ω attains its relative minimum at

x. Conversely, if ψ attains its relative minimum at x on Q ∩ Ω, then

0 = (d logψ)x(z − x) = 〈z − x,−ι(x)〉 = 〈z,−ι(x)〉+ n

= 〈z,−ι(x)〉+ 〈z, x∗〉
for all z ∈ Q. Hence ι(x) = x∗. Therefore it is enough to show that ψ

restricted on Q ∩ Ω has a unique minimum. The characteristic function ψ

attains its minimum on a bounded closed set Q ∩ Ω̄, and, by Proposition

4.3, ψ grows without limit approaching the boundary of Ω. Therefore ψ

attains its minimum on Q∩Ω. If ψ attains its minimum at different points

x1 and x2 ∈ Q ∩ Ω, then for the middle point x3 of the segment joining

x1 and x2, it follows from the convexity of ψ that ψ(x3) < ψ(x1) = ψ(x2).

This is a contradiction. �

Proposition 4.8. For a linear automorphism s of a regular convex cone Ω

we have

ι(sx) = s∗−1ι(x), for all x ∈ Ω,

where s∗ is the dual endomorphism of s.
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Proof. For a ∈ Rn it follows from equation (4.2) that

〈a, ι(sx)〉 = −(d logψ)sx(a) = − d

dt

∣
∣
∣
∣
t=0

logψ(sx+ ta)

= − d

dt

∣
∣
∣
∣
t=0

logψ(x+ ts−1a) = −(d logψ)x(s−1a) = 〈s−1a, ι(x)〉

= 〈a, s∗−1ι(x)〉.
�

A regular convex cone Ω is said to be homogeneous if for any two

points x and y ∈ Ω there exists a linear automorphism s such that y = sx.

Proposition 4.9. Let Ω be a homogeneous regular convex cone. Then

(1) The dual cone Ω∗ is homogeneous.

(2) Let ψΩ and ψΩ∗ be the characteristic functions of Ω and Ω∗ respectively.

Then ψΩ(x)ψΩ∗(ι(x)) is a constant for all x ∈ Ω.

(3) The Legendre transform of logψΩ coincides with logψΩ∗ except for a

constant.

Proof. Let x∗ and y∗ be any two points in Ω∗. By Proposition 4.7 there

exist x and y ∈ Ω such that x∗ = ι(x) and y∗ = ι(y). By the homogeneity,

Ω admits a linear automorphism s such that y = sx. From Proposition 4.8

we further have that x∗ = ι(x) = ι(s−1y) = s∗ι(y) = s∗y∗. Thus Ω∗ is

homogeneous. For any x ∈ Ω, and any linear automorphism s, we have

ψΩ(sx)ψΩ∗(ι(sx)) = ψΩ(sx)ψΩ∗ (s∗−1ι(x))

=
ψΩ(x)ψΩ∗(ι(x))

det s det s∗−1

= ψΩ(x)ψΩ∗(ι(x)).

This implies that ψΩ(x)ψΩ∗ (ι(x)) is a constant c because Ω is homogeneous.

The Legendre transform of ϕ = logψΩ is given by

ϕ∗(ι(x)) = −〈x, ι(x)〉 − ϕ(x).

On the other hand from assertion (2) it follows that ϕ(x) = logψΩ(x) =

− logψΩ∗(ι(x)) + log c. Hence ϕ∗ = logψΩ∗ − n− log c. �

Proposition 4.10. Let Ω be a homogeneous regular convex cone. Then the

Koszul forms α and β for the canonical Hessian structure (D, g = Ddψ)

are expressed by

(1) α = d logψ.

(2) β = g.
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Proof. The volume element v determined by g is invariant under the

linear automorphism group G of Ω. Moreover, by Proposition 4.4, the

volume element ψ(x)dx is also G-invariant. Hence there exists a constant

c 6= 0 such that

v = cψ(x)dx.

Therefore we have

α(X)v = DXv = c(dψ)(X)dx = (d logψ)(X)v. �

Let B be a strictly bounded domain in Rn−1 and let ΩB = {(tx, t) |
x ∈ B, t ∈ R+} be the cone over B. If the boundary ∂B of B is C2-class,

then it follows from [Sasaki (1985)] that the canonical Hessian metric on

ΩB is complete. The author doesn’t know whether this metric is complete

on ΩB with less smooth boundary.

We mention here that there is another natural projectively invariant

Hessian metric on any regular convex cone Ω given by [Cheng and Yau

(1982)].

Theorem 4.4. Let Ω be a regular convex cone. Then there exists a convex

function ϕ satisfying

det

[
∂2ϕ

∂xi∂xj

]

= e2ϕ,

ϕ −→∞ at ∂Ω,

and that the Einstein-Hessian metric Ddϕ is complete and invariant under

linear automorphism of Ω.

4.2 Homogeneous self-dual cones

In this section we show that a homogeneous self-dual cone is symmetric with

respect to the canonical Hessian metric and give a bijective correspondence

between homogeneous self-dual cones and compact Jordan algebras. Let

Ω be a regular convex cone in Rn, and let Ω? be the dual cone of Ω with

respect to an inner product (x, y) ;

Ω? = {y ∈ Rn | (y, z) > 0, for all z 6= 0 ∈ Ω̄}.

Theorem 4.5. Let Ω be a regular convex cone in Rn with canonical Hes-

sian structure (D, g = D logψ), and let Ω? be the dual cone with respect to

an inner product (x, y). Identifying R∗
n with Rn by the inner product, the

gradient mapping ι : Ω→ Ω? has a fixed point.
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Proof. By the identification of R∗
n with Rn we have

(ι(x), z) = −
∑

i

∂ logψ(x)

∂xi
zi, z ∈ Rn.

Put Sn−1 = {x ∈ Rn | (x, x) = n} and suppose that logψ attains its

minimum at o on a compact set Sn−1 ∩ Ω̄. By Proposition 4.3 it follows

that o ∈ Sn−1 ∩ Ω. Identifying the tangent space of Ω at o with Rn, the

tangent space of Sn−1 ∩ Ω̄ at o coincides with {a ∈ Rn | (a, o) = 0}. Hence

0 =
∑

i

∂ logψ(o)

∂xi
ai = (−ι(o), a)

for all a ∈ Rn such that (a, o) = 0. Thus ι(o) = λ o, where λ ∈ R. On the

other hand, by (4.3) we have n = (o, ι(o)) = λn. Hence ι(o) = o. �

Corollary 4.3. The set Ω ∩ Ω? is not an empty set [Ochiai (1966)].

Definition 4.7. A regular convex cone Ω is said to be a self-dual cone if

there exists an inner product such that Ω = Ω?.

Theorem 4.6. Let Ω be a homogeneous self-dual regular convex cone with

canonical Hessian structure (D, g = Dd logψ). Then the gradient mapping

ι : Ω −→ Ω is a symmetry with respect to the canonical Hessian metric g.

That is,

(1) ι is an isometry.

(2) ι2 is the identity mapping.

(3) ι has an isolated fixed point.

Thus (Ω, g) is a Riemannian symmetric space.

Proof. Let Ω be a self-dual cone with respect to an inner product (x, y).

Identifying R∗
n with Rn by the inner product, we have D∗ = D and Ω∗ =

Ω? = Ω. Let ϕ∗ be the Legendre transform of ϕ = logψ. Then ϕ∗ =

ϕ− n− log c in the proof of Proposition 4.9. Hence

g∗ = D∗dϕ∗ = Ddϕ = g.

The assertions (1) and (2) follow from the above result and Proposition 2.7.

Let o be a fixed point in Theorem 4.5. For a = (a1, · · · , an) ∈ Rn we set

Xa =
∑

i

ai ∂

∂xi
. Identifying the tangent space of Ω at o with Rn, we have

g(Xa, Xb) = (DXa
d logψ)(Xb) = Xa((d logψ)(Xb))

= Xa(−ι, b) = −(ι∗(Xa), b).
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Hence

go(a, b) = −((ι∗)o(a), b).

This shows that (ι∗)o is symmetric with respect to (x, y) and negative

definite. Moreover (ι∗)
2
o is the identity mapping by (2). These results

together imply (ι∗)o = −I , hence o is an isolated fixed point of ι. �

Remark 4.1. Let ψ be the characteristic function of Ω in Theorem 4.6.

For positive numbers µ and ν we set ψ̂ = µψν . Then ĝ = Dd log ψ̂ is

positive definite. The gradient mapping ι̂ for the Hessian structure (D, ĝ)

is given by ι̂ = νι and is a symmetry with respect to ĝ. Since ι(κo) =
1

κ
o

for κ > 0 the isolated fixed point ô of ι̂ is given by ô =
√
νo.

Let Ω be a homogeneous regular convex cone. The set of all linear

automorphisms G(Ω) of Ω is a closed subgroup of GL(n,R). The iden-

tity component G of G(Ω) is also a closed subgroup of GL(n,R) and acts

transitively on Ω. By [Vinberg (1963)] we have:

(i) An isotropy subgroup of G at any point of Ω is a maximal compact

subgroup of G.

(ii) G coincides with the connected component of a certain algebraic sub-

group of GL(n,R).

For the proof see Lemma 10.1 and Proposition 10.2.

Theorem 4.7. Let Ω be a homogeneous self-dual regular convex cone with

respect to an inner product. We denote by G the identity component of the

group of all linear automorphisms of Ω, and by K the isotropy subgroup of

G at the isolated fixed point o of the gradient mapping ι. Then

(1) G is self-adjoint with respect to the inner product.

(2) Let g be the Lie algebra of G and let m = {X ∈ g | tX = X} where
tX is the adjoint endomorphism of X ∈ g . Then the mapping

X ∈ m −→ (expX)o ∈ Ω

is a diffeomorphism.

(3) Ω = G/K is a symmetric space (Definition 9.4)D

Proof. Since Ω is a self-dual cone, the adjoint linear transformation ts

of s ∈ G is contained in G. The mapping defined by

σ : s→ ts−1
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is an involutive automorphism of G. By Proposition 4.8, we have (ιsι)(x) =
ts−1ι(ι(x)) = σ(s)(x) for s ∈ G and x ∈ Ω. Hence

σ(s) = ιsι.

Let g be the Lie algebra of G and let σ∗ be the differential of σ. Then

σ∗(X) = −tX.

For the proof of this theorem we require the following lemma due to [Mu-

rakami (1952)].

Lemma 4.1. Let G be the identity component of an algebraic subgroup of

GL(n,R) and let g ⊂ gl(n,R) be the Lie algebra of G. Suppose that G is

self-adjoint with respect to an inner product. Then

(1) Let k = {X ∈ g | tX = −X} and m = {X ∈ g | tX = X}. Then

g = k + m, [k, k] ⊂ k, [k,m] ⊂ m, [m,m] ⊂ k.

(2) A subgroup given by K = {s ∈ G | ts−1 = s} is a maximal compact

subgroup of G.

(3) A mapping defined by (X, k) ∈ m×K → (expX)k ∈ G is a diffeomor-

phism.

The isotropy subgroup H of G at the fixed point o of the gradient mapping

ι of Ω is a maximal compact subgroup of G. By Lemma 4.1 (2) the group

K = {s ∈ G | ts−1 = s} is a maximal compact subgroup of G. For s ∈ K
we have ι(so) = (ιsι)(o) = ts−1o = so. Hence so is a fixed point of ι.

Since o is an isolated fixed point of ι, we have so = o for s sufficiently near

the identity, and so s ∈ H . Because K is generated by a neighbourhood

of the identity, we have K ⊂ H . Since H and K are both maximal com-

pact subgroups of G, we have H = K. Since any element s ∈ G has a

unique expression s = (expX)k (X ∈ m, k ∈ K) by the above lemma, and

Ω = Go = (exp m)o, the mapping X ∈ m −→ (expX)o ∈ Ω is a diffeomor-

phism. Assertion (3) follows from Lemma 4.1 and σ∗(X) = −tX .

�

Theorem 4.8. Let Ω be a homogeneous regular convex cone. Then the

following conditions (1) and (2) are equivalent.

(1) Ω is a self-dual cone.

(2) There exists a self-adjoint linear Lie group which acts transitively on

Ω.
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Proof. By Theorem 4.7, assertion (2) follows from (1). Suppose that Ω

admits a linear Lie group G which acts transitively on Ω and is self-adjoint

with respect to an inner product. Let Ω? be the dual cone of Ω with

respect to the inner product. By Corollary 4.3. there exists an element

o ∈ Ω ∩ Ω?. Since G and tG act transitively on Ω and Ω? respectively, we

have Ω = Go = tGo = Ω?. �

Example 4.1. Let V be the vector space of all real symmetric matrices

of degree n, and let Ω be the set of all positive definite matrices in V .

Then Ω is a regular convex cone in V . We define a representation f of

GL(n,R) on V by f(a)(x) = axta where a ∈ GL(n,R) and x ∈ V . Then

G = f(GL(n,R)) acts transitively on Ω and is self-adjoint with respect to

the inner product (x, y) = Tr xy. By Theorem 4.7 the cone Ω is self-dual

with respect to the inner product. Let ψ be the characteristic function of

Ω. Then we have

ψ(x) = (detx)−
n+1

2 ψ(e),

where e is the unit matrix. Hence the canonical Hessian metric is given by

g = −n+ 1

2
Dd log detx.

Example 4.2. Let us consider Rn as the space of all column vectors of

degree n. Let J be a matrix of degree n by given by

J =

[−In−1 0

0 1

]

,

where In−1 is the unit matrix of degree n− 1. The Lorentz cone Ω in Rn

is defined by

Ω = {x = [xi] ∈ Rn | txJx > 0, xn > 0}.

We denote x = [xi] ∈ Rn by x =

[
x′

xn

]

where tx′ = [x1, · · · , xn−1]. Suppose

that Ω contains a full straight line a + sb, where a ∈ Ω and b ∈ Rn.

Since an + sbn > 0 for all s, it follows that bn = 0. Hence t(a + sb)J(a +

sb) = −(tb′b′)s2 +2(tbJa)s+taJa. However, this contradicts the inequality
t(a+sb)J(a+sb) > 0 for all s. We show the convexity of Ω. Note that x ∈ Ω

if and only if (xn)2 > tx′x′ and xn > 0. For any x, y ∈ Ω and 0 < λ < 1 we

have {(1−λ)xn+λyn}2 ≥ (1−λ)2 tx′x′+2λ(1−λ)(tx′x′ty′y′)1/2+λ2 ty′y′ ≥
t{(1 − λ)x′ + λy′}{(1 − λ)x′ + λy′}, and so (1 − λ)x + λy ∈ Ω. Thus Ω

is a regular convex cone. We claim that the group R+SO(n − 1, 1) acts

transitively on Ω. Note that en = t[0, · · · , 0, 1] ∈ Ω. Let x ∈ Ω and set y =
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(txJx)−
1
2x. Then (yn)2− ty′y′ = 1. There exists s′ ∈ SO(n−1) such that

s′y′ = t[0, · · · , 0, (ty′y′)
1
2 ]. Putting s =

[
s′ 0

0 1

]

, we have s ∈ SO(n − 1, 1)

and sy = t[0, · · · , 0, (ty′y′)
1
2 , yn]. Introducing

r′ =

[

yn −(ty′y′)
1
2

−(ty′y′)
1
2 yn

]

, r =

[
In−2 0

0 r′

]

,

we have r ∈ SO(n−1, 1) and (txJx)−
1
2 rsx = en ∈ Ω. Thus R+SO(n−1, 1)

acts transitively on Ω. Since the group R+SO(n − 1, 1) is self-adjoint

with respect to the inner product (x, y) = txy, by Theorem 4.7 we know

that Ω is a self-dual cone with respect to the inner product. Let ψ be

the characteristic function of ΩD From (txJx)−
1
2 rsx = en it follows that

ψ(en) = ψ((txJx)−
1
2 rsx) = (txJx)

n
2 ψ(x), that is,

ψ(x) = (txJx)−
n
2 ψ(en).

The canonical Hessian metric is therefore expressed by

g = −n
2
Dd log txJx.

We shall now give a brief survey of Jordan algebras. For details,

the reader may refer to [Braun and Koecher (1966)][Faraut and Korányi

(1994)][Koecher (1962)].

Let A be an algebra over R with multiplication a ∗ b. We set

[a ∗ b ∗ c] = a ∗ (b ∗ c)− (a ∗ b) ∗ c.

Definition 4.8. A commutative algebra A over R is said to be a Jordan

algebra if it satisfies

[a2 ∗ b ∗ a] = 0,

where a2 = a ∗ a.

Let A be a Jordan algebra. For a, b, c, d ∈ A and λ, µ ∈ R we expand

the equation [(a+λb+µd)2 ∗ c∗ (a+λb+µd)] = 0 and compare coefficients

of the term λµ to obtain

(a ∗ b) ∗ (c ∗ d) + (b ∗ d) ∗ (c ∗ a) + (d ∗ a) ∗ (c ∗ b)
= ((a ∗ b) ∗ c) ∗ d+ ((b ∗ d) ∗ c) ∗ a+ ((d ∗ a) ∗ c) ∗ b.

Denoting by La the multiplication by a ∈ A, the above equation is equiva-

lent to

L(a∗b)∗c = La∗bLc + Lc∗aLb + Lc∗bLa − LaLcLb − LbLcLa.
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By the same method we have

La∗(b∗c) = L(c∗b)∗a = Lc∗bLa + Lc∗aLb + La∗bLc − LcLaLb − LbLaLc.

It follows from these formulae that

L[a∗b∗c] = [[La, Lc], Lb].

Conversely, we have the following lemma due to [Vinberg (1960)].

Lemma 4.2. Let A be a finite-dimensional commutative algebra over R

satisfying the following conditions.

(1) The bilinear form given by (a, b) = TrLa∗b is non-degenerate.

(2) L[a∗b∗c] = [[La, Lc], Lb].

Then A is a Jordan algebra.

Proof. By condition (2) we have

TrL[a∗b∗c] = 0,

for all a, b and c ∈ A. By a straightforward calculation we obtain

[a2 ∗ b ∗ a] ∗ x = [(a2 ∗ b) ∗ a ∗ x] + [a2 ∗ b ∗ (a ∗ x)]− [a2 ∗ (b ∗ a) ∗ x]

+
2

3
[a ∗ a ∗ [b ∗ a ∗ x]]− 1

3
[b ∗ a3 ∗ x].

Hence we have

([a2 ∗ b ∗ a], x) = TrL[a2∗b∗a]∗x = 0,

for all x ∈ A. Therefore, by condition (1), we obtain

[a2 ∗ b ∗ a] = 0.
�

Definition 4.9. A Jordan algebra A is said to be semisimple (resp. com-

pact semisimple) if the bilinear form given by (a, b) = TrLa∗b on A is

non-degenerate (resp. positive definite).

Example 4.3. Let A be an associative algebra with multiplication ab. We

define a new multiplication on A by

a ∗ b =
1

2
(ab+ ba).

Then it is easy to see that A is a Jordan algebra with multiplication a ∗ b.
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Example 4.4. We denote a = [a1, · · · , an] ∈ Rn by a = [a′, an] where

a′ = [a1, · · · , an−1]. For a real symmetric matrix S ′ of degree n − 1 we

define a multiplication on Rn by

a ∗ b = [anb′ + bna′, anbn + a′S′ tb′],

where a = [a′, an] and b = [b′, bn] ∈ Rn. Since La = anI + L[a′,0] and

La2 = {(an)2 + a′S′ ta′}I + 2anL[a′,0] where I is the identity mapping on

Rn, we have [La, La2 ] = 0. Hence Rn is a Jordan algebra with respect

to this multiplication. Since TrLa = nan we have TrLa∗b = n(anbn +

a′S′tb′). Therefore, if S′ is positive definite, then the inner product given

by (a, b) = TrLa∗b is positive definite, and so the Jordan algebra is compact

semisimple.

Now, let us return to the situation of Theorem 4.7. For X = [ai
j ] ∈ g

the vector field X∗ induced by exp(−tX) is expressed by

X∗ = −
∑

i,j

ai
jx

j ∂

∂xi
.

We identify the tangent space at the fixed point o of the gradient mapping

ι with Rn. Then a mapping q : g −→ Rn which assigns X ∈ g to the value

X∗
o of X∗ at o is a surjective linear mapping. The kernel q−1(o) coincides

with the Lie algebra k of K and the restriction q|m of q to m is a linear

isomorphism from m onto Rn. For a ∈ Rn we introduce

Xa = q|−1
m (a) ∈ m,

and define a multiplication on Rn by

a ∗ b = −Xab. (4.4)

We may then derive the following lemma.

Lemma 4.3.

(1) a ∗ b = b ∗ a.
(2) o ∗ a = a ∗ o = a.

(3) [[Xa, Xb], Xc] = Xa∗(c∗b)−(a∗c)∗b.

Proof. We set Xa = [ai
j ] and Xb = [bij ]. Then we have DX∗

a
X∗

b =
∑

i,j,k

bija
j
kx

k ∂

∂xi
. Hence

(DX∗
a
X∗

b )o = (XbXa)o = b ∗ a.
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Since [Xa, Xb] ∈ k we have

a ∗ b− b ∗ a = (DX∗
b
X∗

a)o − (DX∗
a
X∗

b )o

= −[X∗
a , X

∗
b ]o = −[Xa, Xb]

∗
o = 0,

which implies (1). Assertion (2) follows from a = (X∗
a)o = −Xao = a ∗ o.

Since

[[Xa, Xb], Xc] ∈ m,

[[Xa, Xb], Xc]
∗
o = [[Xa, Xb]

∗, X∗
c ]o = [Xa, Xb](X

∗
c )o −Xc[Xa, Xb]

∗
o

= [Xa, Xb]c = a ∗ (b ∗ c)− b ∗ (c ∗ a),
we obtain

[[Xa, Xb], Xc] = Xa∗(c∗b)−(a∗c)∗b. �

Lemma 4.4.

(1) (d logψ)o(a) = TrXa.

(2) (Dd logψ)o(a, b) = −TrXa∗b.

Proof. By (4.2) together with det expXa = expTrXa, we have

(d logψ)o(a) = (X∗
a logψ)(o) =

d

dt

∣
∣
∣
∣
t=0

logψ((exp−tXa)o)

=
d

dt

∣
∣
∣
∣
t=0

log(det(exp tXa)ψ(o)) = TrXa.

Since d logψ is G-invariant, (d logψ)(X∗
a) is a constant. Hence, from

(DX∗
b
X∗

a)o = a ∗ b, we have

(Dd logψ)a(a, b) = (DX∗
b
d logψ)(X∗

a)(o)

= (X∗
b )o((d logψ)(X∗

a))− (d logψ)o((DX∗
b
X∗

a)o)

= −(d logψ)o(a ∗ b) = −TrXa∗b. �

Theorem 4.9. Let Ω be a homogeneous self-dual regular convex cone in

Rn. We define an operation of multiplication a ∗ b on Rn by (4.4). Then

the algebra Rn with multiplication a ∗ b is a compact semisimple Jordan

algebra, and

Ω =
{

exp a =

∞∑

n=0

1

n!
an

∣
∣a ∈ Rn

}

,

where an =

n terms
︷ ︸︸ ︷
a ∗ · · · ∗ a.
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Proof. By Lemmata 4.2, 4.3 and 4.4, we know that the algebra Rn with

multiplication a∗ b = −Xab is a compact semisimple Jordan algebra. Since

(exp−Xa)o =
∞∑

n=0

1

n!
(−Xa)no =

∞∑

n=0

1

n!
an = exp a, by Theorem 4.7 and

Lemma 4.3 we have

Ω = {(expX)o | X ∈ m} =
{

exp a =

∞∑

n=0

1

n!
an

∣
∣a ∈ Rn

}

.
�

It is known that the converse of Theorem 4.9 also holds.

Theorem 4.10. Let A be a finite-dimensional compact semisimple Jordan

algebra over R. Then a set Ω(A) defined by

Ω(A) =
{

exp a =

∞∑

n=0

1

n!
an

∣
∣ a ∈ A

}

is a homogeneous self-dual regular convex cone in A.

For the proof of this theorem the reader may refer to [Faraut and Korányi

(1994)][Koecher (1962)].

Theorem 4.11. Let Ω be a homogeneous self-dual regular convex cone in

Rn. Then the multiplication of the Jordan algebra given by equation (4.4)

is expressed by

(a ∗ b)i =
∑

j,k

γi
jk(o)ajbk, (4.5)

where γi
jk(o) are the values of the components of the difference tensor γ =

∇−D at the fixed point o of the gradient mapping.

Proof. We set a = [ai] and Xa = [ai
j ]. By definition we have a ∗ b =

−Xab = −
∑

j

ai
jb

j
( ∂

∂xi

)

o
D Upon setting AX∗

a
= LX∗

a
−DX∗

a
, where LX∗

a

is the Lie derivative with respect to X∗
a , we have AX∗

a

∂

∂xj
= −D ∂

∂xj
X∗

a =
∑

k

ak
j

∂

∂xk
. Hence

(AX∗
a
X∗

b )o = −
∑

j,k

ak
j b

j
( ∂

∂xk

)

o
= a ∗ b.

Since X∗
a is a Killing vector field with respect to g, we have

0 = (LX∗
a
g)

( ∂

∂xk
,
∂

∂xl

)

= X∗
agkl−g

([

X∗
a ,

∂

∂xk

]

,
∂

∂xl

)

−g
( ∂

∂xk
,
[

X∗
a ,

∂

∂xl

])

.
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This implies

∑

i,j

γikla
i
jx

j = −1

2
(
∑

i

ai
kgil +

∑

i

ai
lgik),

and so we have

γX∗
a

∂

∂xj
= −

∑

i,k,p

γk
ija

i
px

p ∂

∂xk
=

1

2

( ∑

i,k

aikgij
∂

∂xk
+

∑

i,k

ai
jδ

k
i

∂

∂xk

)

=
∑

k

ak
j

∂

∂xk
= AX∗

a

∂

∂xj
.

and

γX∗
a

= AX∗
a
.

Finally, we have therefore

a ∗ b = (AX∗
a
X∗

b )o = (γX∗
a
X∗

b )o =
∑

i,j,k

γk
ij(o)a

ibj
( ∂

∂xk

)

o
.

�

Theorem 4.12. Let Ω be a homogeneous self-dual regular convex cone.

Then the difference tensor γ = ∇−D is ∇-parallel. In particular, the cur-

vature tensor of ∇ is ∇-parallel, that is, (Ω, g) is a Riemannian symmetric

space.

Proof. Since X∗
a is an infinitesimal affine transformation with respect to

D and ∇, we have

[LX∗
a
, DX∗

b
] = DLX∗

a
X∗

b
, [LX∗

a
,∇X∗

b
] = ∇LX∗

a
X∗

b
,

and so

[LX∗
a
, γX∗

b
] = γLX∗

a
X∗

b
.

Introducing A∇
X∗

a
= LX∗

a
−∇X∗

a
, we have γX∗

a
= ∇X∗

a
−DX∗

a
= −A∇

X∗
a
+AX∗

a
.

In the proof of Theorem 4.11 we showed that AX∗
a

= γX∗
a
. Hence A∇

X∗
a

= 0,

that is, ∇X∗
a

= LX∗
a
, and so

[∇X∗
a
, γX∗

b
] = [LX∗

a
, γX∗

b
] = γLX∗

a
X∗

b
= γ∇X∗

a
X∗

b
.

It follows from Lemma 2.2 that γ is ∇-parallel and the curvature tensor of

∇ is also ∇-parallel. �
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Let us consider two typical examples along the lines of the above argu-

ment.

Example 4.5. Let Ω be the set of all positive definite real symmetric

matrices of degree n. Then, by Example 4.1, Ω is a homogeneous self-

dual regular convex cone. We employ the same notation as in this previous

example. We proved the group G = f(GL(n,R)) is self-adjoint with respect

to the inner product (x, y) = Trxy and acts transitively on Ω. Put ψ̂(x) =

(detx)−1, then ĝ = Dd log ψ̂ is a G-invariant Hessian metric. Denoting by

Xij the cofactor of the (i, j) component of a matrix x, we have

∂ log(det x)−1

∂xij
=

{

−(detx)−1Xii

−2(detx)−1Xij , i < j.

Let ι̂ be the gradient mapping with respect to ψ̂. Then

(ι̂(x), a) = −(d log ψ̂)x(a)

= − d

dt

∣
∣
∣
t=0

(log ψ̂)(x + ta)

= −
∑

i≤j

∂

∂xij
(log detx−1)aij

=
1

detx

{ ∑

i

Xiia
ii + 2

∑

i<j

Xija
ij

}

=
1

detx

∑

i,j

Xija
ij

= ((det x)−1X, a) = (x−1, a).

Thus

ι̂(x) = x−1,

and the isolated fixed point of ι̂ is the unit matrix e. Let f be the differential

of f, then

K = {f(a) | a ∈ SO(n)},
k = {f(A) | tA = −A, A ∈ gl(n,R)},
m = {f(A) | tA = A, A ∈ gl(n,R)},

and

Ω = (exp m)e = expV.

For a ∈ V , the vector field Xa induced by f(exp(−ta)) is

Xa = −1

2
f(a).

Hence the multiplication of the corresponding Jordan algebra is given by

a ∗ b =
1

2
(ab+ ba).
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Example 4.6. We consider the Lorentz cone Ω of Example 4.2, and will

employ the same notation as in this previous example. We proved that the

group G = R+SO(n−1, 1) is self-adjoint with respect to the inner product

(x, y) = txy and acts transitively on Ω. Set ϕ̂(x) = −1

2
log txJx. Then

(D, g = Ddϕ̂) is a Hessian structure on Ω. The gradient mapping ι̂ for the

Hessian structure is given by

ι̂(x) =
1

txJx
t[−x1, · · · ,−xn−1, xn],

and its fixed point is ô = t[0, · · · , 0, 1]. Let g be the Lie algebra of G =

R+SO(n− 1, 1), in which case we have

g =

{ [
A+ pIn−1 q

tq p

] ∣
∣
∣

tA = −A, p ∈ R, q ∈ Rn−1

}

.

Put k = {X ∈ g | tX = −X} and m = {X ∈ g | tX = X}. Then

k =

{[
A 0

0 0

] ∣
∣
∣

tA = −A
}

,

m =

{ [
pIn−1 q

tq p

] ∣
∣
∣p ∈ R, q ∈ Rn−1

}

.

For X =

[
pIn−1 q

tq p

]

∈ m we have

X∗ = −
n−1∑

i=1

(
pxi + qixn

) ∂

∂xi
−

(
n−1∑

i=1

qixi + pxn
) ∂

∂xn
.

Since

X∗
ô = −

n−1∑

i=1

qi
( ∂

∂xi

)

ô
− p

( ∂

∂xn

)

ô
= − t[q1, · · · , qn−1, p],

for a = t[a1, · · · , an] ∈ Rn we have

Xa = −
[
anIn−1 a′

ta′ an

]

.

Hence

a ∗ b = −Xab =

[
anIn−1 a′

ta′ an

] [
b′

bn

]

=

[
anb′ + bna′

tab

]

.
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It is known [Faraut and Korányi (1994)][Koecher (1962)] that a finite-

dimensional compact semisimple Jordan algebra A can be decomposed into

a direct sum;

A = A1 + · · ·+ Ak,

where A1, · · · ,Ak are compact simple Jordan algebras. Therefore, by The-

orem 4.10, the homogeneous self-dual regular convex cone Ω(A) correspond-

ing to the Jordan algebra A may be decomposed in such a way;

Ω(A) = Ω(A1) + · · ·+ Ω(Ak).

Thus the classification of self-dual homogeneous convex regular cones is

reduced to that of compact simple Jordan algebras.

The classification of compact simple Jordan algebras is given by the

following theorem [Faraut and Korányi (1994)][Koecher (1962)].

Theorem 4.13. A finite-dimensional compact simple Jordan algebra over

R is isomorphic to one of the followings.

(1) The algebra of all real symmetric matrices of degree n.

(2) The algebra of all Hermitian matrices of degree n.

(3) The algebra of all quaternion Hermitian matrices of degree n.

(4) The algebra of all Cayley Hermitian matrices of degree 3.

The multiplications of the above Jordan algebras are given by

a ∗ b =
1

2
(ab+ ba),

where the operations of the right of the equation are ordinary matrix

operations.

(5) The algebra Rn with multiplication

a ∗ b = [anb′ + bna′, a tb],

where a = [a′, an−1] and b = [b′, bn−1] ∈ Rn (cf. Example 4.6).
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Chapter 5

Hessian structures and affine

differential geometry

The approach of using the concept of affine immersions to study affine dif-

ferential geometry was proposed by K. Nomizu [Nomizu and Sasaki (1994)].

In section 5.1, we give a brief survey of affine immersions. In section 5.2,

applying Nomizu’s method, we consider level surfaces of the potential func-

tion ϕ of a Hessian domain (Ω, D, g = Ddϕ) in Rn+1. That is, we develop

affine differential geometry of level surfaces by using the gradient vector

field E of ϕ as a transversal vector field. We give a characterization of the

potential function ϕ in terms of affine fundamental forms, shape operators

and transversal connection forms for the foliation of ϕ. In section 5.3 we

study the relations between affine differential geometries induced by the

gradient vector field E and three connections; D, the Levi-Civita connec-

tion ∇ of g, and the dual flat connection D′. We investigate the Laplacian

of the gradient mapping and show that an analogy of the affine Bernstein

problem proposed by S.S. Chern can be proved.

5.1 Affine hypersurfaces

In this section we give a brief survey of the affine differential geometry of

affine hypersurfaces which will be needed in this chapter, for further details

the interested reader may refer to [Nomizu and Sasaki (1994)].

Let M be an n-dimensional manifold. A smooth mapping

φ : M −→ Rn+1

is said to be a (hypersurface) immersion of M if the differential φ∗p of φ

at any point p ∈M is injective.

A vector field ξ : p ∈ M −→ ξp is said to be transversal with respect

77
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to an immersion φ : M −→ Rn+1 if it satisfies

Tφ(p)R
n+1 = φ∗p(TpM) + Rξp.

A pair (φ, ξ) of an immersion φ : M −→ Rn+1 and a transversal vector

field ξ is said to be an affine immersion of M .

For an immersion φ : M −→ Rn+1, if a vector field φ assigning each

point p ∈ M to the position vector φ(p) is transversal, then the affine

immersion (φ,−φ) is said to be a central affine immersion.

Let (φ, ξ) be an affine immersion of M , and let D be the standard flat

connection on Rn+1. We denote by

DXφ∗(Y )

the covariant derivative along φ induced by D where X and Y ∈ X(M).

We decompose DXφ∗(Y ) into a tangential component to φ(M) and a com-

ponent in the direction of ξ, and define a torsion-free affine connection DM

and a symmetric bilinear form h on M by

DXφ∗(Y ) = φ∗(D
M
X Y ) + h(X,Y )ξ. (Gauss formula) (5.1)

The connectionDM and the form h are said to be the induced connection

and the affine fundamental form induced by an affine immersion (φ, ξ)

respectively.

We decompose DXξ into a tangential component to φ(M) and a com-

ponent in the direction ξ, and define a (1, 1)-tensor field S and a 1-form τ

by

DXξ = −φ∗(SX) + τ(X)ξ. (Weingarten formula) (5.2)

S and τ are called the affine shape operator and the transversal con-

nection form induced by an affine immersion (φ, ξ) respectively.

Definition 5.1. An affine immersion (φ, ξ) is said to be non-degenerate

if the affine fundamental form h is non-degenerate.

We take a fixed D-parallel volume element ω on Rn+1. For an affine

immersion (φ, ξ) we define a volume element θ on M by

θ(X1, · · · , Xn) = ω(φ∗(X1), · · · , φ∗(Xn), ξ),

and call it the induced volume element for (φ, ξ). Then

DM
X θ = τ(X)θ.

Definition 5.2. If τ = 0, that is, DMθ = 0, then (φ, ξ) is called an

equiaffine immersion.
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Proposition 5.1. Let (φ, ξ) be an equiaffine immersion of M . Then

(1) The curvature tensor RDM of DM is expressed by

RDM (X,Y )Z = h(Y, Z)SX − h(X,Z)SY. (Gauss equation)

(2) (DM
X h)(Y, Z) = (DM

Y h)(X,Z). (Codazzi equation for h)

(3) (DM
X S)(Y ) = (DM

Y S)(X). (Codazzi equation for S)

(4) h(X,SY ) = h(SX, Y ). (Ricci equation)

Theorem 5.1. Let (φ, ξ′) be a non-degenerate affine immersion. Then

there exists a non-degenerate affine immersion (φ, ξ) satisfying the following

conditions.

(1) The transversal connection form τ vanishes.

(2) The induced volume element θ coincides with the volume element for

the affine fundamental form h.

The transversal vector field ξ satisfying these conditions is unique up to its

sign.

Proof. Let h′, τ ′ and θ′ be the affine fundamental form, the transversal

connection form and the induced volume element for (φ, ξ′) respectively.

Choose a basis X ′
1, · · · , X ′

n such that

θ′(X ′
1, · · · , X ′

n) = 1,

and define a function f ′ by

f ′ = | det[h′(X ′
i , X

′
j)]|

1
n+2 .

Let Z ′ be a vector field on M determined by

h′(Z ′, ) = −f ′τ ′ − df ′.

Then a vector ξ given by

ξ = f ′ξ′ + Z ′

satisfies the conditions (1) and (2). �

Definition 5.3. A non-degenerate affine immersion (φ, ξ) satisfying the

conditions (1) and (2) of Theorem 5.1 is said to be the Blaschke immer-

sion, and ξ is called the affine normal.
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Let (φ, ξ) be a non-degenerate affine immersion. We denote by ∇M the

Levi-Civita connection of the affine fundamental form h, and by γM the

difference tensor between ∇M and DM ,

γM
X = ∇M

X −DM
X .

We are now in a position to introduce the following proposition.

Proposition 5.2.

(1) γM
X Y = γM

Y X.

(2) h(γM
X Y, Z) = h(Y, γM

X Z).

(3) h(γM
X Y, Z) =

1

2
(DM

X h)(Y, Z).

Proof. Assertion (1) follows from the vanishing of the torsion tensors of

∇M and DM . By assertion (1) and ∇Mh = 0, we obtain

h(γM
Z Y,X) = −(γM

Z h)(Y,X)− h(Y, γM
Z X)

= (DM
Z h)(Y,X)− h(Y, γM

X Z).

Using this result together with Proposition 5.1 (2), we have

0 = h(γM
Z Y,X)− h(γM

Y Z,X)

= (DM
Z h)(Y,X)− (DM

Y h)(Z,X)− h(Y, γM
X Z) + h(Z, γM

X Y )

= h(γM
X Y, Z)− h(Y, γM

X Z),

which implies (2). Assertion (3) follows from

(DM
Z h)(Y,X) = h(γM

Z Y,X) + h(Y, γM
Z X) = 2h(γM

Z Y,X).
�

Proposition 5.3. Let (φ, ξ) be a Blaschke immersion. Then

Tr γM
X = 0. (apolarity condition)

Proof. 0 = DM
X θ = (−γM

X +∇M
X )θ = −γM

X θ = −(Tr γM
X )θD �

Let (φ, ξ) be an equiaffine immersion. For each point p ∈ M we define

νp ∈ R∗
n+1 by

νp(φ∗Xp) = 0, Xp ∈ TpM,

νp(ξp) = 1.

Then a mapping defined by

ν : p ∈M −→ νp ∈ R∗
n+1 − {0}
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is said to be the conormal mapping. This mapping is an affine immersion.

A vector field which assigns each p ∈ M to a vector νp is transversal to

ν(M). Hence the pair (ν,−ν) of the affine immersion ν : p ∈ M −→ νp ∈
R∗

n+1−{0} and the transversal vector field −ν is a central affine immersion.

We denote by D∗ the standard flat connection on R∗
n+1. Let

D∗
Xν∗(Y ) = ν∗(D̄

M
X Y ) + h̄(X,Y )(−ν)

be the Gauss formula for the central affine immersion (ν,−ν). Then we

may derive the following proposition.

Proposition 5.4. For a non-degenerate equiaffine immersion we have

(1) h̄(X,Y ) = h(SX, Y ).

(2) The connections DM and D̄M are dual with respect to the affine fun-

damental form h (cf. Definition 2.8), that is,

Xh(Y, Z) = h(DM
X Y, Z) + h(Y, D̄M

X Z).

Proof. We first show ν∗(Y )(ξ) = 0 and ν∗(Y )(φ∗(Z)) = −h(Y, Z). Dif-

ferentiating ν(ξ) = 1 by Y we have

0 = Y (ν(ξ)) = (D∗
Y ν)(ξ) + ν(DY ξ) = ν∗(Y )(ξ) + ν(−SY )

= ν∗(Y )(ξ).

While, differentiating ν(φ∗(Z)) = 0 by Y we obtain

0 = Y (ν(φ∗(Z))) = (D∗
Y ν)(φ∗(Z)) + ν(DY φ∗(Z))

= ν∗(Y )(φ∗(Z)) + h(Y, Z).

Therefore, differentiating ν∗(Y )(ξ) = 0 by X , we obtain

0 = X(ν∗(Y )(ξ)) = (D∗
Xν∗(Y ))(ξ) + ν∗(Y )(DXξ)

= {ν∗(D̄XY )− h̄(X,Y )ν}(ξ) + ν∗(Y )(−φ∗(SX))

= −h̄(X,Y ) + h(Y, SX).

The proof of assertion (1) is complete. Differentiating ν∗(Y )(φ∗(Z)) =

−h(Y, Z) by X we have

Xh(Y, Z) = −X(ν∗(Y )(φ∗(Z)))

= −(D∗
Xν∗(Y ))(φ∗(Z))− ν∗(Y )(DXφ∗(Z))

= −{ν∗(D̄M
X Y ) + h̄(X,Y )(−ν)}(φ∗(Z))

−ν∗(Y )(φ∗(D
M
X Z) + h(X,Z)ξ)

= h(D̄M
X Y, Z) + h(Y,DM

X Z),

and so the proof of assertion (2) is also complete. �
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Definition 5.4. For a non-degenerate affine immersion (φ, ξ) the Laplacian

∆(h,D)φ of φ : M −→ Rn+1 with respect to h and D is by definition

∆(h,D)φ =
∑

i,j

hij
{

D∂/∂xiφ∗

( ∂

∂xj

)

− φ∗
(

∇M
∂/∂xi

∂

∂xj

)}

,

where {x1, · · · , xn} is a local coordinate system on M .

Theorem 5.2. Let (φ, ξ) be a Blaschke immersion. Then the Laplacian of

the conormal mapping ν : M −→ R∗
n+1 with respect to h and D∗ is given

by

∆(h,D∗)ν = −TrS.

Proof. Since ∇M
X = D̄M

X − γM
X by Proposition 5.4 and Lemma 2.3, it

follows that

D∗
∂/∂xi ν∗

( ∂

∂xj

)

− ν∗
(

∇M
∂/∂xi

∂

∂xj

)

= ν∗

(

D̄M
∂/∂xi

∂

∂xj

)

− h̄
( ∂

∂xi
,
∂

∂xj

)

ν − ν∗
(

D̄M
∂/∂xi

∂

∂xj
− γM

∂/∂xi

∂

∂xj

)

= −h
(

S
∂

∂xi
,
∂

∂xj

)

ν + ν∗

(

γM
∂/∂xi

∂

∂xj

)

.

By the apolarity condition
∑

i,j

hijγM
∂/∂xi

∂

∂xj
= 0 we have

∆(h,D∗)ν =
∑

i,j

hij
{

D∗
∂/∂xiν∗

( ∂

∂xj

)

− ν∗
(

∇M
∂/∂xi

∂

∂xj

)}

= −(TrS)ν.
�

5.2 Level surfaces of potential functions

Let (Ω, D, g = Ddϕ) be a Hessian domain in Rn+1. In this section we

assume that the Hessian metric g = Ddϕ is non-degenerate unless otherwise

specified.

A non-empty set M given by

M = {x ∈ Ω | ϕ(x) = c}
is said to be a level surface of ϕ. A level surface M is an n-dimensional

submanifold of Rn+1 if and only if for all x ∈M
dϕx 6= 0.
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A vector field E defined by

g(X,E) = dϕ(X)

is said to be the gradient vector field of ϕ with respect to g. The gradient

vector field E is transversal to M if and only if for all x ∈M

dϕ(E)(x) 6= 0.

Henceforth in this chapter we will assume

(A.1) dϕx 6= 0,

(A.2) dϕ(E)(x) 6= 0, for all x ∈ Ω.

Using the standard flat connection D on Rn+1 and the gradient vector field

E, we define the induced connection DM , the affine fundamental form h,

the shape operator S and the transversal connection form τ by

DXY = DM
X Y + h(X,Y )E, (Gauss formula)

DXE = −S(X) + τ(X)E. (Weingarten formula)

Note that a vector field X along M is tangential to M if and only if

dϕ(X) = 0.

Lemma 5.1.

(1) h = − 1

dϕ(E)
g.

(2) τ = d log |dϕ(E)|D

Proof. The assertions follow from

g(X,Y ) = (DXdϕ)(Y ) = X((dϕ)(Y ))− dϕ(DXY )

= −dϕ(DM
X Y + h(X,Y )E) = −(dϕ(E))h(X,Y ),

0 = (dϕ)(X) = g(X,E) = (DXdϕ)(E)

= X(dϕ(E)) − dϕ(DXE) = X(dϕ(E)) − τ(X)dϕ(E),

for X and Y ∈ X(M). �

This lemma implies that level surfaces of the potential function ϕ are non-

degenerate hypersurfaces in the sense of Definition 5.1.

Lemma 5.2. The following conditions (1) and (2) are equivalent.

(1) τ = 0.

(2) DEE = λE.
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Under the above conditions we have

d(dϕ(E)) = (λ+ 1)dϕ.

In particular, dϕ(E) is a constant on Ω if and only if λ = −1.

Proof. For X ∈ X(M) we have

(DEg)(E,X) = E(g(E,X))− g(DEE,X)− g(E,DEX)

= −g(DEE,X)− dϕ(DEX)

= −g(DEE,X)− {E(dϕ(X))− (DEdϕ)(X)}
= −g(DEE,X).

Alternatively, by the Codazzi equation for (D, g) (Proposition 2.1(2)) and

Lemma 5.1 we obtain

(DEg)(E,X) = (DXg)(E,E) = X(g(E,E))− 2g(DXE,E)

= X(dϕ(E))− 2τ(X)dϕ(E) = −τ(X)dϕ(E).

These results together yield g(DEE,X) = τ(X)dϕ(E), which implies that

assertions (1) and (2) are equivalent. For the case τ = 0, we have for

X ∈ X(M)

(d(dϕ(E)))(X) = ((dϕ(E))τ)(X) = 0,

(d(dϕ(E)))(E) = E(dϕ(E)) = (DEdϕ)(E) + dϕ(DEE)

= ((λ + 1)dϕ)(E).

Hence we obtain d(dϕ(E)) = (λ+ 1)dϕD �

Example 5.1. We denote by gM the restriction of g to M . Suppose that

τ = 0 and S = kI where I is the identity mapping on X(M) and k is

a constant. Then by Lemma 5.1 dϕ(E) is a constant. It follows from

Proposition 5.1 (1) and (2) and Lemma 5.1 (1) that the pair (DM , gM ) is

the Codazzi structure of constant curvature −k/dϕ(E).

Theorem 5.3. Let M be a level surface of ϕ and let ξ be the affine normal

with respect to the D-parallel volume element ω = dx1∧· · ·∧dxn+1 on Rn+1.

We decompose ξ into the tangential component Z to M and a component

in the direction of E,

ξ = Z + µE.

Then

µ = | det[gij ]/(dϕ(E))n+1| 1
n+2 ,

g(X,Z) = (d(µdϕ(E)))(X) for X ∈ X(M),
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and

d log | µdϕ(E) |= 1

n+ 2
(τ + 2α),

where α is the first Koszul form for (D, g).

Proof. According to the procedure in the proof of Theorem 5.1, we shall

find the affine normal ξ. We choose X1, · · · , Xn ∈ X(M) such that

(dx1 ∧ · · · ∧ dxn+1)(X1, · · · , Xn, E) = 1.

Putting ωi = g(Xi, ), the volume element vg determined by g is given by

vg =
ω1 ∧ · · · ∧ ωn ∧ dϕ

|(dϕ(E)) det[g(Xi, Xj)]| 12
.

However, vg may be alternatively expressed

vg = | det[gij ]|
1
2 dx1 ∧ · · · ∧ dxn+1,

hence

dx1 ∧ · · · ∧ dxn+1 =
ω1 ∧ · · · ∧ ωn ∧ dϕ

|(dϕ(E)) det[g(Xi, Xj)] det[gij ]| 12
,

and so

1 = (dx1 ∧ · · · ∧ dxn+1)(X1, · · · , Xn, E)

=
(dϕ(E)) det[g(Xi, Xj)]

|(dϕ(E)) det[g(Xi, Xj)] det[gij ]| 12
,

and we have

| det[g(Xi, Xj)]| = |(dϕ(E))−1 det[gij ]|.
It follows from the procedure in the proof of Theorem 5.1 that

µ = | det[h(Xi, Xj)]|
1

n+2 = | det[(dϕ(E))−1g(Xi, Xj)]|
1

n+2

= |(dϕ(E))−n−1 det[gij ]|
1

n+2 ,

h(X,Z) = −µτ(X)− (dµ)(X)

= −µ(d log |µdϕ(E)|)(X).

Thus

g(X,Z) = (d(µdϕ(E)))(X).

Since |µdϕ(E)| = |(dϕ(E)) det[gij ]|
1

n+2 , we have

d log |µdϕ(E)| = 1

n+ 2
(τ + 2α).

�
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Corollary 5.1. The gradient vector field E is parallel to the affine normal

ξ if and only if

α = −1

2
τ.

Let us now consider characterizations of potential functions in terms of

shape operators, transversal connection forms and so on.

Theorem 5.4. For all level surfaces of ϕ, the conditions

S = −I , τ = 0, λ = 1, DMh = 0,

hold if and only if ϕ is a polynomial of degree 2, where I is the identity

mapping.

Proof. We identify a vector field A =
∑

i

ai ∂

∂xi
on Ω with a column

vector [ai] and a non-degenerate metric g =
∑

i,j

gijdx
idxj with a matrix

[gij ]. Then

E =






g11 . . . g1n+1

...
...

gn+11 . . . gn+1n+1






−1 




∂ϕ/∂x1

...

∂ϕ/∂xn+1




 .

Suppose that ϕ is a polynomial of degree 2. Choosing an appropriate affine

coordinate system {x1, · · · , xn+1} we have

ϕ(x) =
1

2

{
(x1)2 + · · ·+ (xp)2 − (xp+1)2 − · · · − (xn+1)2

}
+ k

where k is a constant. Denoting by Ir the unit matrix of degree r we have

[gij ] =

[
Ip 0

0 −In−p+1

]

,

E =

[
Ip 0

0 −In−p+1

]














x1

...

xp

−xp+1

...

−xn+1














=














x1

...

xp

xp+1

...

xn+1














=
∑

i

xi ∂

∂xi
,

Eϕ =
∑

i

xi ∂ϕ

∂xi
= 2(ϕ− k),

DX̃E = X̃ for X̃ ∈ X(Ω).
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Together these imply

S = −I, τ = 0, λ = 1.

By Lemma 5.1 we have

(DM
X h)(Y, Z) = −(DM

X {(Eϕ)−1g})(Y, Z) = −(Eϕ)−1(DM
X g)(Y, Z)

= −(Eϕ)−1(DXg)(Y, Z) = 0,

for X,Y and Z ∈ X(M).

Conversely, suppose that

S = −I, τ = 0, λ = 1, DMh = 0

hold for all level surfaces. Since DX̃E = X̃ for X̃ ∈ X(Ω), we have

X̃ϕ = (dϕ)(X̃) = g(X̃, E) = (DX̃dϕ)(E) = X̃(dϕ(E)) − dϕ(DX̃E)

= X̃(dϕ(E)) − X̃ϕ.
Hence Eϕ− 2ϕ is a constant on Ω. We claim

(a) DEg = 0,

(b) (DXg)(Y, Z) = 0 for X,Y and Z ∈ X(M).

Assertion (a) follows from the following equations,

(DEg)(E,E) = E(g(E,E))− 2g(DEE,E) = E(Eϕ− 2ϕ) = 0,

(DEg)(E,X) = (DXg)(E,E) = X(g(E,E))− 2g(DXE,E)

= X(Eϕ) = (Eϕ)τ(X) = 0,

(DEg)(X,Y ) = (DXg)(E, Y )

= X(g(E, Y ))− g(DXE, Y )− g(E,DXY )

= −g(X,Y )− h(X,Y )dϕ(E) = 0,

for X and Y ∈ X(M). Assertion (b) follows as a consequence of

(DXg)(Y, Z) = (DM
X g)(Y, Z) = −(DM

X {(Eϕ)h})(Y, Z)

= −(Eϕ)(τ(X)h+DM
X h)(Y, Z) = 0.

It follows from (a), (b) and the Codazzi equation (Proposition 2.1(2)) for

(D, g) that

(DX̃g)(Ỹ , Z̃) = 0

for all X̃, Ỹ and Z̃ ∈ X(Ω). Therefore

∂3ϕ

∂xi∂xj∂xk
= 0.

This implies that ϕ is a polynomial of degree 2. �
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Example 5.2. (Quadratic Hypersurfaces) Let f be a polynomial of

degree 2 given by

f(x) =
1

2

{ p
∑

i=1

(xi)2 −
n+1−p
∑

j=1

(xp+j)2
}

,

and let M = f−1(c). Then g0 = Ddf is a non-degenerate Hessian metric

on Rn+1. We denote by g0
M the restriction of g0 on M and by ∇0M the

Levi-Civita connection of g0
M . Since

g0 =

p
∑

i=1

(dxi)2 −
n+1−p
∑

j=1

(dxp+j)2,

the Levi-Civita connection ∇0 of g0 coincides with D. Hence

0 = (∇0
Xg

0)(Y, Z) = X(g0(Y, Z))− g0(∇0
XY, Z)− g0(Y,∇0

XZ)

= X(g0
M (Y, Z))− g0

M (DM
X Y, Z)− g0(Y,DM

X Z)

= (DM
X g0

M )(Y, Z),

for all X,Y and Z ∈ X(M), and so we have ∇0M = DMD Since E =
∑

i

xi ∂

∂xi
, det[gij ] = (−1)n+1−p and Eϕ = 2c, by Theorem 5.3 the affine

normal ξ is given by ξ = (2c)−
n+1

n+2

∑

i

xi ∂

∂xi
.

It follows from dϕ(E) = 2c, S = −I and Example 5.1 that the pair

(∇0M , g0
M ) is the Codazzi structure of constant curvature

1

2c
. Since the

signature of g0 is (p, n + 1 − p) and g0(E,E) = 2c, g0
M is positive definite

only when p = n+1 and c > 0, or p = n and c < 0. Hence the pair (M, g0
M )

is a Riemannian manifold of constant curvature
1

2c
if and only if

(i) In case of c > 0, M is a sphere defined by

n+1∑

i=1

(xi)2 = 2c.

(ii) In case of c < 0, M is a level surface of the Lorentz cone defined by

(xn+1)2 −
n∑

i=1

(xi)2 = −2c.
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Let F (x1, · · · , xn) be a smooth function on Rn such that

[
∂2F

∂xi∂xj

]

6= 0

and let Ω be a domain lying above the graph xn+1 = F (x1, · · · , xn);

Ω = {(x1, · · · , xn, xn+1) ∈ Rn+1 | xn+1 > F (x1, · · · , xn)}.
We set f = xn+1 − F (x1, · · · , xn) and ϕ = − log f . Let us consider the

Hessian g = Ddϕ. Putting

∂F =






∂F/∂x1

...

∂F/∂xn




 , ∂2F =

[
∂2F

∂xi∂xj

]

,

we have

[gij ] =
1

f2





f∂2F + ∂F t(∂F ) −∂F

−t(∂F ) 1



 ,

det [gij ] = f−n−2 det ∂2F,

[gij ]
−1 = f






(∂2F )−1 (∂2F )−1∂F

t{(∂2F )−1∂F} f det
[

In + 1
f (∂2F )−1∂F t(∂F )

]




 ,

E =






(∂2F )−1 (∂2F )−1∂F

t{(∂2F )−1∂F} f det
[

In + 1
f (∂2F )−1∂F t(∂F )

]










∂F

−1





=

[
0

−f

]

= −f ∂

∂xn+1
.

These expressions imply that g = Ddϕ is non-degenerate and

DXE = −(Xf)
∂

∂xn+1
= (dϕ)(X)f

∂

∂xn+1
= 0 for X ∈ X(M),

Eϕ = −f ∂ϕ

∂xn+1
= 1.

Thus we have

S = 0, τ = 0, λ = −1.

Conversely, suppose that Ddϕ is non-degenerate and the above equations

hold for all level surfaces of ϕ. Then we have
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(a) DXE = 0 for X ∈ X(M),

(b) DEE = −E.

By Lemma 5.2 and (b) above we know that dϕ(E) is a constant k 6= 0. Put

Ã = −eϕ
k E. It follows from (a) and (b) that

DXÃ = −
(
k−1e

ϕ
k Xϕ

)
E − eϕ

k DXE = 0 for X ∈ X(M),

DÃÃ = e
ϕ
k

(
e

ϕ
k E + e

ϕ
k DEE

)
= 0.

Thus Ã is a D-parallel vector field on Ω . Hence we can choose an affine

coordinate system {x1, · · · , xn+1} on Rn+1 such that

Ã =
∂

∂xn+1
.

Since
∂

∂xn+1

(
xn+1 − e−ϕ

k

)
= 0 we have

xn+1 − e−ϕ
k = F (x1, · · · , xn),

and hence

ϕ = −k log
(
xn+1 − F (x1, · · · , xn)

)
.

In summary, we have the following theorem.

Theorem 5.5. For all level surfaces of ϕ the conditions

S = 0, τ = 0, λ = −1

hold if and only if, choosing a suitable affine coordinate system

{x1, · · · , xn+1}, ϕ can be expressed by

ϕ = k log(xn+1 − F (x1, · · · , xn))

where k 6= 0 is a constant and det
[ ∂2F

∂xi∂xj

]

6= 0.

Corollary 5.2. Let F (x1, · · · , xn) be a smooth convex function on Rn.

For a level surface of the function ϕ = log(xn+1 − F (x1, · · · , xn)) on the

domain xn+1 > F (x1, · · ·xn), the gradient vector field E is parallel to the

affine normal ξ if and only if F is a polynomial of degree 2.

Proof. From the proof of Theorem 5.5 we have

τ = 0, 2α = d log det

[
∂2F

∂xi∂xj

]

+ (n+ 2)dϕ.
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Suppose that the gradient vector field E is parallel to the affine normal ξ.

By Corollary 5.1 we obtain

d log det

[
∂2F

∂xi∂xj

]

= 2α− (n+ 2)dϕ = 0

on a level surface. Hence det
[ ∂2F

∂xi∂xj

]

is a positive constant on Rn. There-

fore by Theorem 8.6 due to [Cheng and Yau (1986)][Pogorelov (1978)] we

know that F is a polynomial of degree 2. Conversely, assume that F is a

convex polynomial of degree 2. Then det
[ ∂2F

∂xi∂xj

]

is a positive constant

and α =
n+ 2

2
dϕ. Again by Corollary 5.1 E is parallel to the affine normal

ξ. �

For a fixed point p ∈ Rn+1, and a positive constant c, an affine trans-

formation of Rn+1 defined by x −→ c(x − p) + p is said to be a dilation

at p. Let H be a vector field H induced by a 1-parameter transformation

group of dilations x −→ et(x − p) + p. Then

H =
∑

i

(xi − xi(p))
∂

∂xi
.

Theorem 5.6. For all level surfaces of ϕ the conditions

S = I, τ = 0, λ = −1

hold if and only if dϕ is invariant under a 1-parameter transformation group

of dilations.

Proof. Suppose that the conditions S = I , τ = 0 and λ = −1 hold for

all level surfaces. Then

DXE = −X,

for X ∈ X(Ω). Introducing K =
∑

i

xi ∂

∂xi
, we have

DX(E +K) = 0,

and E +K is therefore a D-parallel vector field, and so

E +K =
∑

i

pi ∂

∂xi
,

where pi are constants. Let H be the vector field induced by the 1-

parameter transformation group of dilations at the point p = [pi] and let
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LH be the Lie differentiation byH . It follows from Lemma 5.2 andH = −E
that

LHdϕ = −LEdϕ = −(dιE + ιEd)dϕ = −d(dϕ(E)) = 0,

where ιE is the interior product operator by E. Therefore dϕ is invariant

by the 1-parameter group of dilations at p. Conversely, suppose that dϕ is

invariant under a 1-parameter group of dilations at p. Let H be the vector

field induced by the 1-parameter group. Then

0 = LHdϕ = (dιH + ιHd)dϕ = d(dϕ(H)),

which implies that dϕ(H) is a constant. Therefore

g(X,−H) = −(DXdϕ)(H) = −X(dϕ(H)) + (dϕ)(DXH)

= (dϕ)(X)

for X ∈ X(Ω), which gives us that

E = −H,
DXE = −DXH = −X.

Hence

S = I, τ = 0, λ = −1.
�

Corollary 5.3. Let Ω be a regular convex cone and let ψ be the character-

istic function of Ω. Then for all level surfaces of ϕ = logψ, we have

S = I, τ = 0, λ = −1.

Example 5.3. Let J be a matrix of degree n+ 1 given by

J =

[−Ip 0

0 In+1−p

]

,

where 0 ≤ p ≤ n and Ir is the unit matrix of degree r. We denote by Ω the

connected component of the set

{x ∈ Rn+1 | txJx > 0}
containing en+1 = t[0, · · · , 0, 1]. Then Ω is a cone with vertex 0. For any

x ∈ Ω we set x0 = ( txJx)−
1
2x. Since tx0Jx0 = ten+1Jen+1 = 1, by

Witt’s theorem there exists s ∈ SO(p, n + 1 − p) such that sx0 = en+1.

Hence ( txJx)−
1
2 sx = en+1. This means that R+SO(p, n + 1 − p) acts

transitively on Ω. We set f(x) = −1

2
txJx and ϕ(x) = log(−f(x)). Then
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det

[
∂2ϕ

∂xi∂xj

]

=
(−1)n

fn+1
. Hence g = Ddϕ is non-degenerate. It follows from

ϕ(etx) = ϕ(x)−2t that dϕ is invariant under a 1-parameter transformation

group of dilations etIn+1. Hence, by Theorem 5.6, for a level surface M of

ϕ we have

S = I, τ = 0, λ = −1.

In the proof of Theorem 5.6 we proved E = −H = −
∑

i

xi ∂

∂xi
, and so we

have dϕ(E) = −2. Using this result, together with the relation S = I and

Example 5.1, we have that (DM , gM ) is a Codazzi structure of constant

curvature
1

2
(cf. Example 5.2).

5.3 Laplacians of gradient mappings

In this section we study the Laplacian of a gradient mapping, and prove a

certain analogy to the affine Bernstein problem proposed by [Chern (1978)].

Let ι be the gradient mapping from a Hessian domain (Ω, D, g = Ddϕ) of

Rn+1 into (R∗
n+1, D

∗). The Laplacian of ι with respect to (g,D∗) is given

by (cf. Definition 5.4)

∆(g,D∗)ι =
∑

i,j

gij
{

D∗
∂/∂xiι∗

( ∂

∂xj

)

− ι∗
(

∇∂/∂xi

∂

∂xj

)}

.

A vector field X∗
x =

∑

i

ξ∗i (x)
( ∂

∂x∗i

)

ι(x)
along ι is identified with a 1-form

∑

i

ξ∗i dx
i. Since ι∗(X̃) = −

∑

i,j

gijξ
i ∂

∂x∗j
for X̃ =

∑

i

ξi ∂

∂xi
, by the above

identification, the vector field ι∗(X̃) along ι is considered as a 1-formG

ι∗(X̃) = −g(X̃, ).

By Theorem 2.2 and Proposition 3.4 we have

∆(g,D∗)ι = ι∗

{ ∑

i,j

gij(D′ −∇)∂/∂xi

∂

∂xj

}

= ι∗

{ ∑

i,j

gij(∇−D)∂/∂xi

∂

∂xj

}

= ι∗

(∑

k

gijγk
ij

∂

∂xk

)

= ι∗

( ∑

k

αk ∂

∂xk

)

= −
∑

i

(

αi ◦ ι−1
) ∂

∂x∗i
,
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and so we have proved the following proposition.

Proposition 5.5. The Laplacian of the gradient mapping ι with respect to

(g,D∗) is expressed by

∆(g,D∗)ι = −α.

By Proposition 3.4 and Theorem 8.6 due to [Cheng and Yau (1986)]

[Pogorelov (1978)] we also have the following corollary.

Corollary 5.4. Let ϕ be a convex function on Rn+1. Then the following

conditions (1)-(3) are equivalent.

(1) ι is harmonic ; ∆(g,D∗)ι = 0.

(2) α = 0.

(3) ϕ is a polynomial of degrre 2.

In the previous section 5.2 we studied affine differential geometry of

level surfaces of ϕ using a pair (D,E) of the flat connection D and the

gradient vector field E. In this section we study level surfaces using pairs

(D′, E) and (∇, E) where D′ and ∇ are the flat dual connection of D and

the Levi-Civita connection of g respectively.

We denote by D′M , h′, S′ and τ ′ the induced connection, the affine

fundamental form, the shape operator and the transversal connection form

with respect to (D′,−E) respectively, and have the following relations

D′
XY = D′M

X Y + h′(X,Y )(−E),

D′
X(−E) = −S′(X) + τ ′(X)(−E).

This immersion coincides with the central affine immersion (ι,−ι) from M

to R∗
n+1. In fact, by Theorem 2.2 we have

D∗
X ι(Y ) = ι∗(D

′
XY ) = ι∗{D′M

X Y + h′(X,Y )(−E)}
= ι∗(D

′M
X Y ) + h′(X,Y )ι∗(−E)

= ι∗(D
′M
X Y ) + h′(X,Y )(−ι).

Lemma 5.3.

(1) h′(X,Y ) = h(S(X), Y ).

(2) S′ = I.

(3) τ ′ = 0.
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Proof. By Theorem 2.2 and Lemma 5.1 we have

0 = Xg(E, Y ) = g(DXE, Y ) + g(E,D′
XY )

= {h(S(X), Y )− h′(X,Y )}dϕ(E),

0 = Xg(Y,E) = g(DXY,E) + g(Y,D′
XE)

= −g(X,Y ) + g(S′(X), Y ),

forX,Y ∈ X(M). These expressions prove assertions (1) and (2). Assertion

(3) follows from

τ(X) = (d log |dϕ(E)|)(X) =
1

dϕ(E)
Xg(E,E)

=
1

dϕ(E)
{g(DXE,E) + g(E,D′

XE)} = τ(X) + τ ′(X).
�

We denote by ∇M , h∇, S∇ and τ∇ the induced connection, the affine

fundamental form, the shape operator and the transversal connection form

with respect to (∇, E) respectively, and have the following relations

∇XY = ∇M
X Y + h∇(X,Y )E,

∇XE = −S∇(X) + τ∇(X)E.

Since g(∇XY, Z) = g(∇M
X Y, Z) for X , Y and Z ∈ X(M), the induced

connection ∇M is the Levi-Civita connection of the restriction gM of g on

M . From ∇ =
1

2
(D +D′) and Lemma 5.3 we obtain the following lemma.

Lemma 5.4.

(1) ∇M =
1

2
(DM +D′M ).

(2) S∇ =
1

2
(S − I).

(3) h∇(X,Y ) = −h(S∇X,Y ).

(4) τ∇ =
1

2
τ .

Proposition 5.6. Let γ = ∇−D be the difference tensor. Then we have

(1) Tr γE =
1

2
(TrS − λ+ n+ 1).

(2) If τ = 0, then

γEX =
1

2
(X + S(X)) for X ∈ X(M), γEE =

1

2
(1− λ)E.
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Proof. By Proposition 2.2 and Lemmata 5.2 and 5.4 we have

γEX = γXE = (∇X −DX)E

= (−S∇ + S)(X) + (τ∇ − τ)(X)E

=
1

2
(I + S)(X)− 1

2
τ(X)E,

g(γEE,E) =
1

2
(DEg)(E,E) =

1

2
{g(E,E)− g(DEE,E)}

= g(
1

2
(1− λ)E,E),

g(γEE,X) = g(E, γEX) = g(E, γXE)

= −1

2
τ(X)dϕ(E).

These expressions together prove assertions (1) and (2). �

Corollary 5.5.

(1) TrS = 2α(E)− n− 1 + λ.

(2) TrS∇ = α(E) − n+
1

2
(λ− 1).

Proof. The assertions follow from Proposition 3.4, 5.6 and Lemma 5.4. �

Theorem 5.7. Let ιM and gM be the restriction of ι and g to M re-

spectively. We denote by ∆(gM ,D∗)ιM the Laplacian of ιM with respect

to (gM , D∗). Then we have

(1) ∆(gM ,D∗)ιM (X) = −
(

α+
1

2
τ
)

(X) for X ∈ X(M).

(2) ∆(gM ,D∗)ιM (E) = −TrS.

Proof. Let {X1, · · · , Xn} be locally independent vector fields on M .

Then

∆(gM ,D∗)ιM =

n∑

i,j=1

gij
M{D∗

Xi
ιM ∗(Xj)− ιM ∗(∇M

Xi
Xj)},

where [gij
M ] = [gM (Xi, Xj)]

−1. By Theorem 2.2 and Lemma 5.4 we obtain

∆(gM ,D∗)ιM = ι∗

{ n∑

i,j=1

gij
M (D′

Xi
Xj −∇M

Xi
Xj)

}

= ι∗

{ n∑

i,j=1

gij
M (D′ −∇)Xi

Xj +

n∑

i,j=1

gij
Mh∇(Xi, Xj)E

}

= ι∗

{ n∑

i,j=1

gij
MγXi

Xj +
1

2

n∑

i,j=1

gij
Mh(Xi − SXi, Xj)E

}

.
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We set γXi
Xj =

n+1∑

k=1

γk
ijXk where Xn+1 = E. By Lemma 5.1 and Propo-

sition 5.6, we have for 1 ≤ i, j ≤ n,

g(γXi
Xj , E) = g(Xj , γXi

E) = g(Xj , γEXi)

= g
(

Xj ,
1

2
(Xi + SXi)−

1

2
τ(Xi)E

)

=
1

2
{g(Xi, Xj) + g(SXi, Xj)},

and so

γn+1
ij = −1

2
{h(Xi, Xj) + h(SXi, Xj)}.

This implies
n∑

i,j=1

gij
MγXi

Xj =

n∑

i,j=1

gij
M

( n∑

k=1

γk
ijXk + γn+1

ij E
)

=

n∑

i,j,k=1

gij
Mγk

ijXk +
1

2

{ n∑

i,j=1

gij
Mh(−Xi − SXi, Xj)

}

E.

Hence

∆(gM ,D∗)ιM = ι∗

{ n∑

i,j,k=1

gijγk
ijXk −

n∑

i,j=1

gijh(SXi, Xj)E
}

= ι∗

{ n∑

i,j,k=1

gijγk
ijXk +

TrS

dϕ(E)
E

}

= ι∗(X̃),

where

X̃ =

n∑

i,j,k=1

gijγk
ijXk +

TrS

dϕ(E)
E.

The first term of the right side of the above equation may be reduced as
n∑

i,j,k=1

gijγk
ijXk =

n∑

k=1

{ n+1∑

i,j=1

gijγk
ij − gn+1n+1γk

n+1n+1

}

Xk

=

n∑

k=1

αkXk − gn+1n+1
n∑

k=1

γk
n+1n+1Xk

=

n+1∑

k=1

αkXk − αn+1E − gn+1n+1(γEE − γn+1
n+1n+1E)

=

n+1∑

k=1

αkXk −
1

dϕ(E)
γEE +

( 1

dϕ(E)
γn+1

n+1n+1 − αn+1
)

E.
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Thus

X̃ =

n+1∑

k=1

αkXk −
1

dϕ(E)
γEE +

{ 1

dϕ(E)

(
TrS + γn+1

n+1n+1

)
− αn+1

}

E.

By Proposition 5.6 we have

g(X̃, Y ) = α(Y ) +
1

2
τ(Y ) for Y ∈ X(M),

and

g(X̃, E) = TrS.

These together imply (1) and (2). �

Corollary 5.6. The following conditions (1)-(3) are equivalent.

(1) ιM is harmonic with respect to (gM , D∗); ∆(gM ,D∗)ιM = 0.

(2) TrS = 0 and α = −1

2
τ .

(3) TrS = 0 and E is parallel to the affine normal.

Proof. It follows from Corollary 5.1 and Theorem 5.7 that (1), (2) and

(3) are equivalent. �

The trace of the shape operator of the Blaschke immersion is said to

be the affine mean curvature. An affine hypersurface is called affine

minimal if the affine mean curvature vanishes identically. It follows from

Theorem 5.2 that an affine hypersurface is affine minimal if and only if the

conormal mapping is harmonic.

S.S.Chern proposed the following problem analogous to the Bernstein

problem in Euclidean geometry [Chern (1978)].

Affine Bernstein Problem If the graph

xn+1 = F (x1, · · · , xn)

of a convex function F (x1, · · · , xn) on Rn is affine minimal, that is, in

other words, if the conormal mapping is harmonic, then is the graph an

elliptic paraboloid?

This conjecture has been confirmed when n = 2 by [Trudinger and Wang

(2000)].

If we replace the affine normal ξ by the gradient vector field E, the

conormal mapping ν is replaced by the gradient mapping ιM . Then the

analogous problem as above can be proved as follows.
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Corollary 5.7. Let F (x1, · · · , xn) be a convex function on Rn and let Ω

be a domain in Rn+1 defined by

Ω = {(x1, · · · , xn, xn+1) ∈ Rn+1 | xn+1 > F (x1, · · · , xn)}.

We set

ϕ(x1, · · · , xn, xn+1) = log(xn+1 − F (x1, · · · , xn)).

Then (D, g = Ddϕ) is a Hessian structure on Ω (Theorem 5.5). For a level

surface M of ϕ the following conditions are equivalent.

(1) The gradient mapping ιM is harmonic with respect to (gM , D∗).

(2) M is an elliptic paraboloid.

Proof. If M is an elliptic paraboloid, then F is a convex polynomial of

degree 2. It follows from the proof of Theorem 5.5 and Corollary 5.2 that

S = 0, τ = 0, α =
n+ 2

2
dϕ = 0.

Hence we have ∆(gM ,D∗)ιM = 0 by Theorem 5.7. Conversely, suppose

∆(gM ,D∗)ιM = 0. Then

α(X) = −1

2
τ(X) = 0,

for all X ∈ X(M). We obtained in the proof of Corollary 5.2

d log det

[
∂2F

∂xi∂xj

]

= 2α− (n+ 2)dϕ = 0,

on X(M). This implies that det

[
∂2F

∂xi∂xj

]

is a positive constant on Rn.

Hence, by Theorem 8.6, F is a polynomial of degree 2. �

Let ∇∗ be the Levi-Civita connection of the Hessian metric g∗ = D∗dϕ∗

on Ω∗ = ι(Ω) (cf. Proposition 2.7).

Theorem 5.8. The Laplacian ∆(gM ,∇∗)ιM of ιM with respect to (gM ,∇∗)

is given by

∆(gM ,∇∗)ιM =
TrS∇

dϕ(E)
ι =

TrS − n
2dϕ(E)

ι.
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Proof. Let {X1, · · · , Xn} be locally independent vector fields on M and

let [gij ] be the inverse matrix of [g(Xi, Xj)]. Since ι : (Ω, g) −→ (Ω∗, g∗) is

an isometry (cf. Proposition 2.7), by Lemmata 5.1 and 5.4 we have

∆(gM ,∇∗)ιM =
∑

i,j

gij{∇∗
Xi
ι∗(Xj)− ι∗(∇M

Xi
Xj)}

=
∑

i,j

gijι∗(∇Xi
Xj −∇M

Xi
Xj) =

∑

i,j

gijh∇(Xi, Xj)ι∗(E)

=
{ 1

dϕ(E)

∑

i,j

gijg(S∇Xi, Xj)
}

ι

=
TrS∇

dϕ(E)
ι.

�

Corollary 5.8. Suppose that dϕ is invariant under a 1-parameter group of

dilations. Then we have

∆(gM ,∇∗)ιM = 0.

Proof. By Theorem 5.6 we have S = I and so Tr S = n. Hence our

assertion follows from Theorem 5.8. �

Corollary 5.9. Suppose that a Hessian metric g on a Hessian domain

(Ω, D, g = Ddϕ) is positive definite and that dϕ is invariant under a 1-

parameter group of dilations. Then each level surface is a minimal surface

of the Riemannian manifold (Ω, g).

Corollary 5.10. Let Ω be a regular convex cone and let g = Dd logψ be

the canonical Hessian metric. Then each level surface of the characteristic

function ψ is a minimal surface of the Riemannian manifold (Ω, g).

Example 5.4. Let Ω be a regular convex cone consisting of all positive

definite symmetric matrices of degree n. Then (D, g = −Dd log detx) is a

Hessian structure on Ω (cf. Example 4.1), and each level surface of detx is

a minimal surface of the Riemannian manifold (Ω, g = −Dd log det x).

Example 5.5. Let (Ω, D, g = Ddϕ) be a Hessian domain in Rn+1. The

Laplacian ∆gϕ of the potential ϕ : Ω −→ R with respect to g is given by

∆gϕ =
∑

i,j

gij
{ ∂

∂xi

(

ϕ∗

( ∂

∂xj

))

− ϕ∗

(

∇∂/∂xi

∂

∂xj

)}

=
∑

i,j

gij
( ∂2ϕ

∂xi∂xj
−

∑

k

γk
ij

∂ϕ

∂xk

)

= n+ 1− α(E).
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In the case of Ω being a regular convex cone with canonical Hessian metric

g = Dd logψ, we have α(E) =
1

2
(Tr S − λ+ n+ 1) by Proposition 5.6 and

S = I, λ = −1 by Corollary 5.3, and so α(E) = n + 1. This proves that

the function logψ is harmonic,

∆g logψ = 0.
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Chapter 6

Hessian structures and information

geometry

Let P = {p(x;λ) | λ ∈ Λ} be a smooth family of probability distributions

parametrized by λ ∈ Λ. Then P , identified with a domain Λ, admits

a Riemannian metric given by the Fisher information matrix and a pair

of dual connections with respect to the metric. S. Amari, H. Nagaoka

among others proposed Information Geometry, which aims to study smooth

families of probability distributions from the viewpoint of dual connections

[Amari and Nagaoka (2000)]. In the case when a pair of dual connections

is flat, the structures considered by this subject are Hessian structures. It

is known that many important smooth families of probability distributions,

for example normal distributions, admit Hessian structures. In the manner

of [Amari and Nagaoka (2000)], in section 6.1 we introduce the idea of

Information Geometry and prove that exponential families of probability

distributions carry Hessian structures. In section 6.2 we study a family of

probability distributions induced by a linear mapping from a domain in a

vector space into the set of all real symmetric positive definite matrices of

degree n.

6.1 Dual connections on smooth families of probability dis-

tributions

In this section we give a brief survey of dual connections on smooth families

of probability distributions. We will give particular attention to flat dual

connections on exponential families. For details the reader may refer to

[Amari and Nagaoka (2000)].

Definition 6.1. Let X be a discrete set (countable set) or Rm. A function

p(x) on X is said to be a probability distribution if it satisfies the

103



November 13, 2006 12:3 World Scientific Book - 9in x 6in ws-book9x6

104 Geometry of Hessian Structures

following conditions (1) and (2).

(1) p(x) ≥ 0 for x ∈ X .

(2)
∑

x∈X

p(x) = 1, in case X is a discrete set,

∫

X

p(x)dx = 1, in case X = Rm.

To simplify the notation, the symbol
∑

x∈X

is also denoted by

∫

X

.

The expectation of a function f(x) on X with respect to a probability

distribution p(x) is defined by

E[f ] =

∫

X

f(x)p(x)dx.

In this chapter all the families of probability distributions we consider,

P = {p(x;λ) | λ ∈ Λ} on X parametrized by λ = [λ1, · · · , λn] ∈ Λ, satisfy

the following conditions.

(P1) Λ is a domain in Rn.

(P2) p(x;λ) is a smooth function with respect to λ.

(P3) The operations of integration with respect to x and differentiation

with respect to λi are commutative.

Definition 6.2. Let P = {p(x;λ) | λ ∈ Λ} be a family of probability

distributions. We set lλ = l(x;λ) = log p(x;λ) and denote by Eλ the

expectation with respect to pλ = p(x;λ). Then a matrix g = [gij(λ)]

defined by

gij(λ) = Eλ

[
∂lλ
∂λi

∂lλ
∂λj

]

=

∫

X

∂l(x;λ)

∂λi

∂l(x;λ)

∂λj
p(x;λ)dx

is called the Fisher information matrix.

Differentiating both sides of

∫

X

p(x;λ)dx = 1 by λi and λj we have

0 =
∂

∂λi

∫

X

p(x;λ)dx =

∫

X

∂

∂λi
p(x;λ)dx =

∫

X

∂

∂λi
l(x;λ)p(x;λ)dx,

0 =

∫

X

∂2l(x;λ)

∂λj∂λi
p(x;λ)dx +

∫

X

∂l(x;λ)

∂λi

∂l(x;λ)

∂λj
p(x;λ)dx.
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Therefore

Eλ

[
∂lλ
∂λi

]

= 0,

gij(λ) = −Eλ

[
∂2lλ
∂λi∂λj

]

.

Note that the Fisher information matrix g = [gij(λ)] is positive semi-definite

on Λ because
∑

i,j

gij(λ)c
icj =

∫

X

{ ∑

i

ci
∂l(x;λ)

∂λi

}2

p(x;λ)dx ≥ 0.

The following condition concerning the families of probability functions

considered here is therefore a natural assumption, and will henceforth be

adopted throughout this chapter.

(P4) The Fisher information matrix g = [gij(λ)] for a family of proba-

bility distributions P = {p(x;λ) | λ ∈ Λ} is positive definite on Λ.

By this condition, we may regard the Fisher information matrix g = [gij ]

as a Riemannian metric on Λ, and we call it the Fisher information

metric. Let Γi
jk be the Christoffel symbol of the Levi-Civita connection

of g, and let Γkij =
∑

p

gkpΓ
p
ij . Then

Γkij =
∑

p

gkpΓ
p
ij =

1

2

(∂gik

∂λj
+
∂gjk

∂λi
− ∂gij

∂λk

)

.

Differentiating gij by λk, we obtain

∂gij

∂λk
= Eλ

[
∂2lλ

∂λk∂λi

∂lλ
∂λj

]

+Eλ

[
∂lλ
∂λi

∂2lλ
∂λk∂λj

]

+Eλ

[
∂lλ
∂λi

∂lλ
∂λj

∂lλ
∂λk

]

,

and so

Γkij = Eλ

[
∂2lλ
∂λi∂λj

∂lλ
∂λk

]

+
1

2
Eλ

[
∂lλ
∂λi

∂lλ
∂λj

∂lλ
∂λk

]

.

Let Tijk =
1

2
Eλ

[
∂lλ
∂λi

∂lλ
∂λj

∂lλ
∂λk

]

and let

Γ(t)kij = Γkij − tTkij , Γ(t)i
jk =

∑

p

gipΓ(t)pjk .

Since Tijk is a symmetric tensor, Γ(t)i
jk defines a torsion-free connection

∇(t), and we have

∂gij

∂λk
= Γ(t)jki + Γ(−t)ikj ,
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that is,

Xg(Y, Z) = g(∇(t)XY, Z) + g(Y,∇(−t)XZ).

This means that ∇(t) and ∇(−t) are dual connections with respect to the

Fisher information metric g (Definition 2.8).

Definition 6.3. A family of probability distributions P = {p(x; θ) |
θ ∈ Θ} is said to be an exponential family if there exist functions

C(x), F1(x), · · · , Fn(x) on X , and a function ϕ(θ) on Θ, such that

p(x; θ) = exp
{
C(x) +

n∑

i=1

Fi(x)θ
i − ϕ(θ)

}
.

Let {p(x; θ) | θ ∈ Θ} be an exponential family. Then

∂l(x; θ)

∂θi
= Fi(x) −

∂ϕ

∂θi
,

∂2l(x; θ)

∂θi∂θj
= − ∂2ϕ

∂θi∂θj
,

and these expressions imply

Γ(1)kij = Eθ

[
∂2lθ
∂θi∂θj

∂lθ
∂θk

]

= − ∂2ϕ

∂θi∂θj
Eθ

[
∂lθ
∂θk

]

= 0.

Therefore ∇(1) is a flat connection and {θi} is an affine coordinate system

with respect to ∇(1). Furthermore, we have

gij = −
∫

X

∂2lθ
∂θi∂θj

p(x; θ)dx =
∂2ϕ

∂θi∂θj
,

thus
(

∇(1), g =

[
∂2ϕ

∂θi∂θj

])

is a Hessian structure on Θ. It is known that

many important smooth families of probability distributions are exponen-

tial families.

Example 6.1. 1-dimensional normal distributions are defined by

p(x;λ) =
1√
2πσ

exp
{

− (x− µ)2

2σ2

}

,

for x ∈ X = R and λ ∈ Λ = {[µ, σ] | µ ∈ R, σ ∈ R+}, where µ is the mean

and σ is the standard deviation.

Put

F1(x) = −x2, F2(x) = x, θ1 =
1

2σ2
, θ2 =

µ

σ2
,

ϕ(θ) =
µ2

2σ2
+ log

√
2πσ =

(θ2)2

4θ1
+

1

2
log

( π

θ1

)

.
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Then for x ∈ R and θ ∈ Θ = {θ = [θ1, θ2] | θ1 ∈ R+, θ2 ∈ R} we have

p(x; θ) = exp{F1(x)θ
1 + F2(x)θ

2 − ϕ(θ)}.
Hence the family of 1-dimensional normal distributions is an exponential

family. The Fisher information matrix is given by
[
∂2ϕ

∂θiθj

]

=
1

2θ1





(
θ2

θ1

)2

+ 1
θ1 − θ2

θ1

− θ2

θ1 1



 .

Since
∂ϕ

∂θ1
= −1

4

(θ2

θ1

)2

− 1

2θ1
= −µ2 − σ2,

∂ϕ

∂θ2
=

θ2

2θ1
= µ,

the divergence for the Hessian structure (D, g = Ddϕ) is expressed by

D(p, q) =

2∑

i=1

(θi(q)− θi(p))
∂ϕ

∂θi
(q) + ϕ(p)− ϕ(q)

=
1

2

( 1

σ(q)2
− 1

σ(p)2

)

(−µ(q)2 − σ(q)2) +
( µ(q)

σ(q)2
− µ(p)

σ(p)2

)

µ(q)

+
µ(p)2

2σ(p)2
+ log

√
2πσ(p) − µ(q)2

2σ(q)2
− log

√
2πσ(q)

=
1

2

{ (µ(p)− µ(q))2

σ(p)2
+

(σ(q)2

σ(p)2
− 1

)

+ log
σ(p)2

σ(q)2

}

.

Example 6.2. We set

X = {1, 2, · · · , n+ 1},

Λ =
{[
λ1, · · · , λn+1

]
∈ (R+)n+1

∣
∣
∣

n+1∑

k=1

λk = 1
}

.

For x ∈ X and λ =
[
λ1, · · · , λn+1

]
∈ Λ we define a probability distribution

by

p(x;λ) = λx.

The members of the family of probability distributions {p(x;λ) | λ ∈ Λ}
are called multinomial distributions. Let Fi(j) = δij where δij is the

Kronecker’s delta. Then

p(x;λ) = λ1F1(x) + · · ·+ λnF (x)x + λn+1F (x)n+1

= exp
{
F1(x) log λ1 + · · ·+ Fn(x) log λn + Fn+1(x) log λn+1

}

= exp
{
F1(x)

(
logλ1 − logλn+1

)
+ · · ·

+Fn(x)
(
logλn − logλn+1

)
+ logλn+1

}
.
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Introducing

θi = log
( λi

λn+1

)

, 1 ≤ i ≤ n,

ϕ(θ) = − logλn+1 = log
(

1 +
n∑

i=1

exp θi
)

,

we have

p(x; θ) = exp
{ n∑

i=1

Fi(x)θ
i − ϕ(θ)

}

, θ ∈ Θ = Rn.

Hence the family of multinomial distributions is an exponential family.

Since
∂ϕ

∂θi
= λi, the divergence for the Hessian structure is given by

D(p, q) =

n∑

i=1

(θi(q)− θi(p))
∂ϕ

∂θi
(q)− (ϕ(q) − ϕ(p))

=

n∑

i=1

(

log
λi(q)

λn+1(q)
− log

λi(p)

λn+1(p)

)

λi(q)

+ logλn+1(q)− logλn+1(p)

=
n+1∑

i=1

λi(q) log
λi(q)

λi(p)
,

(cf. Examples 2.2 (4), 2.8, 2.11 and Proposition 3.9).

Example 6.3. Probability distributions given by

p(x;λ) = e−λλ
x

x!
, x ∈ X = {0, 1, 2, · · · }, λ ∈ Λ = R+,

are called the Poisson distributions. Introducing

C(x) = − logx!, F (x) = x, θ = logλ,

ϕ(θ) = eθ, θ ∈ R,

we have

p(x; θ) = exp{C(x) + F (x)θ − ϕ(θ)}, θ ∈ R.

Hence the family of Poisson distributions is also an exponential family.

Example 6.4. Let Ω be a regular convex cone and let Ω∗ be the dual cone

of Ω. We denote by ψ(θ) the characteristic function on Ω∗G

ψ(θ) =

∫

Ω

e−〈x,θ〉dx.
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For x ∈ Ω and θ ∈ Ω∗ we define

p(x; θ) =
e−〈x,θ〉

ψ(θ)
= exp{−〈x, θ〉 − logψ(θ)}.

Then {p(x; θ) | θ ∈ Ω∗} is an exponential family of probability distributions

on Ω parametrized by θ ∈ Ω∗. The Fisher information metric coincides with

the canonical Hessian metric on Ω∗ (cf. Chapter 4).

Example 6.5. A family of probability distributions P = {p(x;λ) | λ ∈ Λ}
on X is called a mixture family if it is expressed by

p(x;λ) =

n∑

i=1

λipi(x) +
(

1−
n∑

i=1

λi
)

pn+1(x),

where

n∑

i=1

λi < 1, 0 < λi < 1, and each pi(x) is a probability distribution

on X . Since

∂2lλ
∂λi∂λj

= −∂lλ
∂λi

∂lλ
∂λj

,

we obtain

Γ(−1)ij,k = Γij,k + Tijk

= Eλ

[ ∂2lλ
∂λi∂λj

∂lλ
∂λk

]

+Eλ

[ ∂lλ
∂λi

∂lλ
∂λj

∂lλ
∂λk

]

= 0,

and so the connection ∇(−1) is flat and {λ1, · · · , λn} is an affine coordinate

system with respect to ∇(−1).

The family of multinomial distributions introduced in Example 6.2 is a

mixture family, and the Fisher information metric is given by

gij(λ) =
∑

x

pi(x)− pn+1(x)

p(x;λ)

pj(x) − pn+1(x)

p(x;λ)
p(x;λ)

=

n+1∑

k=1

(δik − δn+1k)(δjk − δn+1k)

λk

=
1

λi
δij +

1

λn+1
.

The potential function with respect to ∇(−1) is expressed by

ψ(λ) =

n+1∑

i=1

λi logλi,

(cf. Example 2.8).
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6.2 Hessian structures induced by normal distributions

Let Sn be the set of all real symmetric matrices of degree n and let S+
n be

the subset of Sn consisting of all positive-definite symmetric matrices. For

n column vectors x ∈ Rn we define a probability distribution p(x;µ, σ) on

Rn by

p(x;µ, σ) = (2π)−
n
2 (detσ)−

1
2 exp

{

−
t(x− µ)σ−1(x− µ)

2

}

,

where µ ∈ Rn and σ ∈ S+
n . Then

{
p(x;µ, σ) | (µ, σ) ∈ Rn × S+

n

}
is a

family of probability distributions on Rn parametrized by (µ, σ), and is

called a family of n-dimensional normal distributions.

Let Ω be a domain in a finite-dimensional real vector space V , and let

ρ be an injective linear mapping from Ω into Sn satisfying

(C1) ρ(ω) ∈ S+
n for all ω ∈ Ω.

We put

p(x;µ, ω) = (2π)−
n
2 (det ρ(ω))

1
2 exp

{

−
t(x− µ)ρ(ω)(x− µ)

2

}

.

Then {p(x;µ, ω) | (µ, ω) ∈ Rn × Ω} is a family of probability distribu-

tions on Rn parametrized by (µ, ω) ∈ Rn × Ω, and is called a family of

probability distributions induced by ρ.

Proposition 6.1. Let {p(x;µ, ω) | (µ, ω) ∈ Rn × Ω} be a family of proba-

bility distributions induced by ρ. Then the family is an exponential family

parametrized by θ = ρ(ω)µ ∈ Rn and ω ∈ Ω. The Fisher information

metric is a Hessian metric on Rn × Ω with potential function

ϕ(θ, ω) =
1

2

{
tθρ(ω)−1θ − log det ρ(ω)

}
.

Proof. Let {v1, · · · , vm} be a basis of V . For x = [xi] and µ = [µi] ∈ Rn,

and ω =
∑

α

ωαv
α ∈ Ω, we put

Fα(x) = −1

2
txρ(vα)x, θ = ρ(ω)µ.

Then we have

p(x;µ, ω) = p(x; θ, ω)

= exp
{ ∑

j

θjx
j +

∑

α

ωαF
α(x) − ϕ(θ, ω)− n

2
log 2π

}

.

This means that {p(x; θ, ω)} is an exponential family on Rn parametrized

by (θ, ω) ∈ Rn × Ω, and that the Fisher information metric is the Hessian

of ϕ(θ, ω) with respect to the flat connection on Rn × V . �
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A straightforward calculation shows

∂ϕ

∂θi
= teiρ(ω)−1θ,

∂ϕ

∂ωα
= −1

2

{
tθρ(ω)−1ρ(vα)ρ(ω)−1θ + Tr ρ(ω)−1ρ(vα)

}
,

[
∂2ϕ

∂θi∂θj

]

= ρ(ω)−1,

∂2ϕ

∂θi∂ωα
= − teiρ(ω)−1ρ(vα)ρ(ω)−1θ,

∂2ϕ

∂ωα∂ωβ
= tθρ(ω)−1ρ(vα)ρ(ω)−1ρ(vβ)ρ(ω)−1θ

+
1

2
Tr ρ(ω)−1ρ(vα)ρ(ω)−1ρ(vβ).

where ei is a vector in Rn whose j-th component is Kronecker’s delta δij .

The Legendre transform ϕ′ of ϕ is given by

ϕ′ =
1

2
log det ρ(ω)− n

2
.

Proposition 6.2. Let {p(x;µ, ω) | (µ, ω) ∈ Rn × Ω} be a family of proba-

bility distributions induced by ρ. Then the divergence is given by

D(p, q) =
1

2

{
t(µ(p)− µ(q))ρ(ω(p))(µ(p) − µ(q)) + Tr (ρ(ω(p))ρ(ω(q))−1)

− log det(ρ(ω(p))ρ(ω(q))−1)− n
}

.

Proof. Using the above equations we have

D(p, q) =

n∑

i=1

(θi(q)− θi(p))
∂ϕ

∂θi
(q) +

m∑

α=1

(ωα(q)− ωα(p))
∂ϕ

∂ωα
(q)− (ϕ(q) − ϕ(p))

=
{

tθ(q)ρ(ω(q))−1θ(q)− tθ(p)ρ(ω(q))−1θ(q)
}

−1

2

{
tθ(q)ρ(ω(q))−1ρ(ω(q))ρ(ω(q))−1θ(q) + Tr ρ(ω(q))−1ρ(ω(q))

− tθ(q)ρ(ω(q))−1ρ(ω(p))ρ(ω(q))−1θ(q)− Tr ρ(ω(q))−1ρ(ω(p))
}

−1

2

{
tθ(q)ρ(ω(q))−1θ(q) − log det ρ(ω(q))

− tθ(p)ρ(ω(p))−1θ(p) + log det ρ(ω(p))
}
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=
1

2

{
t(µ(p)− µ(q))ρ(ω(p))(µ(p) − µ(q)) + Tr (ρ(ω(p))ρ(ω(q))−1)

− log det(ρ(ω(p))ρ(ω(q))−1)− n
}

.
�

Example 6.6. Let Ω = S+
n and let ρ : Ω −→ Sn be the inclusion mapping.

The probability distributions {p(x;µ, ω)} induced by ρ is a family of an

n-dimensional normal distributions. Then we have

ϕ(θ, ω) =
1

2
( θω−1θ − log detω).

For θ = [θi] ∈ Rn, ω = [ωij ] ∈ Ω and [ωij ] = [ωij ]
−1 we put

ηi = − ∂ϕ
∂θi

= − teiω−1θ, ξij = − ∂ϕ

∂ωij
= ωij +

1

2
ηiηj .

Then

θ = −
[

ξij − 1

2
ηiηj

]−1

η, ω =
[

ξij − 1

2
ηiηj

]−1

.

The image of the Hessian domain (Rn × Ω, D, g = Ddϕ) by the gradient

mapping is a real Siegel domain (cf. Definition 10.4)
{

(η, ξ) ∈ Rn × Sn

∣
∣ ξ − 1

2
η tη > 0

}

.

The Legendre transform ϕ′ of ϕ is given by

ϕ′(η, ξ) = −1

2
log det

(

ξ − 1

2
η tη

)

− n

2
.

Example 6.7. Let ρ : R+ −→ Sn be a mapping defined by ρ(ω) = ωIn
where In is the unit matrix of degree n. By Proposition 6.1, the potential

function for the family of probability distributions induced by ρ is given by

ϕ(θ, ω) =
1

2

( 1

ω
tθθ − n logω

)

.

Put

ηi = − ∂ϕ
∂θi

= −θi

ω
, ξ = −∂ϕ

∂ω
=

1

2

( tθθ

ω2
+
n

ω

)

.

Then

θ = −n
2
η
(

ξ − 1

2
tηη

)−1

, ω =
n

2

(

ξ − 1

2
tηη

)−1

.

This means that the image of the Hessian domain (Rn ×R+, D, g = Ddϕ)

by the gradient mapping is given by a domain over an elliptic paraboloid,
{

(η, ξ) ∈ Rn ×R
∣
∣ ξ − 1

2
tηη > 0

}

.
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The Legendre transform ϕ′ of ϕ is expressed by

ϕ′(η, ξ) = −n
2

log
(

ξ − 1

2
tηη

)

+
n

2
log

n

2
− n

2
.

By Proposition 3.8 the Hessian sectional curvature of the dual Hessian

structure (D′, g = D′dϕ′) is a constant with value
2

n
.

Suppose that there exist a Lie subgroup G of GL(V ) acting transitively

on Ω, and a matrix representation f of G satisfying

(C2) ρ(sω) = f(s)ρ(ω) tf(s) for s ∈ G and ω ∈ V .

Then G acts on Rn×Ω by s(θ, ω) = (f(s)θ, sω). Since ϕ(f(s)θ, sω)−ϕ(θ, ω)

is a constant, the Hessian metric g = Ddϕ is invariant under G.

The following theorem is due to [Rothaus (1960)].

Theorem 6.1. Let Ω be a regular convex cone admitting a transitive Lie

group G and let ρ be a mapping satisfying the conditions (C1) and (C2).

Then
{
(ξ, θ, ω) ∈ R×Rn × Ω | ξ − tθρ(ω)−1θ > 0

}

is a homogeneous regular convex cone. Conversely, any homogeneous reg-

ular convex cone is obtained in this way from a lower-dimensional homo-

geneous regular convex cone Ω and ρ satisfying the conditions (C1) and

(C2).

For a classification of ρ for self-dual homogeneous regular convex cones

satisfying the conditions (C1) and (C2), the interested reader may refer to

[Satake (1972)].

Example 6.8. Let M(n,R) be the set of all real matrices of degree n and

let End(M(n,R)) be the set of all endomorphisms of M(n,R). Define

ρ : Sn −→ End(M(n,R)) by

ρ(ω)x = ωx+ xω for ω ∈ Sn and x ∈M(n,R).

Then ρ(ω) is symmetric with respect to an inner product 〈x, y〉 = Tr txy

and is positive definite for ω ∈ S+
n . Define a matrix representation f of the

orthogonal group O(n) on the space M(n,R) by

f(s)x = sxts.

Then

tf(s)x = tsxs, ρ(f(s)ω) = f(s)ρ(ω)tf(s).
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Introducing An = {x ∈M(n,R) | tx = −x}, we have

M(n,R) = Sn + An,

ρ(ω)Sn ⊂ Sn, ρ(ω)An ⊂ An.

Thus ρ induces equivariant linear mappings ρ+ and ρ− from Sn into

End(Sn) and End(An) respectively. The Hessian structure on An × S+
n

induced by ρ− is deeply related to the theory of stable feedback systems

[Ohara and Amari (1994)].

Example 6.9. Let Ω be a homogeneous self-dual regular convex cone with

vertex 0 in a real vector space V . Since the linear automorpism group G of

Ω is self-dual by Theorem 4.7, it is completely reducible and so reductive.

Thus G admits a discrete subgroup Γ such that the quotient space Γ\Ω
is a compact flat manifold. By the study of [Satake (1972)] there exists a

linear mapping ρ from V into Sn satisfying the conditions (C1) and (C2).

Let E(Γ\Ω, ρ) be the vector bundle over Γ\Ω associated with the universal

covering π : Ω −→ Γ\Ω and ρ. Since the Hessian structure (D, g = Ddϕ)

on Rn × Ω is Γ-invariant, it induces a Hessian structure on E(Γ\Ω, ρ).
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Chapter 7

Cohomology on flat manifolds

In this chapter we study cohomology on flat manifolds. Using a flat connec-

tion we define a certain cohomology similar to the Dolbeault cohomology.

The cohomology theory plays an important role in the study of flat mani-

folds. In section 7.1 we prove fundamental identities of the exterior product

operator, the interior product operator and the star operator on the space

Ap,q consisting of all (p, q)-forms. Using a flat connection, in section 7.2

we construct a cochain complex {∑pAp,q , ∂} similar to the Dolbeault com-

plex. We define a Laplacian with respect to the coboundary operator ∂,

and prove a duality theorem which corresponds to Kodaira-Serre’s duality

theorem. In section 7.3 we generalize Koszul’s vanishing theorem, and also

demonstrate as an application that an affine Hopf manifold does not ad-

mit any Hessian metric. We proceed to prove in section 7.4 a vanishing

theorem similar to Kodaira-Nakano’s vanishing theorem. In section 7.5,

taking an appropriate flat line bundle L over a Hessian manifold, we obtain

basic identities on the space of L-valued (p, q)-forms, which are similar to

the Kählerian identities. In section 7.6 we define affine Chern classes for

a flat vector bundle over a flat manifold. The first affine Chern class for a

Hessian manifold is represented by the second Koszul form.

7.1 (p, q)-forms on flat manifolds

Throughout sections 7.1-7.5 we will always assume that a flat manifold

(M,D) is compact and oriented. Let T ∗ be the cotangent bundle over M .

We denote by (
p
∧ T ∗)⊗(

q
∧ T ∗) the tensor product of vector bundles

p
∧ T ∗

and
q
∧ T ∗, and by Ap,q the space of all smooth sections of (

p
∧ T ∗)⊗(

q
∧ T ∗).

An element in Ap,q is called a (p, q)-form. Using an affine coordinate system

115
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a (p, q)-form ω is expressed by

ω =
∑

ωi1···ipj̄1···j̄q
(dxi1 ∧ · · · ∧ dxip)⊗(dxj̄1 ∧ · · · ∧ dxj̄q )

=
∑

ωIp,J̄q
dxIp⊗dxJ̄q ,

where

ωIp,J̄q
= ωi1···ipj̄1···j̄q

, dxIp = dxi1 ∧ · · · ∧ dxip , dxJ̄q = dxj̄1 ∧ · · · ∧ dxj̄q .

Let F be the set of all smooth functions on M and let X be the set of all

smooth vector fields on M . A (p, q)-form ω is identified with a F-multilinear

mapping

ω :

p terms
︷ ︸︸ ︷

X× · · · × X×
q terms

︷ ︸︸ ︷

X× · · · × X −→ F,

such that ω(X1, · · · , Xp;Y1, · · · , Yq) is skew symmetric with respect to

{X1, · · · , Xp} and {Y1, · · · , Yq} respectively.

Definition 7.1. For ω ∈ Ap,q and η ∈ Ar,s we define the exterior product

ω ∧ η ∈ Ap+r,q+s by

(ω ∧ η)(X1, · · · , Xp+r;Y1, · · · , Yq+s)

=
1

p!r!q!s!

∑

σ,τ

εσετω(Xσ(1), · · · , Xσ(p);Yτ(1), · · · , Yτ(q))

×η(Xσ(p+1), · · · , Xσ(p+r);Yτ(q+1), · · · , Yτ(q+s)),

where σ (resp. τ) is a permutation on p + r (resp. q + s) letters, and εσ
(resp. ετ ) is the sign of σ (resp. τ).

For ω =
∑
ωIp,J̄q

dxIp⊗dxJ̄q and η =
∑
ηKr,L̄s

dxKr⊗dxL̄s we have

ω ∧ η =
∑

ωIp,J̄q
ηKr,L̄s

(dxIp ∧ dxKr )⊗(dxJ̄q ∧ dxL̄s),

where the symbols ∧ of the right-hand side represent the ordinary exterior

product.

Definition 7.2. For ω ∈ Ar,s we define an exterior product operator by

e(ω) : ω ∈ Ap,q −→ ω ∧ η ∈ Ap+r,q+s.

Definition 7.3. For X∈ X we define interior product operators by

i(X) : Ap,q −→ Ap−1,q , i(X)ω = ω(X, · · · ; · · · ),
ī(X) : Ap,q −→ Ap,q−1, ī(X)ω = ω(· · · ;X, · · · ).
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As for the case of the ordinary interior product operator, it is straightfor-

ward to see that

i(X)(ω ∧ η) = i(X)ω ∧ η + (−1)pω ∧ i(X)η,

ī(X)(ω ∧ η) = ī(X)ω ∧ η + (−1)qω ∧ ī(X)η, for ω ∈ Ap,q . (7.1)

We select a Riemannian metric g on M . The volume element v deter-

mined by g is expressed by

v = (det[gij ])
1
2 dx1 ∧ · · · ∧ dxn.

We identify v with v⊗1 ∈ An,0 and set v̄ = 1⊗v ∈ A0,n.

Definition 7.4. We define the star operator ? : Ap,q −→ An−p,n−q by

(?ω)(X1, · · · , Xn−p;Y1, · · · , Yn−q)v ∧ v̄
= ω ∧ ī(X1)g ∧ · · · ∧ ī(Xn−p)g ∧ i(Y1)g ∧ · · · ∧ i(Yn−q)g.

Then

?(v ∧ v̄) = 1, ?1 = v ∧ v̄, (7.2)

(?ω)(X1, · · · , Xn−p;Y1, · · · , Yn−q) (7.3)

= ?
(
ω ∧ ī(X1)g ∧ · · · ∧ ī(Xn−p)g ∧ i(Y1)g ∧ · · · ∧ i(Yn−q)g

)
,

for ω ∈ Ap,q .

Lemma 7.1. The following identities hold on the space Ap,q.

(1) i(X)? = (−1)p ? e(̄i(X)g), ī(X)? = (−1)q ? e(i(X)g).

(2) ?i(X) = (−1)p+1e(̄i(X)g)?, ?ī(X) = (−1)q+1e(i(X)g)?.

Proof. From equation (7.3) we obtain

(i(X) ? ω)(X1, · · · , Xn−p−1;Y1, · · · , Yn−q)

= (?ω)(X,X1, · · · , Xn−p−1;Y1, · · · , Yn−q)

= ?
(

ω ∧ ī(X)g ∧ ī(X1)g ∧ · · · ∧ ī(Xn−p−1)g ∧ i(Y1)g ∧ · · · ∧ i(Yn−q)g
)

= (−1)p ?
(

e(̄i(X)g)ω ∧ ī(X1)g ∧ · · · ∧ ī(Xn−p−1)g ∧ i(Y1)g

∧ · · · ∧ i(Yn−q)g
)

=
(

(−1)p ? e(̄i(X)g)ω
)

(X1, · · · , Xn−p−1;Y1, · · · , Yn−q),
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(?i(X)ω)(X1, · · · , Xn−p+1;Y1, · · · , Yn−q)

= ?
(

i(X)ω ∧ ī(X1)g ∧ · · · ∧ ī(Xn−p+1)g ∧ i(Y1)g ∧ · · · ∧ i(Yn−q)g
)

= ?
{ n−p+1

∑

i=1

(−1)p+iω ∧ ī(X1)g ∧ · · · ∧ i(X )̄i(Xi)g ∧ · · · ∧ ī(Xn−p+1)g

∧i(Y1) ∧ · · · ∧ i(Yn−q)g
}

= (−1)p

n−p+1
∑

i=1

(−1)i
(

i(X)g
)

(Xi) ?
(

ω ∧ ī(X1)g ∧ · · · ∧ ī(X̂i)g ∧ · · ·

∧ī(Xn−p+1)g ∧ i(Y1)g ∧ · · · ∧ i(Yn−q)g
)

= (−1)p

n−p+1
∑

i=1

(−1)i
(

ī(X)g
)

(Xi)

×(?ω)(X1, · · · , X̂i, · · · , Xn−p+1;Y1, · · · , Yn−q)

= (−1)p+1
(

ī(X)g ∧ ?ω
)

(X1, · · · , Xn−p+1;Y1, · · · , Yn−q),

where the symbol ˆ indicates that this term is omitted. �

Lemma 7.2. For ω ∈ Ap,q we have

? ? ω = (−1)(p+q)(n+1)ω.

Proof. By (7.2), (7.3) and Lemma 7.1 we obtain

(? ? ω)(X1, · · · , Xp;Y1, · · · , Yq)

= ?
(

? ω ∧ ī(X1)g ∧ · · · ∧ ī(Xp) ∧ i(Y1)g ∧ ∧i(Yq)g
)

= (−1)(p+q)(n+1) ?
(

? ī(Yq) · · · ī(Y1)i(Xp) · · · i(X1)ω
)

= (−1)(p+q)(n+1)ω(X1, · · · , Xp;Y1, · · · , Yq).
�

Let {E1, · · · , En} be an orthonormal frame field with respect to the

Riemannian metric g; g(Ei, Ej) = δij . Considering g as an element in A1,1

we set

θj = ī(Ej)g ∈ A1,0, θ̄j = i(Ej)g ∈ A0,1.

It follows from Lemma 7.1 that the following identities hold on Ap,q ,

i(Ej) = (−1)p+1 ?−1 e(θj)?, ī(Ej) = (−1)q+1 ?−1 e(θ̄j)?,

e(θj) = (−1)p ?−1 i(Ej)?, e(θ̄j) = (−1)q ?−1 ī(Ej) ? . (7.4)
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For simplicity we use the following notation,

Ip = (i1, · · · , ip), i1 < · · · < ip,

In−p = (ip+1, · · · , in), ip+1 < · · · < in,

where (Ip, In−p) = (i1, · · · , ip, ip+1, · · · , in) is a permutation of (1, · · · , n).

Using the orthonormal frame ω ∈ Ap,q is expressed as

ω =
∑

ωi1,··· ,ipj1,··· ,jq
θi1 ∧ · · · ∧ θip ∧ θ̄j1 ∧ · · · ∧ θ̄jq

=
∑

Ip,Jq

ωIp,Jq
θIp ∧ θ̄Jq ,

where Ip = (i1, · · · , ip), Jq = (j1, · · · , jq) and θIp = θi1 ∧ · · · ∧ θip , θ̄Jq =

θ̄j1 ∧ · · · ∧ θ̄jq .

We then have

?ω =
∑

Ip,Jq

ωIp,Jq
ε(Ip,In−p)ε(Jq,Jn−q)θ

In−p ∧ θ̄Jn−q . (7.5)

For ω =
∑

Ip,Jq

ωIp,Jq
θIp ∧ θ̄Jq and η =

∑

Ip,Jq

ηIp,Jq
θIp ∧ θ̄Jq ∈ Ap,q we put

〈ω, η〉 =
∑

Ip,Jq

ωIp,Jq
ηIp,Jq

,

and define an inner product (ω, η) on Ap,q by

(ω, η) =

∫

M

〈ω, η〉v.

From equation (7.5) we obtain the following lemma.

Lemma 7.3. For ω and η ∈ Ap,q we have

ω ∧ ?η = η ∧ ?ω = 〈ω, η〉v ∧ v̄.

Let K and K∗ be line bundles over M defined by

K =
n∧ T ∗, K∗ =

n∧ T,
where T (resp. T ∗) is the tangent (resp. cotangent) bundle over M . We

denote by Ap,q(K∗) the space of all smooth sections of (
p
∧ T ∗)⊗(

q
∧ T ∗)⊗K∗,

and define isomorphisms κ : Ap,q −→ Ap,q(K∗) and C : Ap,n(K∗) −→ Ap

by

κ(ω) = ω ⊗ v∗, C((η⊗v̄)⊗ v∗) = η,

where v∗ is the dual section of v,

v∗ = (det[gij ])
− 1

2

(
∂

∂x1
∧ · · · ∧ ∂

∂xn

)

.

Definition 7.5. We denote by ?̃ the composition of the mappings κ and ?

?̃ = κ? : Ap,q −→ An−p,n−q(K∗).
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Lemma 7.4. We have

(ω, η) =

∫

M

C(ω ∧ ?̃η).

Proof. By Lemma 7.3 we obtain

C(ω ∧ ?̃η) = C(ω ∧ (?η ⊗ v∗)) = C((ω ∧ ?η)⊗ v∗)
= C(〈ω, η〉v⊗v̄ ⊗ v∗) = 〈ω, η〉v. �

Lemma 7.5. Let ρ ∈ A1,1. The adjoint operator i(ρ) of e(ρ) is given by

i(ρ) = (−1)p+q ?−1 e(ρ) ? on Ap,q .

Proof. It follows from Lemmata 7.2 and 7.3 that

ω ∧ ?e(ρ)η = e(ρ)η ∧ ?ω = (−1)p+qη ∧ ? ?−1 e(ρ) ? ω. �

We denote by Πp,q the projection from
∑

r,s

Ar,s to Ap,q , and define an

operator

Π =
∑

p,q

(n− p− q)Πp,q .

Proposition 7.1. The following equations hold.

(1) e(g) =
∑

j

e(θj)e(θ̄j).

(2) i(g) =
∑

j

i(Ej )̄i(Ej).

(3) [Π, e(g)] = −2e(g), [Π, i(g)] = 2i(g), [i(g), e(g)] = Π.

Proof. Assertion (1) follows from g =
∑

j θ
j ∧ θ̄j . By Lemma 7.5 and

(7.4) we obtain

i(g) = (−1)p+q ?−1 e(g) ?

=
∑

j

{(−1)p+1 ?−1 e(θj)?}{(−1)q+1 ?−1 e(θ̄j)?}

=
∑

j

i(Ej )̄i(Ej).

Since
∑

j e(θ
j)i(Ej) = p and

∑

j e(θ̄
j )̄i(Ej) = q on Ap,q , we have

i(g)e(g) =
∑

j,k

i(Ej)e(θ
k )̄i(Ej)e(θ̄

k)

=
∑

j,k

{δk
j − e(θk)i(Ej)}{δk

j − e(θ̄k )̄i(Ej)}

= n− p− q + e(g)i(g).

This implies [i(g), e(g)] = Π. �
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7.2 Laplacians on flat manifolds

In this section we construct a certain cochain complex on a flat manifold

(M,D) analogous to the Dolbeault complex on a complex manifold, and

prove a duality theorem similar to the Kodaira-Serre’s duality theorem on

a complex manifold. We first define two coboundary operators ∂ and ∂̄ by

using the flat connection.

Definition 7.6. We define ∂ : Ap,q −→ Ap+1,q and ∂̄ : Ap,q −→ Ap,q+1 by

∂ =
∑

i

e(dxi)D∂/∂xi , ∂̄ =
∑

i

e(d̄x
i
)D∂/∂xi ,

where dxi is identified with dxi⊗1 ∈ A1,0, and d̄xi = 1⊗dxi ∈ A0,1.

Then it is easy to see that

∂∂ = 0, ∂̄∂̄ = 0.

Thus the pairs
{ ∑

pAp,q , ∂
}

and
{ ∑

q Ap,q , ∂̄
}

are cochain complexes with

coboundary operators ∂ and ∂̄ respectively. These complexes correspond to

the Dolbeault complex on a complex manifold [Kobayashi (1987)][Kodaira

(1986)][Morrow and Kodaira (1971)] [Wells (1979)].

Let F be a flat vector bundle over M and let Ap,q(F ) be the space of

all smooth sections of (
p
∧ T ∗)⊗(

q
∧ T ∗) ⊗ F . We extend the coboundary

operators ∂ and ∂̄ to the space Ap,q(F ) as follows. Since the vector bundle

F is flat, we choose local frame fields such that the transition functions

are constants. Let s = {s1, · · · , sr} be such a local frame field of F . For
∑

i ω
i ⊗ si ∈ Ap,q(F ) where ωi ∈ Ap,q we define ∂ and ∂̄ by

∂(
∑

i

ωi ⊗ si) =
∑

i

(∂ωi)⊗ si ∈ Ap+1,q(F ),

∂̄(
∑

i

ωi ⊗ si) =
∑

i

(∂̄ωi)⊗ si ∈ Ap,q+1(F ).

Then the pairs
{ ∑

pAp,q(F ), ∂
}

and
{ ∑

q Ap,q(F ), ∂̄
}

are cochain com-

plexes.

Definition 7.7. Let F ∗ be the dual bundle of F . For a local frame field

{s1, · · · , sr} as above we denote by {s∗1, · · · , s∗r} the dual frame field of

{s1, · · · , sr}. Choosing a fiber metric a on F , we define an isomorphism

?̃F : Ap,q(F ) −→ An−p,n−q(F ∗ ⊗K∗) by

?̃F

(∑

i

ωi ⊗ si

)

=
∑

i,j

{(

G− 1
2 aij

)

(?ωj)⊗ s∗i
}

⊗
( ∂

∂x1
∧ · · · ∧ ∂

∂xn

)

where aij = a(si, sj) and G = det[gij ].
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For ω =
∑

i ω
i ⊗ si ∈ Ap,q(F ) and η =

∑

i ηi ⊗ s∗i ∈ Ar,s(K∗ ⊗ F ∗) we set

ω ∧ η =
∑

i

ωi ∧ ηi ∈ Ap+r,q+s(K∗).

Definition 7.8. We define an inner product on Ap,q(F ) by

(ω, η) =

∫

M

C(ω ∧ ?̃F η).

Proposition 7.2. Let δF and δ̄F be the adjoint operators of ∂ and ∂̄ with

respect to the above inner product respectively. On the space Ap,q(F ) we

have

δF = (−1)p ?̃−1
F ∂ ?̃F , δ̄F = (−1)q ?̃−1

F ∂̄ ?̃F .

Proof. Since C∂ = dC on Ap,n(K∗), we have for ω ∈ Ap,q(F ) and η ∈
Ap−1,q(F )

(δFω, η) =

∫

M

C
( ∑

i

∂ηi ∧ (?̃F ω)i

)

=

∫

M

dC
( ∑

i

ηi ∧ (?̃F ω)i

)

+ (−1)p

∫

M

C
(

η ∧ ?̃F ?̃
−1
F ∂ ?̃F ω

)

=
(
(−1)p ?̃−1

F ∂ ?̃F ω, η
)
. �

Definition 7.9. We define the Laplacians �F and �̄F with respect to ∂

and ∂̄ by

�F = ∂δF + δF∂, �̄F = ∂̄δ̄F + δ̄F ∂̄.

For a trivial line bundle the Laplacians will be denoted by � and �̄.

Let us choose a fiber metric b on F ∗ ⊗K∗ by

b(s∗i ⊗ v∗, s∗j ⊗ v∗) = aij

where aij is the (i, j)-component of the inverse matrix of [aij ]. Identifying

(F ∗ ⊗K∗)∗ ⊗K∗ with F and using the fiber metric b we obtain

?̃F∗⊗K∗

{ ∑

i

ηi ⊗
(

s∗i ⊗
( ∂

∂x1
∧ · · · ∧ ∂

∂xn

))}

=
∑

i

(∑

j

(det[gkl])
1
2 aij ? ηj

)

⊗ si,

and so

?̃F∗⊗K∗ ?̃F = (−1)(p+q)(n+1) on Ap,q(F ),

?̃F ?̃F∗⊗K∗ = (−1)(p+q)(n+1) on Ap,q(F ∗ ⊗K∗).
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Theorem 7.1.

(1) �F∗⊗K∗ ?̃F = ?̃F �F .

(2) �F ?̃F∗⊗K∗ = ?̃F∗⊗K∗ �F∗⊗K∗.

Proof. By Proposition 7.2 we have

∂ ?̃F = (−1)p ?̃F δF on Ap,q(F ).

Again by Proposition 7.2, we obtain

δF∗⊗K∗ ?̃F = (−1)n+p ?̃−1
F∗⊗K∗ ∂ ?̃F∗⊗K∗ ?̃F

= (−1)p+1 ?̃F ∂ on Ap,q(F ).

Hence it follows that

�F∗⊗K∗ ?̃F =
(
∂ δF∗⊗K∗ + δF∗⊗K∗ ∂

)
?̃F

= (−1)p+1 ∂ ?̃F ∂ + (−1)p δF∗⊗K∗ ?̃F δF

= ?̃F δF ∂ + ?̃F ∂ δF

= ?̃F �F .

Assertion (2) is a consequence of substituting F ∗ ⊗K∗ for F in (1). �

Definition 7.10. A form ω ∈ A(F )p,q is said to be �F -harmonic if

�Fω = 0.

We denote by Hp,q
�F

the set of all �F -harmonic forms in A(F )p,q .

By Theorem 7.1 we obtain the following duality theorem. This is similar

to the Kodaira-Serre’s duality theorem for a complex manifold [Kobayashi

(1997, 1998)][Morrow and Kodaira (1971)][Wells (1979)].

Theorem 7.2 (Duality Theorem). The mapping ?̃F induces an isomor-

phism from Hp,q
�F

to Hn−p,n−q
�F∗⊗K∗

.

Let us denote by Hp,q
∂ (F ) the p-th cohomology group of the cochain

complex
{ ∑

p

Ap,q(F ), ∂
}
. A form ω ∈ Ap,q is called D-parallel if Dω = 0.

Let P
q
D(F ) be a sheaf of germs of F -valued D-parallel q-forms, and let

Hp(Pq
D(F )) be the p-th cohomology group with coefficients in P

q
D(F ).

Theorem 7.3. We have the following canonical isomorphisms.

Hp,q
�F

∼= Hp,q
∂ (F ) ∼= Hp(Pq

D(F )).
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Proof. It follows from harmonic theory [Kobayashi (1997, 1998)][Kodaira

(1986)] that

Hp,q
�F

∼= Hp,q
∂ (F ).

Let A
p,q(F ) be a sheaf of germs of smooth sections of (

p
∧ T ∗)⊗ (

q
∧ T ∗)⊗F .

Then

0 −→ P
q(F ) −→ A

0,q(F )
∂−→ A

1,q(F )
∂−→ A

2,q(F )
∂−→ · · ·

is a fine resolution of P
q(F ) [Kobayashi (1997, 1998)][Kodaira (1986)].

Hence

Hp,q
∂ (F ) ∼= Hp(Pq

D(F )).
�

7.3 Koszul’s vanishing theorem

J.L. Koszul proved a vanishing theorem for a hyperbolic flat manifold,

and applied the result to study deformations of hyperbolic flat connec-

tions [Koszul (1968a)][Koszul (1968b)]. In this section we state Koszul’s

vanishing theorem in a generalized form and prove, as an application, that

an affine Hopf manifold cannot admit any Hessian metric.

Theorem 7.4. Let (M,D) be a compact flat manifold and let F be a flat

vector bundle over M . Suppose that M admits a Riemannian metric g, a

Killing vector field H and a fiber metric a on F satisfying the following

conditions.

(1) DXH = X for X ∈ XD

(2) Choosing frame fields on F whose transition functions are all constants,

there exists a constant c 6= 0 such that

Ha(si, sj) = ca(si, sj),

for each such frame field {s1, · · · , sr}.

Then we have

Hp,0
∂ (F ) = {0} for p ≥ 1.

Proof. We denote by LH Lie differentiation with respect to H . We claim

LHσ = DHσ + pσ for σ ∈ Ap,0. (7.6)
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Since [H,Xi] = DHXi −DXi
H = DHXi −Xi, we obtain

(LHσ)(X1, · · · , Xp)

= H(σ(X1, · · · , Xp))−
∑

i

σ(X1, · · · , [H,Xi], · · · , Xp)

= H(σ(X1, · · · , Xp))−
∑

i

σ(X1, · · · , DHXi, · · · , Xp) + pσ(X1, · · · , Xp)

= (DHσ)(X1, · · · , Xp) + pσ(X1, · · · , Xp).

Let ω =
∑

i ω
isi and η =

∑

i η
isi ∈ Ap,0(F ). Then

(ω, η) =

∫

M

C(ω ∧ ?̃F η) =

∫

M

〈ω, η〉v,

where v is the volume element of g, and 〈ω, η〉 =
∑

i,j g(ω
i, ηj)a(si, sj). It

follows from the above condition (2), (7.6) and LHg = 0 that

LH〈ω, η〉
=

∑

i,j

(LHg(ω
i, ηj))a(si, sj) +

∑

i,j

g(ωi, ηj)(LHa(si, sj))

=
∑

i,j

{g(LHω
i, ηj) + g(ωi,LHη

j)}a(si, sj) + c
∑

i,j

g(ωi, ηj)a(si, sj)

= 〈DHω, η〉+ 〈ω, DHη〉+ (2p+ c)〈ω, η〉.

By Stokes’ theorem and LHv = 0 we have
∫

M

(LH〈ω, η〉)v =

∫

M

LH(〈ω, η〉v)

=

∫

M

(di(H) + i(H)d)(〈ω, η〉v)

=

∫

M

di(H)(〈ω, η〉v) = 0.

With these expressions we obtain

(DHω, η) + (ω, DHη) + (2p+ c)(ω, η) = 0. (7.7)

Since ∂i(H) + i(H)∂ = LH on Ap,0, it follows from (7.6) that

(∂i(H) + i(H)∂)ω = DHω + pω, (7.8)

so

∂i(H)∂ω = ∂(∂i(H) + i(H)∂)ω = ∂DHω + p∂ω,

∂i(H)∂ω = (∂i(H) + i(H)∂)∂ω = DH∂ω + (p+ 1)∂ω.
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Hence

(∂DH −DH∂)ω = ∂ω. (7.9)

Note that ω is �F -harmonic if and only if

∂ω = 0, δFω = 0.

Let ω ∈ Hp,0
�F

. By (7.9) we have

∂DHω = (DH∂ + ∂)ω = 0.

It follows from equations (7.7) and (7.9) that, for η ∈ Ap−1,0(F ),

(δFDHω, η) = (DHω, ∂η)

= −(ω, DH∂η)− (2p+ c)(ω, ∂η)

= −(ω, ∂DHη) + (ω, ∂η)− (2p+ c)(ω, ∂η)

= (δFω, −DHη − (2p+ c− 1)η) = 0,

and so

δFDHω = 0.

Hence

DHω ∈ Hp,0
�F
.

Since ∂i(H)ω = (∂i(H)+ i(H)∂)ω = DHω+ pω by equation (7.8), we have

∂i(H)ω ∈ Hp,0
�F
.

This implies

(∂i(H)ω, ∂i(H)ω) = (δF∂i(H)ω, i(H)ω) = 0.

Therefore

DHω = −pω. (7.10)

If we put η = ω, from equation (7.10) the equality (7.7) may be reduced to

c(ω, ω) = 0.

Hence ω = 0 and

Hp,0
�F

= {0}.
This result, together with Theorem 7.3, implies

Hp,0
∂ (F ) = {0}.

�
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Remark 7.1. A vector fieldH on a flat manifold (M,D) is called a radiant

vector fiels if it satisfies the condition (1) of Theorem 7.4. A flat manifold

admitting such an H is said to be radiant [Fried, Goldman and Hirsch

(1981)].

Suppose we have a Riemannian metric g and a vector field H satisfying

condition (1) of Theorem 7.4. Then

Hgij = Hg
( ∂

∂xi
,
∂

∂xj

)

= g
([

H,
∂

∂xi

]

,
∂

∂xj

)

+ g
( ∂

∂xi
,
[

H,
∂

∂xj

])

= g
(

DH
∂

∂xi
− ∂

∂xi
,
∂

∂xj

)

+ g
( ∂

∂xi
, DH

∂

∂xj
− ∂

∂xj

)

= −2gij .

Hence

Hgij = −2gij , Hgij = 2gij . (7.11)

Let Tr
s = (

r
⊗ T )⊗(

s
⊗ T ∗) be a tensor bundle overM of contravariant degree

r and covariant degree s. Then Tr
s is a flat vector bundle and admits a fiber

metric induced by g,

g
(
sj1···js

i1···ir
, sl1···ls

k1···kr

)
= gi1k1

· · · girkr
gj1l1 · · · gjsls ,

where
{

sj1···js

i1···ir
=

∂

∂xi1
⊗ · · · ⊗ ∂

∂xir
⊗ dxj1 ⊗ · · · ⊗ dxjs

}

is a local frame

field of Tr
s . It follows from relations (7.11) that

Hg
(
sj1···js

i1···ir
, sl1···ls

k1···kr

)
= 2(s− r)g

(
sj1···js

i1···ir
, sl1···ls

k1···kr

)
.

Corollary 7.1. Let (M,D) be a compact flat manifold admitting a Rieman-

nian metric g and a vector field H satisfying the condition (1) of Theorem

7.4. Then we have

Hp,0
∂ (Tr

s) = {0} for r 6= s and p ≥ 1.

Let Ω be a regular convex cone in Rn with vertex 0 and let (D̃, g̃) be

the canonical Hessian structure on Ω. A 1-parameter transformation group

x −→ etx of Ω induces a vector field H̃ ;

H̃ =
∑

i

x̃i ∂

∂x̃i
,

where {x̃1, · · · , x̃n} is an affine local coordinate system on Ω. Hence

D̃X̃H̃ = X̃.
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Since the 1-parameter transformation group leaves g̃ invariant, H̃ is a

Killing vector field with respect to g̃. Suppose further that Ω admits a

discrete subgroup Γ of the linear automorphism group of Ω acting properly

discontinuously and freely on Ω, and that the quotient space Γ\Ω is com-

pact. Then D̃ induces a flat connection D on Γ\Ω. Because H̃ is invariant

by the linear automorphism group of Ω, there exists a vector field H on

Γ\Ω such that

Hπ(x̃) = π∗x̃(H̃x̃),

where π is the projection from Ω onto Γ\Ω. Since g̃ is Γ-invariant, there

exists a Riemannian metric g on Γ\Ω such that

g̃ = π∗g.

Then H is a Killing vector field with respect to g and satisfies

DXH = X.

Corollary 7.2. Let Ω be a regular convex cone in Rn with vertex 0. Sup-

pose that Ω admits a discrete subgroup Γ of the linear automorphism group

of Ω acting properly discontinuously and freely on Ω, and that the quotient

space Γ\Ω is compact. For a tensor bundle Tr
s on Γ\Ω, we have

Hp,0
∂ (Tr

s) = {0} for r 6= s and p ≥ 1.

We set Rn∗ = Rn−{0}. Let Γ∗ be the group generated by Rn∗ 3 x −→
2x ∈ Rn∗. Then Γ∗ acts on Rn∗ properly discontinuously and freely, and

the quotient space Γ∗\Rn∗ is a compact flat manifold and is called an affine

Hopf manifold. Let H̃ =
∑

i

x̃i ∂

∂x̃i
. Then, as above, a flat connection

D and a vector field H on Γ∗\Rn∗ are induced by the flat connection D̃

and the vector field H̃ on Rn, and satisfy

DXH = X.

Let g∗ be a Riemannian metric on Rn∗ defined by

g∗ =
1

2
∑

i(x̃
i)2

∑

i

(dx̃i)2.

Then

LH̃g
∗ = 0.
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In fact, putting f∗ =
1

2
∑

i(x̃
i)2

, it follows from H̃f∗ + 2f∗ = 0 that

(LH̃g
∗)

( ∂

∂x̃i
,
∂

∂x̃j

)

= H̃g∗
( ∂

∂x̃i
,
∂

∂x̃j

)

− g∗
([

H̃,
∂

∂x̃i

]

,
∂

∂x̃j

)

− g∗
( ∂

∂x̃i
,
[

H̃,
∂

∂x̃j

])

= H̃g∗ij + 2g∗ij = (H̃f∗ + 2f∗)δij = 0.

This implies, in particular, that g∗ is Γ∗-invariant. Hence Γ∗\Rn∗ admits

a Riemannian metric g such that the pullback on Rn∗ of g coincides with

g∗ and the vector field H is a Killing vector field with respect to g. Hence

we have the following corollary.

Corollary 7.3. Let Tr
s be a tensor bundle over an affine Hopf manifold.

Then we have

Hp,0
∂ (Tr

s) = {0} for r 6= s and p ≥ 1.

Corollary 7.4. An affine Hopf manifold cannot admit any Hessian metric.

Proof. Suppose that an affine Hopf manifold Γ∗\Rn∗ admits a Hessian

metric g. Considering g as an element in A1,0(T1) = A1,1, we know

∂g = 0 by Lemma 7.6. Since H1,0
∂ (T1) = {0} by Corollary 7.3, there

exists ω =
∑
ωj̄dx

j̄ ∈ A0,0(T1) = A0,1 such that g = ∂ω. Then ω is a

closed 1-form because g is a covariant symmetric tensor of degree 2. The

relation g = ∂ω is equivalent to g = Dω. Hence, by Corollary 8.3 and

Theorem 8.3, the universal covering manifold is a regular convex cone. On

the other hand, Rn∗ contains straight lines and is not a convex set. This

is a contradiction.

�

Corollary 7.4 also follows immediately from Theorem 8.2.

7.4 Laplacians on Hessian manifolds

In this section we consider the Laplacian determined by a Hessian structure,

and prove a certain vanishing theorem for a Hessian manifold similar to that

of Kodaira-Nakano’s theorem for a Kählerian manifold.

Let (M,D) be a flat manifold and let T and T̄ be tensor bundles overM .

We denote by Γ(T)CΓ(T̄) and Γ(T⊗T̄) the spaces of all smooth sections

of TCT̄ and T⊗T̄ respectively. Let g be a Riemannian metric on M and
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let ∇ be the Levi-Civita connection for g. Using D and ∇, we define two

connections on T⊗T̄.

Definition 7.11. We define two connections D and D̄ on T⊗T̄ by

DXσ = (2γX⊗Ī +DX)σ,

D̄Xσ = (I⊗2γX +DX)σ for σ ∈ Γ(T⊗T̄),

where I and Ī are the identity mappings on Γ(T) and Γ(T̄) respectively,

and γX = ∇X −DX .

Lemma 7.6. Let us consider g as an element in A1,1 = Γ(T ∗⊗T ∗). Then

the following conditions are equivalent.

(1) g is a Hessian metric.

(2) ∂g = 0 ( ∂̄g = 0).

(3) DXg = 0 ( D̄Xg = 0).

The Hessian structure (D, g) is of Koszul type (cf. Definition 2.2) if and

only if g is exact with respect to ∂.

Proof. The equivalence of (1)-(3) follows from Proposition 2.1 and the

following equalities

∂g = ∂(
∑

i,j

gijdx
i⊗dxj) =

∑

k,i,j

e(dxk)
∂gij

∂xk
dxi⊗dxj

=
∑

j

(∑

k<i

(∂gij

∂xk
− ∂gkj

∂xi

)

(dxk ∧ dxi)
)

⊗dxj ,

(DXg)(Y ;Z) = Xg(Y ;Z)− g(2γXY +DXY ;Z)− g(Y ;DXZ)

= g(∇XY ;Z) + g(Y ;∇XZ)− g(2γXY +DXY ;Z)− g(Y ;DXZ)

= −g(γXY ;Z) + g(Y ; γXZ).
�

Henceforth in this section we assume that g is a Hessian metric.

Proposition 7.3. For the connections D and D̄ we have

(1) ∇X =
1

2
(DX + D̄X).

(2) The curvature tensors RD of D and RD̄ of D̄ vanish,

RD(X,Y ) = DXDY −DY DX −D[X,Y ] = 0,

RD̄(X,Y ) = D̄XD̄Y − D̄Y D̄X − D̄[X,Y ] = 0.
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(3) Let v be the volume element of g. We identify v with v⊗1 ∈ An,0 and

set v̄ = 1⊗v ∈ A0,n. Then v ∧ v̄ = v⊗v ∈ An,n, and

DX(v ∧ v̄) = 0, D̄X(v ∧ v̄) = 0.

Proof. By the definition of D and D̄, and by Theorem 2.2, we have

DX (fu⊗w̄) = f{(D′
Xu)⊗w̄ + u⊗(DX w̄)}+ (Xf)u⊗w̄, (7.12)

D̄X (fu⊗w̄) = f{(DXu)⊗w̄ + u⊗(D′
X w̄)}+ (Xf)u⊗w̄,

for u ∈ Γ(T) and w̄ ∈ Γ(T̄) and a function f on M . This proves assertion

(1). Using this assertion, together with the fact that the curvature tensors

RD of D and RD′ of D′ vanish, we obtain

RD(X,Y )(fu⊗w̄) = f(RD′(X,Y )u)⊗w̄ + fu⊗(RD(X,Y )w̄) = 0,

RD̄(X,Y )(fu⊗w̄) = f(RD(X,Y )u)⊗w̄ + fu⊗(RD′(X,Y )w̄) = 0.

By the definition of α we have

DX (v ∧ v̄) = (2γX⊗Ī +DX)(v⊗v)
= (2γXv)⊗v + (DXv)⊗v + v⊗DXv

= (−2α(X)v)⊗v + α(X)v⊗v + v⊗α(X)v = 0.
�

We note here that for ω ∈ Ap,q = Γ((
p
∧ T ∗)⊗ (

q
∧ T ∗)) we have

(DXω)(Y1, · · · , Yp;Z1, · · · , Zq) (7.13)

= Xω(Y1, · · · , Yp;Z1, · · · , Zq)

−
p

∑

i=1

ω(Y1, · · · , D′
XYi, · · · , Yp;Z1, · · · , Zq)

−
q

∑

j=1

ω(Y1, · · · , Yp;Z1, · · · , DXZj , .., Zq),

(D̄Xω)(Y1, · · · , Yp;Z1, · · · , Zq) (7.14)

= Xω(Y1, · · · , Yp;Z1, · · · , Zq)

−
p

∑

i=1

ω(Y1, · · · , DXYi, · · · , Yp;Z1, · · · , Zq)

−
q

∑

j=1

ω(Y1, · · · , Yp;Z1, · · · , D′
XZj , .., Zq).
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Lemma 7.7. Considering g as an element in A1,1 we obtain

(1) DX i(Y )g = i(D′
XY )g, DX ī(Y )g = ī(DXY )g.

(2) D̄X i(Y )g = i(DXY )g, D̄X ī(Y )g = ī(D′
XY )g.

Proof. We have

(DX i(Y )g)(Z) = X((i(Y )g)(Z))− (i(Y )g)(DXZ)

= Xg(Y ;Z)− g(Y ;DXZ) = g(D′
XY ;Z)

= (i(D′
XY )g)(Z).

The same approach also proves the other equalities. �

Let us express the coboundary operators and the dual operators using

D and D̄. Let {E1, · · · , En} be an orthonormal frame field with respect to

g, and set θj = ī(Ej)g ∈ A1,0 and θ̄j = i(Ej)g ∈ A0,1.

Proposition 7.4. The coboundary operators ∂ and ∂̄ are expressed by

∂ =
∑

j

e(θj)DEj
, ∂̄ =

∑

j

e(θ̄j)D̄Ej
.

Proof. For a p-form ω we have
∑

θj ∧DEj
ω =

∑

dxj ∧D∂/∂xjω = dω =
∑

θj ∧∇Ej
ω,

and so
∑

θj ∧DEj
ω =

∑

θj ∧D′
Ej
ω.

Put ∂D =
∑

j e(θ
j)DEj

. Let f be a function and let u and ω be be a p-form

and a q-form respectively. With expressions (7.12) we obtain

∂D(fu⊗w) =
∑

e(θj)DEj
(fu⊗w)

= f
∑

e(θj)(D′
Ej
u)⊗w + f

∑

e(θj)(u⊗DEj
w) +

∑

e(θj)(Ejf)(u⊗w)

= f(
∑

e(θj)DEj
u)⊗w + f

∑

e(θj)(u⊗DEj
w) +

∑

e(θj)(Ejf)(u⊗w)

=
∑

e(θj){(fDEj
u)⊗w + fu⊗DEj

w + (Ejf)u⊗w}

=
∑

e(θj)DEj
(fu⊗w) =

∑

e(dxj)D∂/∂xj (fu⊗w)

= ∂(fu⊗w).

Thus the first assertion is proved. The second assertion may be proved by

using the same method. �
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Proposition 7.5. We have

DX? = ?D̄X .

Proof. Let ω ∈ Ap,q. By equation (7.3) and Lemma 7.7 we have

D̄X(ω ∧ ī(X1)g ∧ · · · ∧ ī(Xn−p)g ∧ i(Y1)g ∧ · · · ∧ i(Yn−q)g)

= D̄Xω ∧ ī(X1)g ∧ · · · ∧ ī(Xn−p)g ∧ i(Y1)g ∧ · · · ∧ i(Yn−q)g

+
∑

j

ω ∧ ī(X1)g ∧ · · · ∧ ī(D′
XXj)g ∧ · · · ∧ ī(Xn−p)g ∧ i(Y1)g ∧ · · · ∧ i(Yn−q)g

+
∑

k

ω ∧ ī(X1)g ∧ · · · ∧ ī(Xn−p)g ∧ i(Y1)g ∧ · · · ∧ i(DXYk)g ∧ · · · ∧ i(Yn−q)g

= (?D̄Xω)(X1, · · · , Xn−p;Y1, · · · , Yn−q)v ∧ v̄
+

∑

j

(?ω)(X1, · · · , D′
XXj , · · · , Xn−p;Y1, · · · , Yn−q)v ∧ v̄

+
∑

k

(?ω)(X1, · · · , Xn−p;Y1, · · · , DXYk, · · · , Yn−q)v ∧ v̄.

Using the fact DX = D̄X on An,n, Lemma 7.6 (3), and equations (7.3),

(7.13), we obtain

D̄X(ω ∧ ī(X1)g ∧ · · · ∧ ī(Xn−p)g ∧ i(Y1)g ∧ · · · ∧ i(Yn−q)g)

= DX(ω ∧ ī(X1)g ∧ · · · ∧ ī(Xn−p)g ∧ i(Y1)g ∧ · · · ∧ i(Yn−q)g)

= DX{(?ω)(X1, · · · , Xn−p;Y1, · · · , Yn−q)v ∧ v̄}
= DX{(?ω)(X1, · · · , Xn−p;Y1, · · · , Yn−q)}v ∧ v̄
= (DX ? ω)(X1, · · · , Xn−p;Y1, · · · , Yn−q)v ∧ v̄

+
∑

j

(?ω)(X1, · · · , D′
XXj , · · · , Xn−p;Y1, · · · , Yn−q)v ∧ v̄

+
∑

k

(?ω)(X1, · · · , Xn−p;Y1, · · · , DXYk, · · · , Yn−q)v ∧ v̄.

The above equations imply ?D̄Xω = DX ? ω. �

Proposition 7.6. The dual operator δ of ∂ is expressed by

δ = −
∑

j

i(Ej)D̄Ej
+ i(Xα),

where Xα is a vector field determined by α(Y ) = g(Xα, Y ) for the first

Koszul form α.
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Proof. Let ω ∈ Ap,q . It follows from (7.4) and Propositions 7.2, 7.4 and

7.5 that

δω = (−1)p?̃−1∂?̃ω,= (−1)p ?−1
√
G∂

( 1√
G
? ω

)

= (−1)p ?−1
{

∂ ? ω +
√
G∂

( 1√
G

)

∧ ?ω
}

= (−1)p
{ ∑

j

?−1e(θj)DEj
? ω − ?−1α ∧ ?ω

}

= (−1)p
{ ∑

j

?−1e(θj) ? D̄Ej
ω − ?−1e(α) ? ω

}

=
{

−
∑

j

i(Ej)D̄Ej
+ i(Xα)

}

ω.

�

Corollary 7.5. The following relations hold.

(1) δg = 1⊗α.

(2) �g = β.

Proof. It follows from Proposition 7.6 and Lemma 7.6 that

δg = i(Xα)g = g(Xα; ) = 1⊗α.

Hence

�g = (∂δ + δ∂)g = ∂δg = ∂(1⊗α) = β.
�

Lemma 7.8. We have

δe(g) + e(g)δ = −∂̄ + e(1⊗α).

Proof. By Propositions 7.4 and 7.6 we have

δe(g) = −
∑

j

i(Ej)D̄Ej
e(g) + i(Xα)e(g)

= −
∑

j

i(Ej)e(g)D̄Ej
+ e(1⊗α)− e(g)i(Xα)

= −
∑

j

(−e(g)i(Ej) + e(θ̄j))D̄Ej
+ e(1⊗α) − e(g)i(Xα)

= −e(g)δ − ∂̄ + e(1⊗α).
�
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Let F be a flat line bundle over M with a fiber metric a. Choosing

frame fields of F such that the transition functions are constant, we define

a closed 1-form A and a symmetric bilinear form B by

A = −d log a(s, s),

B = −Dd log a(s, s),

where s is such a frame of F . The forms A and B are called the first

Koszul form and the second Koszul form with respect to the fiber

metric a, respectively.

Let K =
n∧
T ∗ be the canonical line bundle over M . For an affine

coordinate system {x1
λ, · · · , xn

λ} on M we set

sλ = dx1
λ ∧ · · · ∧ dxn

λ .

Then

sµ = Jλµsλ,

where Jλµ are non-zero constants. Thus K =
n∧
T ∗ is a flat line bundle.

Suppose that M admits a Hessian structure (D, g). Expressing the volume

element v of g by v = vλsλ, we have

g(sλ, sλ) =
1

v2
λ

g(v, v).

Since g(v, v) is a positive constant, the Koszul forms with respect to the

fiber metric g on K are given by

A = 2α, B = 2β.

Definition 7.12. A flat line bundle F is said to be positive (resp. negative)

if it admits a fiber metric such that the corresponding second Koszul form

B is positive definite (resp. negative definite).

Lemma 7.9. The adjoint operator δF of ∂ is expressed as

δF = δ + i(XA),

where XA is a vector field given by A(Y ) = g(XA, Y ).

Proof. It follows from Propostion 7.2 and relations (7.4) that on the

space Ap,q(F ) we have

δF = (−1)p?̃−1
F ∂?̃F = (−1)pa−1?̃−1∂(a?̃)

= (−1)p ?−1 e(−A) ?+(−1)p?̃−1∂?̃

= i(XA) + δ.
�
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Proposition 7.7. We have

(1) [�F , e(g)] = e(B + β).

(2) [�F , i(g)] = −i(B + β).

Proof. It follows from Lemmata 7.8 and 7.9 that

�F e(g) = ∂(δ + i(XA))e(g) + (δ + i(XA))∂e(g)

= ∂δe(g)− δe(g)∂ + ∂i(XA)e(g) + i(XA)∂e(g)

= ∂(−e(g)δ − ∂̄ + e(1⊗α)) + (e(g)δ + ∂̄ − e(1⊗α))∂

+∂i(XA)e(g) + i(XA)∂e(g)

= e(g)(∂δ + δ∂)− ∂∂̄ + ∂̄∂ + ∂e(1⊗α)− e(1⊗α)∂

+∂i(XA)e(g)− i(XA)e(g)∂.

Using the following relations,

∂∂̄ − ∂̄∂ = 0, ∂e(1⊗α)− e(1⊗α)∂ = e(β),

∂i(XA)e(g)− i(XA)e(g)∂

= ∂(e(1⊗A)− e(g)i(XA))− (e(1⊗A)− e(g)i(XA))∂

= e(B) + e(g)(∂i(XA) + i(XA)∂),

we obtain

�F e(g) = e(g)�F + e(B + β).

Assertion (2) follows from (1) by taking the adjoint operators. �

Proposition 7.8. For ω ∈ Hp,q
�F

we have

(1) (e(B + β)i(g)ω, ω) ≤ 0.

(2) (i(g)e(B + β)ω, ω) ≥ 0.

(3) ([i(g), e(B + β)]ω, ω) ≥ 0.

Proof. By Proposition 7.7 we have

�F e(g)ω = e(B + β)ω, �F i(g)ω = −i(B + β)ω,

hence

0 ≤ (�F e(g)ω, e(g)ω) = (e(B + β)ω, e(g)ω)

= (i(g)e(B + β)ω, ω),

0 ≤ (�F i(g)ω, i(g)ω) = (−i(B + β)ω, i(g)ω)

= −(ω, e(B + β)i(g)ω).

Assertion (3) follows from assertions (1) and (2). �
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The vanishing theorem due to Kodaira-Nakano plays an important role

in the theory of complex manifolds. For example, it is used to prove

that a Hodge manifold is algebraic [Kobayashi (1987)][Morrow and Ko-

daira (1971)][Wells (1979)]. The following is a vanishing theorem for a flat

manifold similar to that of Kodaira-Nakano.

Theorem 7.5 (Vanishing Theorem). Let (M,D) be an oriented com-

pact flat manifold and let K =
n∧ T ∗ be the canonical line bundle over M .

For a line bundle F over M we have

(1) If the line bundle 2F +K is positive, then Hp,q
�F

= 0 for p+ q > n.

(2) If the line bundle 2F +K is negative, then Hp,q
�F

= 0 for p+ q < n.

Proof. Suppose that 2F + K is negative. Then 2F +K admits a fiber

metric ã such that the corresponding second Koszul form B̃ is negative

definite. Put g = −B̃. Then (D, g) is a Hessian structure. Denoting by

β the second Koszul form of (D, g), we can choose a fiber metric a on F

satisfying 2(B+β) = B̃, where B is the second Koszul form for a. It follows

from Proposition 7.8 that for ω ∈ Hp,q
�F

([i(g), e(g)]ω, ω) = ([i(g),−2e(B + β)]ω, ω) ≤ 0.

Hence by Proposition 7.1 we have

(n− p− q)(ω, ω) ≤ 0.

This shows that if n−p−q > 0, then Hp,q
�F

= 0. Thus the proof of assertion

(2) is complete. Assertion (1) follows from (2) and Theorem 7.2. �

Expressions in affine coordinate systems

Using an affine coordinate system {x1, · · · , xn} we give here local ex-

pressions of covariant differentials of D, D̄ and the coboundary operator

∂C the dual operator δ and the Laplacian �.

Let ω ∈ Ap,q = Γ((
p
∧ T ∗)⊗(

q
∧ T ∗)) and let the local expression be given by

ω =
∑

ωi1···ip j̄1···j̄q
(dxi1 ∧ · · · ∧ dxip)⊗(dxj̄1 ∧ · · · ∧ dxj̄q ).

Put

Dkωi1···ipj̄1···j̄q
=

(

D∂/xkω
)

i1···ipj̄1···j̄q

,

D̄k̄ωi1···ipj̄1···j̄q
= (D̄∂/∂xk̄ω)i1···ipj̄1···j̄q

.
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Then

Dkωi1···ipj̄1···j̄q
=
∂ωi1···ipj̄1···j̄q

∂xk
− 2

∑

λ

Γl
k iλ

ωi1···(l)λ···ipj̄1···j̄q
,

D̄k̄ωi1···ipj̄1···j̄q
=
∂ωi1···ipj̄1···j̄q

∂xk̄
− 2

∑

µ

Γl̄
k̄ j̄µ

ωi1···ip j̄1···(l̄)µ···j̄q
.

Dkgij̄ = 0, Dkg
ij̄ = 0.

D̄k̄gij̄ = 0, D̄k̄g
ij̄ = 0.

Diαj̄ = βij̄ , Diα
j = βj

i .

D̄īαj = βjī, D̄īα
j̄ = β j̄

ī
.

[Dk, D̄l̄]ωi1···ip j̄1···j̄q

= 2
∑

λ

Qm
kl̄iλ

ωi1···(m)λ···ipj̄1···j̄q
− 2

∑

µ

Qm̄
l̄kj̄µ

ωi1···ipj̄1···(m̄)µ···j̄q
.

(∂ω)i1···ip+1 j̄1···j̄q
=

∑

λ

(−1)λ−1Diλ
ωi1···̂iλ···ip+1 j̄1···j̄q

.

(δω)i1···ip−1 j̄1···j̄q
= −gsr̄D̄r̄ωsi1···ip−1 j̄1···j̄q

+ αsωsi1···ip−1 j̄1···j̄q
.

From the above expressions we may further obtain

(�ω)i1···ipj̄1···j̄q

= −gsr̄D̄r̄Dsωi1···ipj̄1···j̄q
+ αsDsωi1···ip j̄1···j̄q

−gsr̄
∑

λ

[Diλ
, D̄r̄]ωi1···(s)λ···ipj̄1···j̄q

+
∑

λ

βs
iλ
ωi1···(s)λ···ipj̄1···j̄q

= −gsr̄D̄r̄Dsωi1···ipj̄1···j̄q
+ αsDsωi1···ipj̄1···j̄q

−
∑

λ

βs
iλ
ωi1···(s)λ···ipj̄1···j̄q

+ 2
∑

λ,µ

Qt̄s
iλ j̄µ

ωi1···(s)λ···ipj̄1···(t̄)µ···j̄q
.

7.5 Laplacian �L

In the theory of Kählerian manifolds, it is essential that the Kählerian forms

are harmonic and the exterior product operators by the Kählerian forms

are commutative with the Laplacians [Kobayashi (1997, 1998)][Morrow and

Kodaira (1971)][Wells (1979)]. However, for a Hessian manifold (M,D, g),
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we know by Corollary 7.5 and Proposition 7.7 that

�g = β, [�, e(g)] = e(β).

Hence the Hessian metric g is not always harmonic with respect to the

Laplacian �Cand the exterior operator e(g) is not necessarily commutative

with �. We cannot therefore expect simple identities on Hessian manifolds

in the manner of the Kählerian identities.

Let (M,D, g) be an oriented Hessian manifold and let v be the volume

element of g. For each affine coordinate system {x1
λ, · · · , xn

λ} we define a

positive function Gλ by

v = (Gλ)
1
2 dx1

λ ∧ · · · ∧ dxn
λ .

We introduce

Kλµ =
(Gλ

Gµ

) 1
2

.

Then {Kλµ} form transition functions on the flat line bundle K =
n∧ T ∗.

Let L be a flat line bundle with transition functions {(Kλµ)−
1
2 } and a

fiber metric {(Gλ)
1
2 }. We shall show that g is �L-harmonic and e(g) is

commutative with �L, and prove simple identities similar to the Kählerian

identities.

Proposition 7.9. The adjoint operators of ∂ and ∂̄ are given by

(1) δL = −∑

j i(Ej)D̄Ej
.

(2) δ̄L = −∑

j ī(Ej)DEj
.

Proof. By Propositions 7.2, 7.4, 7.5 and relations (7.4) we obtain

δL = (−1)p?̃−1
L ∂?̃L =

∑

j

(−1)p?̃−1
L e(θj)?̃L?̃

−1
L DEj

?̃L

= −
∑

j

i(Ej)D̄Ej
.

�

By Proposition 7.9 and Lemma 7.6 we have the following corollary.

Corollary 7.6. The Hessian metric g is harmonic with respect to �L and

�̄L, that is,

(1) �Lg = 0,

(2) �̄Lg = 0.
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Proposition 7.10.

(1) δLe(g) + e(g)δL = −∂̄.
(2) δ̄Le(g) + e(g)δ̄L = −∂.

Proof. It follows from Lemma 7.6 and Propositions 7.4 and 7.9 that

δLe(g) = −
∑

j

i(Ej)D̄Ej
e(g) = −

∑

j

i(Ej)e(g)D̄Ej

= −
∑

j

{i(Ej)g ∧ D̄Ej
− g ∧ i(Ej)D̄Ej

}

= −
∑

j

e(θ̄j)D̄Ej
+ e(g)

∑

j

i(Ej)D̄Ej

= −∂̄ − e(g)δL.
Thus assertion (1) is proved. Assertion (2) may be proved similarly. �

Lemma 7.10.

(1) ∂δ̄L = δ̄L∂.

(2) ∂̄δL = δL∂̄.

Proof. By Proposition 7.10 we obtain

∂δ̄L = −(δ̄Le(g) + e(g)δ̄L)δ̄L = −δ̄Le(g)δ̄L
= δ̄L(−δ̄Le(g)− e(g)δ̄L) = δ̄L∂. �

Theorem 7.6. We have the following identities for the Laplacians.

(1) �L = �̄L.

(2) �L is commutative with the following operators

?̃L, e(g), i(g), ∂, ∂̄, δL, δ̄L.

Proof. Let K∗ and L∗ be the dual line bundles of K and L respectively.

Identifying L∗ ⊗K∗ with L, by Theorem 7.1 we obtain

�L?̃L = ?̃L�L.

It follows form Proposition 7.10 that

�L = ∂δL + δL∂

= −(δ̄Le(g) + e(g)δ̄L)δL − δL(δ̄Le(g) + e(g)δ̄L)

= δ̄L(δLe(g) + ∂̄) + (e(g)δL + ∂̄)δ̄L − e(g)δ̄LδL − δLδ̄Le(g)
= ∂̄δ̄L + δ̄L∂̄ + (δ̄LδL − δLδ̄L)e(g) + e(g)(δLδ̄L − δ̄LδL)

= �̄L.
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Again by Proposition 7.10 we have

�Le(g) = (∂δL + δL∂)e(g) = ∂(−∂̄ − e(g)δL)− δLe(g)∂
= −∂∂̄ + e(g)∂δL + (e(g)δL + ∂̄)∂ = e(g)(∂δL + δL∂)

= e(g)�L.

By Lemma 7.10 we obtain

�L∂̄ = (∂δL + δL∂)∂̄ = ∂∂̄δL + δL∂̄∂ = ∂̄∂δL + ∂̄δL∂ = ∂̄�L.

The other cases are straightforward. �

By Theorem 7.2 we also have the following corollary.

Corollary 7.7 (Duality Theorem for Hessian Manifolds).

(1) The mapping ?̃L induces a linear isomorphism from Hp,q
�L

to Hn−p,n−q
�L

.

(2) Let hp,q
L = dimHp,q

∂ (L). Then

hp,q
L = hq,p

L = hn−p,n−q
L .

It is known that the space of harmonic forms on a compact Kählerian

manifold admits the Lefschetz decomposition [Wells (1979)]. We state

here without proof that similar results hold for Hessian manifolds.

Theorem 7.7. The space Hp,q
�L

is decomposed into the direct sum

Hp,q
�L

=
∑

s

e(g)sHp−s,q−s
�L,0 ,

where

Hp,q
�L,0 = {ω ∈ Hp,q

�L
| i(g)ω = 0}.

7.6 Affine Chern classes of flat manifolds

Using an analogous method of [Bott and Chern (1965)] we define affine

Chern classes of flat vector bundles. This notion is similar to that

of Chern classes of complex manifolds [Kobayashi and Nomizu (1963,

1969)][Kobayashi (1997, 1998)][Wells (1979)].

Let F be a flat vector bundle of rank m over a flat manifold (M,D) and

let F ∗ be the dual bundle of F . An element ϕ ∈ Ap,q(F ⊗F ∗) is identified

with a matrix [ϕi
j ] of degree m whose (i, j) component ϕi

j is an element in

Ap,q . For ϕ = [ϕi
j ] ∈ Ap,q(F ⊗ F ∗) and ψ = [ψk

l ] ∈ Ar,s(F ⊗ F ∗) we define

[ϕ, ψ] ∈ Ap+r,q+s(F ⊗ F ∗) by

[ϕ, ψ] = ϕ ∧ ψ − (−1)pr+qsψ ∧ ϕ,
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where the (i, j) component of [ϕ, ψ] is given by

[ϕ, ψ]ij =
∑

k

ϕi
k ∧ ψk

j − (−1)pr+qs
∑

k

ψi
k ∧ ϕk

j .

Lemma 7.11. Let f(X1, · · · , Xk) be a GL(m,R)-invariant symmetric

multilinear form on gl(m,R). Let ϕi ∈ Api,qi(F ⊗ F ∗) (1 ≤ i ≤ k)

and ψ ∈ Ap,q(F ⊗ F ∗). Then
∑

i

(−1)(p1+···+pi)p+(q1+···+qi)qf(ϕ1, · · · , [ϕi, ψ], · · · , ϕk) = 0.

Proof. It is enough to show the equality for ϕi = ωiXi and ψ = ωY

where ωi ∈ Api,qi , ω ∈ Ap,q and Xi, Y ∈ gl(m,R). Since

[ωiXi, ωY ] = (ωi ∧ ω)XiY − (−1)pip+qiq(ω ∧ ωi)Y Xi,

we obtain
∑

i

(−1)(p1+···+pi)p+(q1+···+qi)qf(ω1X1, · · · , [ωiXi, ωY ], · · · , ωkXk)

=
∑

i

(−1)(p1+···+pi)p+(q1+···+qi)q

×(ω1 ∧ · · · ∧ (ωi ∧ ω) ∧ · · · ∧ ωk)f(X1, · · · , XiY, · · · , Xk)

−
∑

i

(−1)(p1+···+pi−1)p+(q1+···+qi−1)q

×(ω1 ∧ · · · ∧ (ω ∧ ωi) ∧ · · · ∧ ωk)f(X1, · · · , Y Xi, · · · , Xk)

= (ω ∧ ω1 ∧ · · · ∧ ωk)
∑

i

{

f(X1, · · · , XiY, · · · , Xk)

−f(X1, · · · , Y Xi, · · · , Xk)
}

= (ω ∧ ω1 ∧ · · · ∧ ωk)
∑

i

f(X1, · · · , [Xi, Y ], · · · , Xk)

= 0.
�

Let h be a fiber metric on F . Choosing local frames of F so that the

transition functions are constants, we define a matrix H(s) = [h(si, sj)] for

each such frame s = {s1, · · · , sm}. Then H(s)−1∂H(s) is an element in

A1,0(F ⊗ F ∗) independent of the choice of {s}, and is denoted by AhG

Ah = H(s)−1∂H(s).
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We define an element Bh ∈ A1,1(F ⊗ F ∗) by

Bh = ∂̄Ah.

Lemma 7.12. We have

(1) ∂Ah = −Ah ∧ Ah.

(2) ∂Bh = −[Bh, Ah].

Proof. Since ∂H(s)−1 = −H(s)−1(∂H(s))H(s)−1, we have

∂Ah = ∂H(s)−1 ∧ ∂H(s) = −H(s)−1(∂H(s))H(s)−1 ∧ ∂H(s)

= −H(s)−1∂H(s) ∧H(s)−1∂H(s) = −Ah ∧Ah,

whereupon we may obtain

∂Bh = ∂̄∂Ah = ∂̄(−Ah ∧ Ah) = −(∂̄Ah ∧ Ah +Ah ∧ ∂̄Ah)

= −(Bh ∧ Ah + Ah ∧ Bh) = −[Bh, Ah]. �

Let f(X1, · · · , Xk) be a GL(m,R)-invariant symmetric multilinear form

on gl(m,R). We define f(Bh) ∈ Ak,k by

f(Bh) = f(Bh, · · · , Bh).

We then have the following lemma.

Lemma 7.13. We have

∂f(Bh) = 0, ∂̄f(Bh) = 0.

Proof. Denoting by X i
j the (i, j)-component of X ∈ gl(m,R), we express

f by

f(X1, · · · , Xk) =
∑

cj1···jk

i1···ik
(X1)

i1
j1
· · · (Xk)ik

jk
.

Then

f(Bh) =
∑

cj1···jk

i1···ik
(Bh)i1

j1
∧ · · · ∧ (Bh)ik

jk
.

Since ∂̄Bh = ∂̄(∂̄Ah) = 0 we have

∂̄f(Bh) =
∑

cj1···jk

i1···ik

∑

r

(−1)r(Bh)i1
j1
∧ · · · ∧ ∂̄(Bh)ir

jr
∧ · · · ∧ (Bh)ik

jk
= 0.

By Lemmata 7.11 and 7.12 we obtain

∂f(Bk) =
∑

cj1···jk

i1···ik

∑

r

(−1)r(Bh)i1
j1
∧ · · · ∧ ∂(Bh)ir

jr
∧ · · · ∧ (Bh)ik

jk

=
∑

r

(−1)r
∑

cj1···jk

i1···ik
(Bh)i1

j1
∧ · · · ∧ (−[Bh, Ah]ir

jr
) ∧ · · · ∧ (Bh)ik

jk

= −
∑

r

(−1)rf(Bh, · · · ,
r

[Bh, Ah], · · · , Bh)

= 0. �
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Let {ht} be a family of fiber metrics on F parametrized by t. For the

sake of clarity we set

At = Aht
, Bt = Bht

.

Putting Ht(s) = [ht(si, sj)], we define Lt ∈ F ⊗ F ∗ by

Lt = Ht(s)
−1 d

dt
Ht(s),

and f∗(Bt;Lt) ∈ Ak−1,k−1 by

f∗(Bt;Lt) =
∑

i

f(Bt, · · · ,
i

Lt, · · · , Bt).

By Lemma 7.11 and ∂Bt = −[Bt, At] we obtain

∂f∗(Bt;Lt)

=
∑

i

∑

j<i

(−1)j−1f(· · · ,
j

∂Bt, · · ·
i

Lt, · · · )

+
∑

i

(−1)i−1f(· · · ,
i

∂Lt, · · · ) +
∑

i

∑

j>i

(−1)j−2f(· · · ,
i

Lt, · · · ,
j

∂Bt, · · · )

=
∑

i

{ ∑

j<i

(−1)jf(· · · ,
j

[Bt, At], · · · ,
i

Lt, · · · )

+(−1)i−1f(· · · ,
i

[Lt, At], · · · ) +
∑

j>i

(−1)j−1f(· · · ,
i

Lt, · · · ,
j

[Bt, At], · · · )
}

−
∑

i

(−1)i−1f(· · · ,
i

[Lt, At], · · · ) +
∑

i

(−1)i−1f(· · · ,
i

∂Lt, · · · )

=
∑

i

(−1)i−1f(Bt, · · · ,
i

∂Lt − [Lt, At], · · · , Bt).

We have

∂Lt = ∂
(

Ht(s)
−1 d

dt
Ht(s)

)

= −Ht(s)
−1(∂Ht(s))Ht(s)

−1 d

dt
Ht(s) +Ht(s)

−1∂
d

dt
Ht(s)

= −AtLt +
d

dt

(

Ht(s)
−1∂Ht(s)

)

+Ht(s)
−1

( d

dt
Ht(s)

)

Ht(s)
−1∂Ht(s)

= −AtLt +
d

dt
At + LtAt

= [Lt, At] +
d

dt
At.
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Hence

∂f∗(Bt;Lt) =
∑

i

(−1)i−1f(Bt, · · · ,
i

d

dt
At, · · · , Bt).

Since ∂̄Bt = 0, we obtain

∂̄∂f∗(Bt;Lt)

=
∑

i

(−1)i−1
∑

j<i

(−1)j−1f(· · · ,
j

∂̄Bt, · · · ,
i

d

dt
At, · · · ) +

∑

i

f(· · · ,
i

∂̄
d

dt
At, · · · )

+
∑

i

(−1)i−1
∑

j>i

(−1)j−2f(· · · ,
i

d

dt
At, · · · ,

j

∂̄Bt, · · · )

=
∑

i

f(Bt, · · · ,
i

d

dt
Bt, · · · , Bt)

=
d

dt
f(Bt, · · · , Bt).

Hence we have the following lemma.

Lemma 7.14.

f(B1)− f(B0) = ∂̄∂

∫ 1

0

f∗(Bt;Lt)dt.

Definition 7.13. We define a cohomology group Ĥk(M) of M by

Ĥk(M) =
{
ω ∈ Ak,k | ∂ω = 0, ∂̄ω = 0

}
/∂∂̄Ak−1,k−1.

Let fk(X) be a GL(m,R)-invariant homogeneous polynomial of degree

k on gl(m,R) determined by

det(I − tX) =

m∑

k=0

tkfk(X),

where I is the unit matrix of degree m. We define ck(F, h) ∈ Ak,k by

ck(F, h) = fk(Bh).

Then, by Lemma 7.13,

∂ck(F, h) = 0, ∂̄ck(F, h) = 0,

and so, by Lemma 7.14, we have the following theorem.

Theorem 7.8. The element in Ĥk(M) represented by ck(F, h) is indepen-

dent of the choice of a fiber metric h.
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Definition 7.14. We denote by ĉk(F ) the element in Ĥk(M) represented

by ck(F, h), and call it the k-th affine Chern class of F . The k-th affine

Chern class of the tangent bundle T of M is said to be the k-th affine Chern

class of M and is denoted by ĉk(M).

Proposition 7.11. The first affine Chern class ĉ1(M) of a Hessian man-

ifold (M,D, g) is represented by −2β where β is the second Koszul form of

(D, g).

Proof. By Proposition 2.2 and Definition 3.1 we have

Ag = 2
∑(

γi
jldx

l
)
⊗

( ∂

∂xi
⊗ dxj

)

,

Bg = 2
∑(∂γi

jl

∂xk̄
dxl ⊗ dxk̄

)

⊗
( ∂

∂xi
⊗ dxj

)

= 2
∑(

Qi
jk̄ldx

l ⊗ dxk̄
)
⊗

( ∂

∂xi
⊗ dxj

)

= 2Q,

where Q is the Hessian curvature tensor (cf. Definition 3.1). Hence

ck(T, g) = fk(2Q) =
(−2)k

k!

∑

δj1···jk

i1···ik
Qi1

j1
∧ · · · ∧Qik

jk
,

where Qi
j =

∑
Qi

jk̄l
dxl ⊗ dxk̄, and

c1(T, g) = −2
∑

Qi
ik̄ldx

l ⊗ dxk̄ = −2β.
�

Proposition 7.12. Let (M,D, g) be an n-dimensional Hessian manifold.

For the sake of clarity, we set ck = ck(T, g) and gn−2 =

n−2 terms
︷ ︸︸ ︷

g ∧ · · · ∧ g. Then

we have

(1) c2 = 2
(
β ∧ β −Qi

j ∧Qj
i

)
C

(2) (c1 ∧ c1) ∧ gn−2 = 4(n− 2)!
{(

Tr β̂
)2 − Tr β̂2

}
v ⊗ vC

(3) c2 ∧ gn−2 = 2(n− 2)!
{(

Tr β̂
)2 − 2Tr β̂2 + Tr Q̂2

}
v ⊗ v,

where β̂ is a tensor field of type (1, 1) defined by βi
j = gikβkj and Q̂ is a

linear mapping given in Definition 3.4.

Proof. From the proof of Proposition 7.11 and Proposition 3.4 (3) we

have

c2 = 2
(
Qi

i ∧Qj
j −Qi

j ∧Qj
i

)
= 2

(
β ∧ β −Qi

j ∧Qj
i

)
.
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Thus the proof of assertion (1) is completed. Let θ1, · · · , θn be an orthonor-

mal frame of T ∗M ; g =
∑

i

θi ⊗ θi, and let β =
∑

i,j

βijθ
i ⊗ θj . Then we

have

(β ∧ β) ∧ gn−2

=
∑

βi1j1βi2j2(θ
i1 ∧ θi2 ∧ θi3 ∧ · · · ∧ θin)⊗ (θj1 ∧ θj2 ∧ θi3 ∧ · · · ∧ θin)

=
∑

(βi1i1βi2i2 − βi1i2βi2i1)(θ
i1 ∧ · · · ∧ θin)⊗ (θi1 ∧ · · · ∧ θin)

= (n− 2)!
{ ∑

i6=j

βiiβjj −
∑

i6=j

β2
ij

}

v ⊗ v

= (n− 2)!
{(

Tr β̂
)2 − Tr β̂2

}

v ⊗ v.
The above expression, together with the relation c1 = −2β, imply (2). We

have

Qi
j ∧Qj

i ∧ gn−2

=
∑

Qi
jp1q1

Qj
ip2q2

(θq1 ∧ θq2 ∧ θp3 ∧ · · · ∧ θpn)⊗ (θp1 ∧ θp2 ∧ θp3 ∧ · · · ∧ θpn)

=
∑(

Qi
jp1p1

Qj
ip2p2

−Qi
jp1p2

Qj
ip2p1

)
(θp1 ∧ · · · ∧ θpn)⊗ (θp1 ∧ · · · ∧ θpn)

= (n− 2)!
∑

p6=q

{
Qi

jppQ
j
iqq −Qi

jpqQ
j
jqp

}
v ⊗ v

= (n− 2)!
{
βi

jβ
j
i −Qi k

j lQ
j l
i k

}
v ⊗ v

= (n− 2)!
{
Tr β̂2 − Tr Q̂2

}
v ⊗ v.

From the above expression, together with assertions (1) and (2) we obtain

assertion (3). �

The notion of Einstein-Hessian metrics was first produced by [Cheng

and Yau (1982)]. The following proposition is an anlogy of the Miyaoka-

Yau inequality for Einstein-Kähler manifolds, which was first proved in

[Miyaoka (1977)] for the case n = 2, and the general case was obtained by

combining the results of [Chen and Ogiue (1975)] and [Yau (1977)].

Proposition 7.13. Let (M,D, g) be an n-dimensional Hessian manifold.

An element ω = f(v ⊗ v) ∈ An,n is said to be non-negative ω ≥ 0, if f is

non-negative f ≥ 0. Suppose that the Hessian structure (D, g) is Einstein-

Hessian. Then
{
− n(c1 ∧ c1) + 2(n+ 1)c2

}
∧ gn−2 ≥ 0.

The equality holds if and only if the Hessian sectional curvature of (D, g)

is a constant.
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Proof. Since (D, g) is Einstein-Hessian it follows that

βi
j =

1

n
δi
j Tr β̂.

and so

Tr β̂2 = βi
j β

j
i =

1

n
(Tr β̂)2.

By Proposition 7.12 we have

(c1 ∧ c1) ∧ gn−2 = 4(n− 2)!
{n− 1

n
(Tr β̂)2

}

v ⊗ v,

c2 ∧ gn−2 = 2(n− 2)!
{n− 2

n
(Tr β̂)2 + Tr Q̂2

}

v ⊗ v.

From the above equations we further have
{
− n(c1 ∧ c1) + 2(n+ 1)c2

}
∧ gn−2

= 4(n+ 1)((n− 2)!)
{

Tr Q̂2 − 2

n(n+ 1)
(Tr β̂)2

}

v ⊗ v.

Applying Theorem 3.3 to the above formula we obtain the desired result.

�
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Chapter 8

Compact Hessian manifolds

In section 8.1 we survey affine developments, exponential mappings and

universal coverings for flat manifolds by using Koszul’s method. Applying

these results, we prove in section 8.2 the convexity and the hyperbolicity

of Hessian manifolds. In section 8.3 we restate a theorem due to [Cheng

and Yau (1986)] [Pogorelov (1978)] and Calabi’s theorem [Calabi (1958)] as

follows: If the first Koszul form α on a Hessian manifold (M,D, g) vanishes,

then the Levi-Civita connection ∇ for g coincides with D. For a compact

Hessian manifold we show an integral formula of the second Koszul form

β, and prove that β cannot be negative definite and that β = 0 if and

only if ∇ = D. [Delanoe (1989)] and [Cheng and Yau (1982)] proved a

certain problem, which is analogous to the Calabi conjecture for Kählerian

manifolds and concerned with the first affine Chern class ĉ1(M).

8.1 Affine developments and exponential mappings for flat

manifolds

Following Koszul’s method we define the affine development of a flat man-

ifold, and study the relation between the affine development and the expo-

nential mapping [Koszul (1965)].

Let (M,D) be a connected simply connected flat manifold. Recall that

(M,D) is flat means that D has both zero curvature and zero torsion. We

select a point o ∈M . Since the curvature of D is vanishes and M is simply

connected, for each u ∈ ToM there exists a unique D-parallel vector field

Pu on M such that the value of Pu at o coincides with u. We define a

ToM -valued 1-form ω on M by

ω(Pu) = u for u ∈ ToM.

149
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Since (DXω)(Pu) = Xω(Pu)− ω(DXPu) = 0, ω is D-parallel and so, since

D is torsion-free, dω = 0. Because σ̇(t)(ω(σ̇(t))) = ω(Dσ̇(t)σ̇(t)), a smooth

curve σ(t) on M is a geodesic if and only if ω(σ̇(t)) is a constant vector

Let C be a curve on M from o to a. Since M is simply connected and

dω = 0, by Stokes’s theorem, the value

∫

C

ω does not depend on the choice

of curve C joining o and a, but depends only on a. We can therefore denote

the value by

F (a) =

∫ a

o

ω.

We shall show that the mapping F : M 3 a −→ F (a) ∈ ToM is an affine

mapping. Let σ(t) be a geodesic on (M,D). Then

F (σ(t)) =

∫ σ(0)

o

ω +

∫ σ(t)

σ(o)

ω =

∫ σ(0)

o

ω +

∫ t

0

ω(σ̇(t))dt

=

∫ σ(0)

o

ω + tω(σ̇(t)),

and ω(σ̇(t)) is a constant vector. Thus F (σ(t)) is a line on ToM . Hence

F : M −→ ToM is an affine mapping. Since dF = ω, the rank of F is equal

to dimM at any point of M . Thus F is an affine immersion from M into

ToM .

Definition 8.1. The affine immersion F : M −→ ToM is called the affine

development of (M,D).

We denote by G the group of all affine transformations of (M,D). Let

s ∈ G and u ∈ ToM . Since s∗Pu is D-parallel, there exists a unique element

f(s)u ∈ ToM such that

s∗Pu = Pf(s)u.

Then u −→ f(s)u is a linear transformation of ToM , and s −→ f(s) is a

linear representation of G on ToM .

Let s ∈ G and a ∈ M . We denote by Ca and Cso curves from o to a

and from o to so respectively. Since a curve Cso + sCa joining Cso and sCa

is a curve from o to sa, and given also that s∗ω = f(s)ω, we have

F (sa) =

∫

Cso+sCa

ω =

∫

Cso

ω +

∫

sCa

ω

= F (so) +

∫

Ca

s∗ω

= F (so) + f(s)F (a).
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We define a mapping q : G −→ ToM by q(s) = F (so). Then

F (sa) = f(s)F (a) + q(s),

q(rs) = f(r)q(s) + q(r).

This means that s −→ a(s) = (f(s), q(s)) is an affine representation of G

on ToM (cf. section 1.1) and

F (sa) = a(s)F (a).

Therefore (F,a) is an equivariant affine immersion from (M,G) into

(ToM,A(ToM)) where A(ToM) is the group of all affine transformations

of ToM .

Definition 8.2. We denote by expD
o the exponential mapping at o ∈ M ,

and by Eo the domain of definition for expD
o .

Theorem 8.1. Let (M,D) be a connected simply connected flat manifold.

Then

(1) expD
o : Eo −→ M is an affine mapping, and F ◦ expD

o is the identity

mapping on Eo. In particular, expD
o is injective.

(2) If Eo is convex, then expD
o is an affine isomorphism.

Proof. Let σ(t) = expD
o tu where u ∈ Eo. Then

F (expD
o u) =

∫ σ(1)

o

ω =

∫ 1

0

ω(σ̇(t))dt =

∫ 1

0

udt = u.

Hence F ◦ expD
o is the identity mapping on Eo, and expD

o is injective. Let

τ(t) = u+ tv be an arbitrary geodesic on Eo. Differentiating both sides of

τ(t) = (F ◦ expD
o )(τ(t)) by t, we have v = τ̇ (t) = ω((expD

o )∗(τ̇ (t)). Thus

expD
o τ(t) is a geodesic on M . This shows that expD

o : Eo −→M is an affine

mapping. Suppose that Eo is convex. We shall show that expD
o : Eo −→M

is surjective. Let a be an arbitrary point of the closure of expD
o Eo and let

u = F (a). Then since F ◦ expD
o is the identity mapping on Eo, u is an

element of the closure of Eo. Since Eo is convex, we know tu ∈ Eo for all

0 ≤ t < 1. Since the rank of F at a is equal to dimM , we can choose

a sufficiently small neighourhood W of u and a mapping h : W −→ M

such that F ◦ h is the identity mapping on W and h(u) = a. Because the

point a is contained in the closure of expD
o Eo, the set h(W ) ∩ expD

o Eo is a

non-empty open set and F (h(W )∩expD
o Eo) ⊂W ∩Eo. For any element v ∈

F (h(W )∩expD
o Eo), we have expD

o v ∈ h(W ) and F (expD
o v) = v = F (h(v)).

Since F is injective on h(W ), we obtain h(v) = expD
o v, and so h and expD

o
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coincide on F (h(W ) ∩ expD
o Eo). On the other hand, h and expD

o are both

affine mappings from W ∩ Eo to M , and coincide on F (h(W ) ∩ expD
o Eo).

They therefore also coincide on W ∩Eo. Hence, if t −→ 1 then expD
o tu −→

h(u) = a. This implies u ∈ Eo and a = h(u) = expD
o u ∈ expD

o Eo, and so

expD
o Eo is a closed set. Therefore expD

o Eo is a non-empty open and closed

subset of M , and so M = expD
o Eo. �

Corollary 8.1. Let (M,D) be a connected flat manifold. Then

(1) expD
o : Eo −→M is an affine mapping and the rank is equal to dimM

at each point.

(2) If Eo is convex, then expD
o : Eo −→M is the universal covering of M .

Proof. Assertion (1) follows from Theorem 8.1 (1). Suppose that E0 is

convex. Let π : M̃ −→M be the universal covering of M , and let D̃ be the

flat connection on M̃ induced by D. Choosing a point õ such that π(õ) = o

we denote by expD̃
õ the exponential mapping at õ, and by Ẽõ the domain of

definition for expD̃
õ . Since π∗ õ : TõM̃ −→ ToM is a linear isomorphism and

π∗õ(Ẽõ) = Eo, it follows that Ẽõ is convex. Moreover, by Theorem 8.1 (2),

expD̃
õ : Ẽõ −→ M̃ is is an affine isomorphism. Since expD

o ◦π∗õ = π ◦ expD̃
õ ,

we know that expD
o ◦π∗õ : Ẽõ −→M is the universal covering of M , and so

expD
o : Eo −→M is also the universal covering of M . This proves (2). �

Proof of Proposition 1.1. The assertion (2) is obvious. We shall prove

the assertion (1). Let D be a flat connection on a manifoldM . By Corollary

8.1 (1), for any point o ∈M there exists a neighbourhood U of 0 ∈ Eo such

that the restriction expD
o |U of expD

o to U is a diffeomorphism from U to

expD
o (U). For an affine coordinate system {y1, · · · , yn} on ToM we set

xi = yi ◦ expD
o |−1

U .

Then {x1, · · · , xn} is a local coordinate system around o satisfying

D∂/∂xi∂/∂xj = 0. It is easy to see that the changes between such local

coordinate systems are affine transformations. Thus the asserton (1) is

proved. �

8.2 Convexity of Hessian manifolds

In this section we prove that the universal covering of a quasi-compact

Hessian manifold is isomorphic to a convex domain in Rn.

A diffeomorphism s of a manifold M is called an automorphism of a

flat manifold (M,D) if it leaves the flat connection D invariant. The set
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of all automorphisms of (M,D) forms a Lie group (cf. [Kobayashi (1972)])

and is denoted by Aut(M,D). A diffeomorphism s of M is said to be

an automorphism of a Hessian manifold (M,D, g) if it preserves both D

and g. The set of all automorphisms of (M,D, g) forms a Lie subgroup of

Aut(M,D) and is denoted by Aut(M,D, g).

Definition 8.3. Let G be a subgroup of Aut(M,D). If there exists a

compact subset C of M such that M = GC, then G\M is said to be

quasi-compact.

Theorem 8.2. Let (M,D, g) be an n-dimensional connected Hessian man-

ifold. Suppose that Aut(M,D, g) contains a subgroup G such that G\M is

quasi-compact. Then the universal covering of M is isomorphic to a convex

domain in Rn.

Corollary 8.2. Suppose that an n-dimensional Hessian manifold (M,D, g)

is compact, or M admits a transitive subgroup of Aut(M,D, g). Then the

universal covering of M is isomorphic to a convex domain in Rn.

In order to prove Theorem 8.2, we shall first prepare some lemmata.

Lemma 8.1. Let (Ω, D, g = Ddϕ) be a Hessian domain in Rn. Suppose

that the potential ϕ satisfies

lim
t→1−

ϕ(a+ tb) =∞

for all a and b ∈ Rn such that a + tb ∈ Ω for 0 ≤ t < 1 and a + b /∈ Ω.

Then Ω is isomorphic to a convex domain.

Proof. For points a1, · · · , ap in Rn we denote by env(a1, · · · , ap) the

minimum convex subset of Rn containing a1, · · · , ap. Since any two points

in Ω are joined by continuous segments of lines, to prove the convexity

of Ω it is sufficient to prove: If env(a, b) ⊂ Ω and env(a, c) ⊂ Ω, then

env(a, b, c) ⊂ Ω. Without loss of generality we may assume that a is the

origin 0. Put I = {t ∈ R | env(0, b, tc) ⊂ Ω}. Then I is an open interval

containing 0. Let τ ∈ I and e ∈ env(0, b, τc). Since ϕ is a convex function,

we know

ϕ(e) ≤ max(ϕ(0), ϕ(b), ϕ(τc)).

If 0 ≤ τ ≤ 1, then τc ∈ env(0, c), so ϕ(τc) ≤ max(ϕ(0), ϕ(c)), and hence

ϕ(e) ≤ max(ϕ(0), ϕ(b), ϕ(c)).
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Put ν = sup I and suppose ν ≤ 1. Then there exists a point d contained

in env(0, b, νc) but not in Ω. Let 0 ≤ θ < 1. Then θν < 1, θν ∈ I and

θd ∈ env(0, b, θνc) ⊂ Ω, and we have

ϕ(θd) ≤ max(ϕ(0), ϕ(b), ϕ(c)).

Alternatively, it follows from the condition for ϕ that

lim
θ→1−

ϕ(θd) =∞,

which is a contradiction. Hence ν = sup I > 1. Thus we have 1 ∈ I and

env(0, b, c) ⊂ Ω. �

Let TM be the tangent bundle over a Hessian manifold (M,D, g) with

projection π : TM −→ M . We denote by expD the exponential mapping

given by D, and by E the domain of definition for expD. For y ∈ TM we

denote by |y| the length of the tangent vector, and set

λ(y) = sup{t ∈ R | ty ∈ E},
I(y) = {t ∈ R | −λ(−y) < t < λ(y)}.

There then exists a parametrized family of functions {ϕ(y,t) | t ∈ I(y)} such

that

(i) ϕ(y,t) is a potential defined on a neighbourhood of a point cy(t).

(ii) If t and t′ are sufficiently near, then ϕ(y,t) and ϕ(y,t′) coincide on a

small neighbourhood of cy(t).

Such a family {ϕ(y,t) | t ∈ I(y)} is called the family of potentials along

the geodesic cy(t) = expD ty. We introduce

hy(t) = ϕ(y,t)(cy(t)) − ϕ(y,0)(cy(0))− (yϕ(y,0))t.

Then hy(t) is a function of t depending only on y not on the choice of

potentials along cy. In fact, choosing another family of potentials {ϕ̃(y,t) |
t ∈ I(y)} along a geodesic cy we put

h̃y(t) = ϕ̃(y,t)(cy(t)) − ϕ̃(y,0)(cy(0))− (yϕ̃(y,0))t.

Then h̃y(t) − hy(t) is a polynomial in t of degree at most 1, and takes the

value 0 in a neighbourhood of t = 0. Hence h̃y(t) coincides with hy(t). The

function hy(t) restricted to (0, λ(y)) satisfies the following equalities,

d2

dt2
hy(t) = g(ċy(t), ċ(t)) > 0,

d

dt
hy(t) = ċy(t)ϕ(y,t) − ċ(0)ϕ(y,0) > 0,

hy(t) > 0.
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Let s ∈ Aut(M,D, g). Since scy = cs∗y, if {ϕ(y,t) | t ∈ I(y)} is a family of

potentials along a geodesic cy, then {ϕ(y,t) ◦ s−1 | t ∈ I(y)} is a family of

potentials along scy = cs∗y. Hence

hs∗y(t) = (ϕ(y,t) ◦ s−1)(cs∗y(t))− (ϕ(y,0) ◦ s−1)(cs∗y(0))

−((s∗y)(ϕ(y,0) ◦ s−1))t

= ϕ(y,t)(cy(t))− ϕ(y,0)(cy(0))− (yϕ(y,0))t

= hy(t).

Since G\M is quasi-compact, there exists a compact subset C of M such

that M = GC. Then we can choose a positive number ε so that if y ∈ TM
is in π−1C and the length |y| of y satisfies |y| ≤ ε, so y ∈ E . Given also

that M = GC, if y ∈ TM and |y| ≤ ε then y ∈ E . We set A = {y ∈
TM | |y| = ε}. Denoting by AC the set of all elements in A such that

the origins are contained in C, we have A = GAC . A function defined by

E 3 y −→ hy(1) ∈ R+ is G-invariant. Since AC is compact, hy(1) attains

a positive minimum r on AC . Furthermore, given that hy(1) is G-invariant

and A = GAC , for all y ∈ A we have

hy(1) ≥ r > 0.

Lemma 8.2. lim
t→λ(y)

hy(t) =∞.

Proof. Let t0 ∈ (0, λ(y)). Then

cµċy(t0)(t) = cy(µt+ t0),

where µ is sufficiently near 0. Put z = cy(t0). Then
ε

|z|z ∈ A ⊂ E and

cz(t) = cy(t0 + t). Hence t0 +
ε

|z| ∈ I(y). Let {ϕ(y,t)} be a family of

potentials along cy, then {ϕ(z,t) = ϕ(y,t0+t)} is a family of potentials along
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cz. Hence

hy

(

t0 +
ε

|z|
)

= ϕ(y,t0+
ε

|z|
)

(

cy

(

t0 +
ε

|z|
))

− ϕ(y,0)(cy(0))− (yϕ(y,0))
(

t0 +
ε

|z|
)

= ϕ(z, ε
|z|

)

(

cz

( ε

|z|
))

− ϕ(z,0)(cz(0))− (zϕ(z,0))
ε

|z|
+ϕ(y,t0)(cy(t0))− ϕ(y,0)(cy(0))− (yϕ(y,0))t0

+(ċy(t0)ϕ(y,t0) − ċy(0)ϕ(y,0))
ε

|z|

= hz

( ε

|z|
)

+ hy(t0) +
( d

dt

∣
∣
∣
∣
t=t0

hy(t)
) ε

|z|

= hy(t0) + h( ε
|z|

)z(1) +
( d

dt

∣
∣
∣
∣
t=t0

hy(t)
) ε

|z| .

Therefore

hy

(

t0 +
ε

|z|
)

> hy(t0) + r,

which implies

lim
t→λ(y)

hy(t) =∞.
�

Since expD
o : Eo −→ M is an affine mapping by Corollary 8.1, the

induced metric

g̃ = (expD
o )∗g

is a Hessian metric on Eo. By the same argument as in the proof of Propo-

sition 2.1, we obtain the following lemma.

Lemma 8.3. There exists a potential ϕ̃ of g̃ on Eo.

Lemma 8.4. Let y ∈ ToM . If λ(y) <∞, then

lim
t→λ(y)

ϕ̃(ty) =∞.

Proof. Let {ϕ(y,t)} be a family of potentials of g along the geodesic

cy(t). Put ϕ̃(y,t) = ϕ(y,t) ◦ expD
o . Then {ϕ̃(y,t)} is a potential of g̃ along the

geodesic ty (0 ≤ t < λ(y)), and a(t) = ϕ̃(ty)− ϕ̃(y,t)(ty) is a polynomial of

t with degree 1. By Lemma 8.2 we have

lim
t→λ(y)

ϕ̃(ty) = lim
t→λ(y)

(ϕ(y,t)(cy(t)) + a(t))

= lim
t→λ(y)

{hy(t) + ϕ(y,0)(cy(0)) + (yϕ(y,0))t+ a(t)}
=∞. �
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Proof of Theorem 8.2. By Lemmata 8.1 and 8.4 the domain Eo is

convex and by Corollary 8.1 expD
o : Eo −→ M is the universal covering of

M . �

Inspired by the work [Kaup (1968)], J. Vey introduced the notion of

hyperbolicity for flat manifolds [Vey (1968)]. For flat manifolds M and N ,

we denote by Aff(N,M) the space of all affine mappings from N to M with

compact open topology.

Definition 8.4. A flat manifold M is said to be hyperbolic if, for any

flat manifold N , the natural mapping given by

(f, x) ∈ Aff(N,M)×N −→ (f(x), x) ∈M ×N

is proper.

The following Theorem 8.3 is due to [Vey (1968)].

Theorem 8.3. A flat manifold M is hyperbolic if and only if the universal

covering of M is isomorphic to a regular convex domain.

Theorem 8.4. A hyperbolic flat manifold (M,D) admits a Hessian metric

g = Dω of Koszul type (cf. Definition 2.2).

Proof. By Theorem 8.3, the universal covering Ω of a hyperbolic flat

manifold (M,D) is a regular convex domain in Rn. Hence, by Proposition

4.2, there exists an affine coordinate system {y1, · · · , yn} such that yi > 0

on Ω for all i, and the tube domain TΩ = Rn +
√
−1Ω over Ω is holomor-

phically isomorphic to a bounded domain in Cn. Therefore TΩ admits the

Bergmann volume element vT , and the Bergmann metric gT ,

vT = (
√
−1)n2

Kdz1 ∧ · · · ∧ dzn ∧ dz̄1 ∧ · · · ∧ dz̄n,

gT =
∑

i,j

∂2 logK

∂zi∂z̄j
dzidz̄j ,

where zi = xi +
√
−1yi and {x1, · · · , xn} is an affine coordinate system

on Rn. Since vT is invariant under parallel translations zi −→ zi + ai

(ai ∈ R), the function K depends only on variables {y1, · · · , yn}. Since

M is a quotient space Γ\Ω of Ω by a discrete subgroup Γ of the affine

automorphism group of Ω, each s ∈ Γ induces a holomorphic automorphism

of TΩ which leaves vT invariant. Hence a volume element on Ω defined by

v =
√
Kdy1 ∧ · · · ∧ dyn
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is s invariant. The first Koszul form α and the second Koszul form β with

respect to v are therefore given by

α =
1

2

∑

i

∂ logK

∂yi
dyi,

β =
1

2

∑

i,j

∂2 logK

∂yi∂yj
dyidyj .

Thus β coincides with the restriction of 2gT on
√
−1Ω, and hence β is pos-

itive definite on Ω. Since α is Γ-invariant closed 1-form on Ω, M carries

a closed 1-form ω such that the pull back by the projection π from Ω to

M = Γ\Ω coincides with α, that is, π∗ω = α. Since π∗(Dω) = β, we know

that g = Dω is positive definite, and so is a Hessian metric of Koszul type.

�

Theorem 8.5. Let (M,D) be a connected flat manifold with a Lie subgroup

G of Aut(M,D) such that G\M is quasi-compact. Suppose that M admits

a Hessian metric g = Dω of Koszul type where ω is G-invariant. Then

(M,D) is hyperbolic.

Corollary 8.3. A compact connected flat manifold (M,D) is hyperbolic if

and only if (M,D) admits a Hessian metric g = Dω of Koszul type.

For the proof of Theorem 8.5, we require the following Lemma.

Lemma 8.5. Under the same assumption of Theorem 8.5, if ω(y) ≥ 0 for

y 6= 0 ∈ TM , then λ(y) <∞.

Proof. There exists a family of potentials {ϕ(y,t) | t ∈ I(y)} of g = Dω

along a geodesic cy(t) = expD ty such that

ω = dϕ(y,t).

Since
d

dt
hy(t) = ω(ċy(t))− ω(ċ(0)) > 0 for t ∈ (0, λ(y)), it follows that

ω(ċy(1)) > ω(y), y ∈ E .
We set B = {y ∈ TM | |y| = ε, ω(y) ≥ 0} and denote by BC the set of

all elements in B whose origins are contained in C. Then B = GBC ⊂ E .
Let L and N be the maximum values of G-invariant functions ω(y) and

ω(y)ω(ċy(1))−1 on a compact set BC . Then

ω(y) ≤ L,
ω(y)ω(ċy(1))−1 ≤ N < 1, y ∈ B.
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We define a sequence of numbers t0 = 0 < t1 < · · · < ti < ti+1 < · · · < λ(y)

by induction as follows. Supposing that tj is defined for all j ≤ i we define

ti+1 by the condition (ti+1 − ti)|ċy(ti)| = ε. Put zi = (ti+1 − ti)ċy(ti).

Then zi ∈ B ⊂ E and expD zi = c(ti+1−ti)ċy(ti)(1) = cy(ti+1) = expD ti+1y,

hence ti+1 < λ(y)D Since czi
(t) = cy((ti+1 − ti)t + ti), we have ċzi

(t) =

(ti+1− ti)ċy((ti+1 − ti)t+ ti) and so ċzi
(1) = (ti+1− ti)ċy(ti+1). Using this

and ω(zi) ≤ Nω(ċzi
(1)) we obtain

ω(ċy(ti)) ≤ Nω(ċy(ti+1)).

Since ω(ċy(t)) is monotonically increasing on (0, λ(y)) we have

(ti+1 − ti)ω(ċy(ti)) ≤
∫ ti+1

ti

ω(ċy(t))dt =

∫ 1

0

ω(ċzi
(t))dt.

By hy(t) =

∫ t

0

( d

ds
hy(s)

)

ds =

∫ t

0

ω(ċy(s))ds− ω(y)t we obtain

∫ 1

0

ω(ċzi
(t))dt = hzi

(1) + ω(zi).

Putting ai = ω(ċy(ti)) and denoting by R maximum of a function z −→
hz(1) on B we obtain

(ti+1 − ti)ai < R + L,

ai ≤ Nai+1.

This implies

ti+1 − t1 <
1

a1
(R + L)(1−N)−1.

By t1|y| = ε and by t1a1 = t1ω(ċy(t1)) ≥ t1

∫ 1

0

ω(ċy(t1t))dt =
∫ 1

0

ω(ċt1y(t)dt = ht1y(1) + ω(t1y) ≥ r we have

ti+1 ≤
{

1 +
1

r
(R+ L)(1−N)−1

} ε

|y| .

Alternatively, since

hy(ti+1)− hy(ti) =

∫ ti+1

ti

ω(ċy(t))dt− (ti+1 − ti)ω(y)

=

∫ 1

0

ω(ċzi
(t))dt − (ti+1 − ti)ω(y)

= hzi
(1) + ω(zi)− (ti+1 − ti)ω(y)

= hzi
(1) + (ti+1 − ti)(ω(ċy(ti))− ω(ċy(0)))

≥ r
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it follows that

lim
i→∞

hy(ti) =∞.

Hence lim
i→∞

ti = λ(y) and

λ(y) ≤
{

1 +
1

r
(R + L)(1−N)−1

} ε

|y| . �

Proof of Theorem 8.5. Suppose that there exists a Hessian metric

g = Dω of Koszul type such that ω is G-invariant. By the proof of Theorem

8.2, we know that expD
o : Eo −→M is the universal covering of M , and Eo

is a convex domain. It follows from Lemma 8.5 that M does not admit a

geodesic ϕy(t) such that y 6= 0 and I(y) = (−∞,∞). Thus E0 is a regular

convex domain, and so the flat manifold (M,D) is hyperbolic. �

8.3 Koszul forms on Hessian manifolds

In this section we shall describe an important role of the Koszul forms

on Hessian manifolds. Let β be the the second Koszul form of a Hessian

manifold (M,D, g). Then the first affine Chern class ĉ1(M) of (M,D, g)

is represented by −2β (cf. Proposition 7.11). Cheng-Yau and Delanoë

proved a certain problem related to the first affine Chern class ĉ1(M) and

the second Koszul form β, which is similar to the Calabi conjecture for

Kählerian manifolds [Delanoe (1989)][Cheng and Yau (1982)].

We note here that a theorem due to Cheng-Yau and Pogorelov may be

restated in terms of the first Koszul form α as follows.

Theorem 8.6. Let (Rn, D, g = Ddϕ) be a Hessian domain. If the first

Koszul form α vanishes identically, then ϕ is a polynomial of degree 2 and

the Levi-Civita connection ∇ of g coincides with D.

This theorem was first proved by [Jörgens (1954)] in the case n = 2

using complex anlytic techniques. In the cases n = 3, 4, 5 it was proved in

[Calabi (1958)] using affine differential techniques. The general case was

proved independently by [Cheng and Yau (1986)] and [Pogorelov (1978)].

A theorem of [Calabi (1958)] is restated as follows

Theorem 8.7. Let (Ω, D, g = Ddϕ) be a Hessian domain. Suppose that

g is complete and the first Koszul form α vanishes identically. Then the

Levi-Civita connection ∇ of g coincides with D.
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The following Theorem 8.8 and Corollary 8.4 suggest that the second

Koszul form β plays an important role for the theory of compact Hessian

manifolds.

Theorem 8.8. Let (M,D, g) be a compact oriented Hessian manifold and

let α and β be the first and the second Koszul forms respectively. Then we

obtain

(1)

∫

M

βi
i v =

∫

M

αiα
i v ≥ 0,

where v is the volume element determined by g.

(2) If

∫

M

βi
i v = 0, then the Levi-Civita connection ∇ of g coincides with

D.

Corollary 8.4. Let (M,D, g) be a compact oriented Hessian manifold.

Then we have

(1) β cannot be negative definite.

(2) If β is negative semi-definite, then the Levi-Civita connection ∇ of g

coincides with D.

Proof of Theorem 8.8. By Proposition 3.4, αi is given by

αi = γr
ri. (8.1)

Let αi;j be the i-th component of ∇∂/∂xjα. Then

αi;j = βij − αrγ
r
ij , αi

;i = βi
i − αrα

r.

Applying Green’s theorem it follows that
∫

M

(βi
i − αrα

r) v =

∫

M

αi
;i v = 0,

which implies (1).

Suppose

∫

M

βi
iv = 0, then by (1) we have

α = 0. (8.2)

Let Rjk be the component of the Ricci tensor of g. By Proposition 2.3 and

(8.2) we obtain

Rjk = Rs
jsk = γr

jsγ
s
kr − αrγ

r
jk = γr

jsγ
s
kr . (8.3)

Hence the scalar curvature R is given by

R = Rk
k = γrstγ

rst. (8.4)
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Let us compute the Laplacian ∆R of the scalar curvature R. We denote by

γijk;l the component of ∇∂/∂xlγ. Then by Proposition 2.2 we have

γijk;l =
∂γijk

∂xl
− γrjkγ

r
il − γirkγ

r
jl − γijrγ

r
kl

=
1

2

∂2gij

∂xk∂xl
− grs(γrjkγsil + γirkγsjl + γijrγskl).

Hence γijk;l is symmetric with respect to i, j, k, l,

γijk;l = γljk;i. (8.5)

By Proposition 2.3, relations (8.1), (8.2) and (8.5), together with the Ricci

formula we have

grsγijk;r;s = grsγrjk;i;s = grs(γrjk;i;s − γrjk;s;i) + grsγrjk;s;i (8.6)

= −grs(γpjkR
p
ris + γrpkR

p
jis + γrjpR

p
kis) + grsγrsk;j;i

= γpjkR
p
i − γs

pk(γp
qiγ

q
js − γp

qsγ
q
ji)

−γs
jp(γp

qiγ
q
ks − γp

qsγ
q
ki) + αk;j;i

= γpqs(γqsiγpjk + γspjγqki + γspkγqji)

−γp
qiγ

q
sjγ

s
pk − γp

qiγ
q
skγ

s
pj .

It follows from Proposition 2.3 and relations (8.3), (8.4) and (8.6) that

1

2
∆R =

1

2
gijR;i;j (8.7)

= γijkgrsγijk;r;s + γijk;lγijk;l

= 3γijkγpqrγqriγpjk − 2γijkγp
qiγ

q
rjγ

r
pk + γijk;lγijk;l

= RijR
ij +RijklR

ijkl + γijk;lγ
ijk;l

≥ 0.

Thus by the E. Hopf’s lemma [Kobayashi and Nomizu (1963, 1969)] R is

a constant and

∆R = 0.

Therefore by the relations (8.4) and (8.7) we have

Rij = 0, γijk = 0.

This implies ∇ = D. �

In the section 7.6 we defined a cohomology group Ĥk(M) of a flat man-

ifold (M,D) by

Ĥk(M) = {ω ∈ Ak,k | ∂ω = 0, ∂̄ω = 0}/∂∂̄Ak−1,k−1.
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For a volume element ω onM , as in Definition 3.2, we define a closed 1-form

αω, and a symmetric bilinear form βω by

DXω = αω(X)ω,

βω = Dαω,

and call these the first and the second Koszul forms with respect to the

volume element ω respectively.

Consider βω as an element in A1,1. Then

∂βω = 0, ∂̄βω = 0.

We denote by [βω] the element in Ĥ1(M) represented by βω. Let ω′ be

another volume element, then there exists a function f on M such that

ω′ = fω.

Since

αω′ = αω + d log |f |
it follows that

βω′ = βω + ∂∂̄ log |f |.
Therefore [βω′ ] = [βω], that is, [βω] is independent of the choice of volume

element ω.

For compact Kählerian manifolds the following problem was prorosed

by [Calabi (1954)][Calabi (1955)].

Calabi Conjecture Let M be a compact Kählerian manifold with

Kählerian metric g and let c1(M) be the first Chern class of M . For an

arbitrary closed (1, 1) form ρ representing c1(M), does there exist a unique

Kählerian metric g̃ such that the Ricci form of g̃ coincides with ρ, and the

Kählerian forms of g̃ and g are cohomologous in the Dolbeault cohomology

classes ?

The complete solution of Calabi Conjecture was presented by [Yau

(1977)]

We have seen in Proposition 7.11 that the first affine Chern class ĉ1(M)

of a Hessian manifold (M,D, g) is represented by [−2β]. Cheng-Yau and

Delanoë proved independently the following result analogous to the Calabi

conjecture.

Theorem 8.9. Let (M,D, g) be a compact oriented Hessian manifold. For

an arbitrary representative −2βṽ of the first affine Chern class ĉ1(M) there

exists a Hessian metric g̃ such that the second Koszul form of g̃ coincides

with βṽ, and [g̃] = [g] as elements in Ĥ1(M).



November 13, 2006 12:3 World Scientific Book - 9in x 6in ws-book9x6

164 Geometry of Hessian Structures

Proof. For the proof the interested reader may refer to [Cheng and Yau

(1982)][Delanoe (1989)]. �

By Corollary 8.4 and Theorem 8.9 we have the following corollaries.

Corollary 8.5. Let M be a compact oriented Hessian manifold. The second

Koszul form βω for any volume element ω cannot be negative definite.

Corollary 8.6. Let (M,D, g) be a compact oriented Hessian manifold.

Suppose that M admits a D-parallel volume element. Then there exists

a Hessian metric g̃ on (M,D) such that the Levi-Civita connection of g̃

coincides with D.

The following theorem was also proved in [Cheng and Yau (1982)].

Theorem 8.10. Let (M,D, g) be a compact Hessian manifold. Suppose

that M admits a volume element ω such that βω is positive definite. Then

there exists an Einstein-Hessian metric g̃ whose second Koszul form βg̃

coincides with g̃.
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Chapter 9

Symmetric spaces with invariant

Hessian structures

In this chapter we study symmetric homogeneous spaces with invariant

Hessian structures. Following Koszul’s approach, in section 9.1 we relate

invariant flat affine connections to affine representations of Lie algebras

[Koszul (1961)]. In the section 9.2 we characterize invariant Hessian met-

rics by affine representations of Lie algebras. Applying these results, we

show that a homogeneous space of a semisimple Lie group does not admit

any invariant Hessian structure. In section 9.3 we give a correspondence

between symmetric homogeneous spaces with invariant Hessian structures

and certain commutative algebras by using affine representations of Lie al-

gebras. Investigating the structure of the commutative algebra, we prove

that a simply connected symmetric homogeneous space with invariant Hes-

sian structure is a direct product of a Euclidean space and a homogeneous

self-dual regular convex cone.

9.1 Invariant flat connections and affine representations

Let G be a connected Lie group and let G/K be a homogeneous space on

which G acts effectively. In this section we give a bijective correspondence

between the set of G-invariant flat connections on G/K and the set of a

certain class of affine representations of the Lie algebra of G.

Definition 9.1. A homogeneous space G/K endowed with a G-invariant

flat connection D is called a homogeneous flat manifold and is denoted

by (G/K,D).

Theorem 9.1. Let G/K be a homogeneous space of a connected Lie group

G and let g and k be the Lie algebras of G and K respectively. Suppose that

165
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G/K is endowed with a G-invariant flat connection. Then g admits an

affine representation (f, q) on V (cf. section 1.1) satisfying the following

conditions

(1) dimV = dimG/K,

(2) The mapping q : g −→ V is surjective and the kernel coincides with the

Lie algebra k of K.

Conversely, suppose that G is simply connected and that g is endowed with

an affine representation satisfying the above conditions. Then G/K admits

a G-invariant flat connection.

Proof. Suppose that G/K admits a G-invariant flat connection D. For

X ∈ g we denote by X∗ the vector field on G/K induced by exp(−tX).

Then

[X,Y ]∗ = [X∗, Y ∗].

Denoting by LX∗ the Lie differentiation with respect to X∗, we set

AX∗ = LX∗ −DX∗ .

Then by [Kobayashi and Nomizu (1963, 1969)](I, p235) we have

AX∗Y ∗ = −DY ∗X∗,

AX∗Y ∗ −AY ∗X∗ = [X∗, Y ∗],

A[X∗,Y ∗] = [AX∗ , AY ∗ ].

Let V be the tangent space at o = {K}. We denote by f(X) and q(X)

the values of AX∗ and −X∗ at o respectively, and define mappings f and

q by f : X −→ f(X) and q : X −→ q(X) respectively. Then by the above

equations the pair (f, q) is an affine representation of g on V satisfying

conditions (1) and (2).

Conversely, suppose that g admits an affine representation (f, q) satisfying

conditions (1) and (2). Let {e1, · · · , en} be a basis of V and let {x1, · · · , xn}
be the affine coordinate system on V corresponding to the basis. For X ∈ g

we define a vector field Xa on V by

Xa = −
∑

i

( ∑

j

f(X)i
jx

j + q(X)i
) ∂

∂xi
,

where f(X)i
j and q(X)i are given by

f(X)ej =
∑

i

f(X)i
jei, q(X) =

∑

i

q(X)iei.
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The 1-parameter transformation group generated by Xa is an affine trans-

formation group of V , with linear parts given by

exp(−tf(X)),

and translation vector parts given by
∞∑

n=1

(−t)n

n!
f(X)n−1q(X).

Then

[X,Y ]a = [Xa, Ya],

and the set ga given by

ga = {Xa | X ∈ g}
is a Lie algebra. Since G acts effectively on G/K, the mapping X −→ Xa is

a Lie algebra isomorphism from g to ga. Let Ga be the Lie group generated

by ga. An element s in Ga is an affine transformation of V . We denote by

f(s) and q(s) the linear part and the translation vector part of s respectively.

Let Ωa = Ga0 = Ga/Ka be the orbit of Ga through the origin 0. Then

Ωa is an open orbit because q(g) = V . The flat connection D given by the

restriction to Ωa of the standard flat connection of V is Ga-invariant. Since

G is simply connected, there exists a covering homomorphism

ρ : G −→ Ga

such that dρ(X) = Xa. Since K is the identity component of ρ−1(Ka), ρ

induces the universal covering mapping

p : G/K −→ G/ρ−1(Ka) ∼= Ga/Ka = Ωa.

The pull back of the Ga-invariant flat connection D on Ga/Ka by p is a

G-invariant flat connection on G/K. �

Example 9.1. Let G = GL(n,R) and let K be a subgroup of G consisting

of all elements such that

k =

[
Ir k1

0 k2

]

∈ GL(n,R), k1 ∈M(r, n− r), k2 ∈M(n− r, n− r),

where Ir is the unit matrix of degree r and M(p, q) is the set of all p × q
matrices. Then K is a closed subgroup of G. The homogeneous space

G/K is called the Stiefel manifold. The Lie algebra of G is given by

g = gl(n,R) = M(n, n)D For X ∈ g we set

X =

[
X11 X12

X21 X22

]

,
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where X11 ∈ gl(r,R), X12 ∈ M(r, n − r), X21 ∈ M(n − r, r), X22 ∈
gl(n−r,R). The Lie algebra of K is given by k = {X ∈ g | X11 = 0, X21 =

0}. Put V = M(n, r). For X ∈ g we define an endomorphism f(X) :

V −→ V and an element q(X) ∈ V by f(X)v = Xv and q(X) =

[
X11

X21

]

.

Then (f, q) is an affine representation of g on V . It is easy to see that

dimV = dimG/K = nr and the mapping q is surjective and the kernel

coincides with k. Hence by Theorem 9.1 the Stiefel manifold G/K admits

a G-invariant flat connection.

Corollary 9.1. Let G be a connected Lie group with a left-invariant flat

connection. Then the Lie algebra g of G adimits an operation of multipli-

cation X · Y such that

(1) X · Y − Y ·X = [X,Y ],

(2) [X · Y · Z] = [Y ·X · Z], where [X · Y · Z] = X · (Y · Z)− (X · Y ) · Z.

Conversely, suppose that the Lie algebra g of a simply connected Lie group

G is endowed with an operation of multiplication X ·Y satisfying the above

conditions (1) and (2). Then G admits a left-invariant flat connection.

Proof. Suppose that G is endowed with a left-invariant flat connection.

Then there exists an affine representation (f, q) of g on V satisfying the

conditions of Theorem 9.1. In this case the mapping q : g −→ V is a linear

isomorphism. We define an operation of multiplication on g by

X · Y = q−1(f(X)q(Y )).

Then it is easy to see that the multiplication satisfies the above conditions

(1) and (2). Conversely, suppose that g admits an operation of multiplica-

tion satisfying the above conditions (1) and (2). We put

f(X)Y = X · Y, q(X) = X.

Then (f, q) is an affine representation of g on g satisfying the conditions

of Theorem 9.1. Hence by the theorem the simply connected Lie group G

admits a left-invariant flat connection. �

Definition 9.2. Let V be an algebra over R with multiplication x · y. We

put

[x · y · z] = x · (y · z)− (x · y) · z.
The algebra V is said to be left symmetric [Vinberg (1963)] if the following

condition is satisfied;

[x · y · z] = [y · x · z].
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Lemma 9.1. Let V be an algebra over R with multiplication x · y. For

x ∈ V we denote by Lx and Rx the left multiplication and the right multi-

plication by x respectively. Then the following conditions (1)-(3) are equiv-

alent.

(1) V is a left symmetric algebra.

(2) [Lx, Ly] = Lx·y−y·xD

(3) [Lx, Ry] = Rx·y −RyRxD

If V is a left symmetric algebra with multiplication x · y, then V is a Lie

algebra with respect to the operation of multiplication [x, y] = x · y − y · x.

Proof. The proof is straightforward and will be omitted. �

Corollary 9.2. Let G be a connected Lie group with a left-invariant flat

connection D. Using the same notation as in Corollary 9.1, the following

conditions (1) and (2) are equivalent.

(1) The left-invariant flat connection D is right-invariant.

(2) The multiplication X · Y is associativeG [X · Y · Z] = 0D

Proof. Identifying the tangent space of G at the unit element e with the

Lie algebra of G we have

X · Y = (AX∗(−Y ∗))e = (DY ∗X∗)e.

For s ∈ G, we denote by ls and rs the left translation and the right trans-

lation by s respectively. Then ls∗X
∗ = (Ad(s)X)∗ and rs∗X

∗ = X∗. Since

D is ls-invariant we have

ls∗(DY ∗X∗) = D(Ad(s)Y )∗(Ad(s)X)∗,

and D is right-invariant if and only if rs∗(DY ∗X∗) = Drs∗Y ∗rs∗X
∗ =

DY ∗X∗. This condition is equivalent to ls∗rs−1∗(DY ∗X∗) = ls∗(DY ∗X∗) =

D(Ad(s)Y )∗(Ad(s)X)∗, and hence to

Ad(s)(X · Y ) = (Ad(s)X) · (Ad(s)Y ).

The above equation holds if and only if

[Z,X · Y ] = [Z,X ] · Y +X · [Z, Y ],

which is equivalent to

[X · Y · Z] + [Z ·X · Y ]− [X · Z · Y ] = 0.

Since the algebra g with multiplicationX ·Y is left symmetric, this condition

is equivalent to

[X · Y · Z] = 0. �
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9.2 Invariant Hessian structures and affine representations

In this section we express Hessian metrics and Koszul forms in terms of the

affine representations given in Theorem 9.1. Applying the result, we show

that a homogeneous space of a semisimple Lie group does not admit any

invariant Hessian structure.

Definition 9.3. A Hessian structure (D, g) on a homogeneous space G/K

is said to be an invariant Hessian structure if both D and g are G-

invariant. A homogeneous space G/K with an invariant Hessian structure

(D, g) is called a homogeneous Hessian manifold and is denoted by

(G/K,D, g).

Let (D, g) be an invariant Hessian structure on G/K. Using the same

notation as in the previous section 9.1, we have

(AX∗g)(Y ∗, Z∗) = −g(AX∗Y ∗, Z∗)− g(Y ∗, AX∗Z∗).

On the other hand, X∗ being a Killing vector field, i.e. LX∗g = 0, we

obtain

(AX∗g)(Y ∗, Z∗) = −(DX∗g)(Y ∗, Z∗).

These facts together with the Codazzi equation (DX∗g)(Y ∗, Z∗) =

(DY ∗g)(X∗, Z∗) (cf. Proposition 2.1) yield

g(AX∗Y ∗, Z∗) + g(Y ∗, AX∗Z∗) = g(AY ∗X∗, Z∗) + g(X∗, AY ∗Z∗).

This relation implies the following lemma.

Lemma 9.2. We denote by 〈 , 〉 the restriction of the Hessian metric g to

the origin o. We then have

〈f(X)q(Y ), q(Z)〉+ 〈q(Y ), f(X)q(Z)〉
= 〈f(Y )q(X), q(Z)〉+ 〈q(X), f(Y )q(Z)〉. (9.1)

Lemma 9.3. Suppose that the Hessian metric g is Koszul type g = Dω

where ω is G-invariant. We then have

〈q(X), q(Y )〉 = −ωo(f(X)q(Y )),

where ωo is the restriction of ω to o.

Proof. Since ω is G-invariant we have

0 = (LX∗ω)(Y ∗) = X∗ω(Y ∗)− ω([X∗, Y ∗]),

0 = dω(X∗, Y ∗) = X∗ω(Y ∗)− Y ∗ω(X∗)− ω([X∗, Y ∗]),
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which imply Y ∗ω(X∗) = 0, and so ω(X∗) is a constant. Hence we obtain

g(X∗, Y ∗) = (DY ∗ω)(X∗) = Y ∗ω(X∗)− ω(DY ∗X∗) = ω(AX∗Y ∗).

Taking the value of the above equation at o we obtain the required rela-

tion. �

Lemma 9.4. Let α and β be the first and the second Koszul forms respec-

tively. Then we have

(1) α(X∗) = TrAX∗ ,

(2) β(X∗, Y ∗) = α(AX∗Y ∗).

Proof. Put X∗ =
∑

i

ξi ∂

∂xi
where {x1, · · · , xn} is an affine coordinate

system. Since AX∗

∂

∂xi
= −D∂/∂xiX∗ = −

∑

j

∂ξj

∂xi

∂

∂xj
, we have AX∗dxi =

∑

j

∂ξi

∂xj
dxj . Thus for the volume element v = Fdx1 ∧ · · · ∧ dxn of g we

obtain

AX∗v = F
∑

i

dx1 ∧ · · · ∧ AX∗dxi ∧ · · · ∧ dxn

= F
( ∑

i

∂ξi

∂xi

)

dx1 ∧ · · · ∧ dxn

= −(Tr AX∗)v.

Alternatively, since the volume element v is G-invariant, we have

AX∗v = (LX∗ −DX∗)v = −DX∗v = −α(X∗)v,

and so we obtain

α(X∗) = Tr AX∗ .

Using this relationship, it follows that α(X∗) =
∑

i

∂ξi

∂xi
. Since each ξi

is a polynomial of degree 1 because of the G-invariance of D, α(X∗) is a

constant. Therefore

(LX∗α)(Y ∗) = X∗(α(Y ∗))− α([X∗, Y ∗]) = −α([X,Y ]∗)

= −Tr A[X∗,Y ∗] = −Tr [AX∗ , AY ∗ ] = 0,

that is,

LX∗α = 0.
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Upon applying this relation we obtain

β(X∗, Y ∗) = (DX∗α)(Y ∗) = ((LX∗ −AX∗)α)(Y ∗)

= −(AX∗α)(Y ∗) = α(AX∗Y ∗).
�

By Lemma 9.4 we also have the following lemma.

Lemma 9.5. Let αo and βo be the restrictions of the Koszul forms α and

β to o respectively. Then

(1) αo(q(X)) = −Tr f(X).

(2) βo(q(X), q(Y )) = −αo(f(X)q(Y )).

Let V ∗ be the dual space of V and let f∗ be the contragredient repre-

sentation of f ;

(f∗(X)w∗)(w) = −w∗(f(X)w), for X ∈ g, w ∈ V and w∗ ∈ V ∗.

We denote by df∗ the coboundary operator for the cohomology of the Lie

algebra g with coefficients in (V ∗, f∗). Define a linear mapping θ from g to

V ∗ by

(θ(X))(v) = 〈q(X), v〉, for X ∈ g and v ∈ V.
Considering θ as a 1-dimensional (V ∗, f∗)-cochain we have

((df∗θ)(X,Y ))(q(Z))

= {f∗(X)θ(Y )− f∗(Y )θ(X)− θ([X,Y ])}q(Z)

= −〈q(Y ), f(X)q(Z)〉+ 〈q(X), f(Y )q(Z)〉 − 〈q([X,Y ]), q(Z)〉
= −〈q(Y ), f(X)q(Z)〉+ 〈q(X), f(Y )q(Z)〉
−〈f(X)q(Y ), q(Z)〉+ 〈f(Y )q(X), q(Z)〉.

Hence, by Lemma 9.2, condition (9.1) is equivalent to

df∗θ = 0. (9.2)

Theorem 9.2. Let G/K be a homogeneous space of a semisimple Lie group

G. Then G/K does not admit any G-invariant Hessian structure.

Proof. Suppose that G/K admits a G-invariant Hessian structure (D, g).

We denote by df the coboundary operator for the cohomology of the Lie

algebra g with coefficients in (V, f). Regarding q as a 1-dimensional (V, f)-

cochain we have

(dfq)(X,Y ) = f(X)q(Y )− f(Y )q(X)− q([X,Y ]) = 0,
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that is, q is a (V, f)-cocycle. Since H1(g, (V, f)) = {0} because of the

semisimplicity of g, there exists e ∈ V such that

q = df e.

The mapping q being surjective we can choose an element E ∈ g such that

q(E) = e. Then

q(X) = f(X)q(E), for X ∈ g.

Since H1(g, (V ∗, f∗)) = {0} and df∗θ = 0 by (9.2), there exists c∗ ∈ V ∗

such that

θ = df∗c∗.

Thus we obtain

〈q(X), q(Y )〉 = (θ(X))(q(Y )) = ((df∗c∗)(X))(q(Y ))

= −c∗(f(X)q(Y )),

and in particular

〈q(E), q(X)〉 = −c∗(f(X)q(E)) = −c∗(q(X)).

These relationships imply

〈f(E)q(X), q(Y )〉+ 〈q(X), f(E)q(Y )〉
= 〈f(X)q(E), q(Y )〉+ 〈q(E), f(X)q(Y )〉
= 〈q(X), q(Y )〉 − c∗(f(X)q(Y ))

= 2〈q(X), q(Y )〉.
Therefore

f(E) + tf(E) = 2I,

where I is the identity mapping on V and tf(E) is the adjoint of f(E)

with respect to the inner product 〈 , 〉. Considering the trace of the both

sides of the above equation we obtain

Tr f(E) = dimV.

On the other hand, since g = [g, g] because of the semisimplicity of g, we

have

Tr f(E) = 0.

This is a contradiction. Thus G/K does not admit any G-invariant Hessian

structure. �
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9.3 Symmetric spaces with invariant Hessian structures

In this section we prove that a symmetric homogeneous space with an

invariant Hessian structure essentially consists of a Euclidean space and a

homogeneous self-dual regular convex cone.

Definition 9.4. A homogeneous space G/K of a connected Lie group G is

said to be symmetric if G admits an involutive automorphism σ satisfying

the following conditions.

(1) σ2(s) = s, for s ∈ G,

(2) We denote by Kσ the closed subgroup of G consisting of all fixed points

of σ, and by K0
σ the connected component of Kσ containing the unit

element. Then

K0
σ ⊂ K ⊂ Kσ.

Let G/K be a symmetric homogeneous space with an involutive automor-

phism σ. We denote by g the Lie algebra of G and set

k = {X ∈ g | σ∗(X) = X}, m = {X ∈ g | σ∗(X) = −X},
where σ∗ is the differential of σ. Then we have

g = k + m, (9.3)

[k, k] ⊂ k, [k,m] ⊂ m, [m,m] ⊂ k,

and k is the Lie algebra of K. The above decomposition of g is called the

canonical decomposition for the symmetric homogeneous space G/K.

In the remainder of this section we prove the following theorem and

corollaries.

Theorem 9.3. Let G/K be a symmetric homogeneous space with an in-

variant Hessian structure. Then we have the following decomposition

G/K = G0/K0 ×G1/K1 × · · · ×Gr/Kr,

where the universal covering space of G0/K0 is a Euclidean space and the

universal covering space of Gi/Ki (1 ≤ i ≤ r) is an irreducible homogeneous

self-dual regular convex cone.

Corollary 9.3. Let G/K be a homogeneous space of a reductive Lie group

G. Suppose that G/K admits an invariant Hessian structure. Then the

universal covering space of G/K is a direct product of a Euclidean space

and a homogeneous self-dual regular convex cone.
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Corollary 9.4. A compact homogeneous space with an invariant Hessian

structure is a Euclidean torus.

Corollary 9.5. A homogeneous self-dual regular convex cone is charac-

terized as a simply connected symmetric homogeneous space admitting an

invariant Hessian structure with positive definite second Koszul form β.

Let G/K be a symmetric homogeneous space with an invariant Hessian

structure (D, g). Let g be the Lie algebra of G and let

g = k + m

be the canonical decomposition of g for the symmetric homogeneous space

G/K. By Theorem 9.1, g admits an affine representation (f, q) such that

the image of the linear mapping q : g −→ V coincides with V and the kernel

is k. Therefore the restriction of q to m is a linear isomorphism from m onto

V . Hence for each u ∈ V there exists a unique element Xu ∈ m such that

q(Xu) = u.

We denote by Lu an endomorphism of V given by

Lu = f(Xu), for u ∈ V,
and define a multiplication on V by

u ∗ v = Luv.

Then V is a commutative algebra by (9.3).

Lemma 9.6. Let R be the curvature tensor of g and let Ro be the restriction

of R to o = {K}. Then

Ro(u, v) = −[Lu, Lv].

Proof. Identifying m with V by the mapping q we have by [KN]

Ro(X,Y )Z = −[[X,Y ], Z], for X, Y and Z ∈ m.

With this result we have

Ro(u, v)w = q(Ro(Xu, Xv)Xw) = −q([[Xu, Xv], Xw])

= −f([Xu, Xv])q(Xw) + f(Xw)q([Xu, Xv])

= −[Lu, Lv]w.
�

Lemma 9.7. Let W ∈ k. Then f(W ) is a derivation of the algebra V .
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Proof. Since

[W,Xu] ∈ m and q([W,Xu]) = f(W )q(Xu)− f(Xu)q(W ) = f(W )u,

we obtain

[W,Xu] = Xf(W )u.

Hence we have

(f(W )u) ∗ v = f(Xf(W )u)v = f([W,Xu])v = [f(W ), f(Xu)]v

= f(W )f(Xu)v − f(Xu)f(W )v

= f(W )(u ∗ v)− u ∗ (f(W )v).
�

Let αo and βo be the restrictions of the Koszul forms α and β to o. By

Lemma 9.5 we know

αo(u) = −TrLu, (9.4)

βo(u, v) = −αo(u ∗ v) = TrLu∗v . (9.5)

Lemma 9.8. We have

(1) [[Lu, Lv], Lw] = L[u∗w∗v],

where [u ∗ w ∗ v] = u ∗ (w ∗ v)− (u ∗ w) ∗ v.
(2) βo(u ∗ v, w) = βo(v, u ∗ w).

Proof. By relations (9.3) we have

[[Xu, Xv], Xw] ∈ m,

q([[Xu, Xv], Xw]) = f([Xu, Xv])q(Xw)− f(Xw)q([Xu, Xv])

= [Lu, Lv]w = [u ∗ w ∗ v],
which yield

[[Xu, Xv], Xw] = X[u∗w∗v].

Hence

[[Lu, Lv], Lw] = f([[Xu, Xv], Xw]) = f(X[u∗w∗v]) = L[u∗w∗v].

Using relations (9.5) together with the above result we obtain

βo(u ∗ v, w) − βo(v, u ∗ w) = Tr L(u∗v)∗w−v∗(u∗w) = −Tr L[v∗u∗w]

= −Tr [[Lv, Lw], Lu] = 0.
�
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Lemma 9.9. We have

(1) tf(X) = f(X), for X ∈ m,

(2) tf(W ) = −f(W ), for W ∈ k,

where tf(X) is the adjoint operator of f(X) with respect to the inner prod-

uct 〈 , 〉 given in Lemma 9.2. In particular the linear Lie algebra f(g) is

self-adjoint, that is, tf(X) ∈ f(g) for all f(X) ∈ f(g).

Proof. By equation (9.1) we have

〈f(Y )q(Z), q(X)〉+ 〈q(Z), f(Y )q(X)〉
= 〈f(Z)q(Y ), q(X)〉+ 〈q(Y ), f(Z)q(X)〉.

For X,Y and Z ∈ m the above formula is reduced to

〈q(Z), f(X)q(Y )〉 = 〈f(X)q(Z), q(Y )〉,
because the algebra V is commutative. This implies assertion (1). For

X, Y ∈ m and Z = W ∈ k we have

〈f(W )q(Y ), q(X)〉+ 〈q(Y ), f(W )q(X)〉 = 0.

Thus assertion (2) is also proved. �

Lemma 9.10. The kernel Kerf of f is included in m.

Proof. Let Z ∈ Kerf ∩ k and X ∈ m. Since

[Z,X ] ∈ m and q([Z,X ]) = f(Z)q(X)− f(X)q(Z) = 0,

it follows that [Z,X ] = 0. We have [Z,W ] ∈ Ker f ∩ k for all W ∈ k. Thus

Ker f ∩ k is an ideal of g included in k. Since G acts effectively on G/K, an

ideal of g included in k is reduced to 0. Hence Kerf ∩ k = 0. By Lemma

9.9 we have Ker f = Ker f ∩ k + Ker f ∩m and so Ker f ⊂ mD �

Let g(m) be a Lie subalgebra of g generated by m;

g(m) = [m,m] + m.

By Lemma 9.9 the Lie algebra f(g(m)) is self-adjoint. Let G(m) be the

connected Lie subgroup of G corresponding to g(m), and put K(m) =

G(m) ∩K. Then

G/K = G(m)/K(m). (9.6)

Let V0 be the intersection of Ker f(X) for all X ∈ g(m). The orthogonal

complement V ′ of V0 is a f(g(m))-invariant subspace. Hence V ′ is decom-

posed into the direct sum of irreducible subspaces

V ′ = V1 + · · ·+ Vr,
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where Vi are orthogonal to each other. The algebra V is therefore the direct

sum of ideals,

V = V0 + V1 + · · ·+ Vr, (9.7)

Vi ∗ Vi ⊂ Vi, Vi ∗ Vj = {0}, for i 6= j.

Lemma 9.11. Set mi = {X ∈ m | q(X) ∈ Vi}. Then

(1) Ker f = m0,

(2) [mi,mj ] = {0}, for i 6= j.

Proof. Let X ∈ m0. Then f(X)q(Y ) = f(Y )q(X) = 0 for all Y ∈
m. Hence X ∈ Ker f . Conversely let X ∈ Kerf . Then f(Y )q(X) =

f(X)q(Y ) = 0 for all Y ∈ m. Since g(m) is generated by m, we have

f(Y )q(X) = 0 for all Y ∈ g(m). Hence X ∈ m0. Thus (1) is proved.

Let Xi ∈ mi and Xj ∈ mj where i 6= j. It follows from relation (9.7)

that f([Xi, Xj ])v = f(Xi)f(Xj)v − f(Xj)f(Xi)v = 0 for all v ∈ V . Thus

[Xi, Xj ] ∈ Ker f ∩ kD Hence [Xi, Xj ] = 0 by Lemma 9.10. �

Lemma 9.12. Set gi = [mi,mi] + mi. Then

(1) g(m) = g0 + g1 + · · ·+ gr,

(2) gi is an ideal of g(m).

Proof. Assertion (1) is a consequence of [mi,mj ] = {0} for i 6= j. For

the proof of assertion (2) it suffices to show [[mi,mi],mi] ⊂ mi. This

follows from [[mi,mi],mi] ⊂ m and q([mi,mi],mi]) = f([mi,mi])q(mi) ⊂
f(g(m))Vi ⊂ Vi. �

Lemma 9.13. For X ∈ gi we denote by fi(X) the restriction of f(X) to

Vi. Then fi (1 ≤ i ≤ r) is a faithful irreducible representation of gi on Vi.

Proof. Let X ∈ gi such that fi(X) = 0. Since f(gi) is generated by

f(mi) and f(mi)Vj = {0} (j 6= i), it follows that f(X)Vj = 0. Hence

f(X) = 0. Given also that Ker f ∩ gi = m0 ∩ gi = {0}, we have X = 0.

Thus fi is a faithful representation. Let Ui be a subspace of Vi invariant

by fi(gi). Since f(gj) (j 6= i) is generated by f(mj) and f(mj)Ui = {0},
we obtain f(gj)Ui = {0}. Therefore Ui is an f(g(m))-invariant subspace

of Vi. Since Vi is an irreducible subspace by f(g(m)) we have Ui = {0} or

Ui = Vi. Hence fi is an irreducible representation. �

Proposition 9.1. If the representation f of g on V is faithful and irre-

ducible, then the algebra V is a compact simple Jordan algebra.
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Proof. We put U0 = {u0 ∈ V | βo(u0, v) = 0, for all v ∈ V }. Since

βo(u ∗ u0, v) = βo(u0, u ∗ v) = 0 for u0 ∈ U0 and u, v ∈ V , we obtain

f(m)U0 ⊂ U0. For u0 ∈ U0, v ∈ V and W ∈ k, by Lemma 9.7 and (9.5) we

have

βo(f(W )u0, v) = TrL(f(W )u0)∗v = TrLf(W )(u0∗v) − TrLu0∗(f(W )v)

= Tr f(Xf(W )(u0∗v)) = Tr f([W,Xu0∗v ]) = 0.

Hence f(k)U0 ⊂ U0, and so f(g)U0 ⊂ U0. Since f is irreducible, it follows

that U0 = {0} or U0 = V D

Suppose U0 = V . Let e be the element in V determined by 〈e, u〉 = αo(u).

Since

〈Leu, v〉 = 〈e, u ∗ v〉 = αo(u ∗ v) = −βo(u, v) = 0, for all u and v ∈ V,
we have Le = 0 and hence 〈e, e〉 = αo(e) = TrLe = 0. This implies e = 0

and

αo = 0.

Since g admits a faithful and irreducible representation f , it is known that

the Lie algebra g is reductive and so it may be decomposed into

g = c + s,

where c is the center of g and s is a semisimple subalgebra of g [Bourbaki

(1960)]. Let C ∈ c ∩ k. Then f(C)q(X) = f(C)q(X) − f(X)q(C) =

q([C,X ]) = 0 for all X ∈ g. Hence f(C) = 0 and so C = 0. Since

c = c ∩ k + c ∩m it follows that

c ⊂ m.

Assume that there exists C 6= 0 ∈ c. We shall show that the minimal

polynomial P (x) of f(C) is an irreducible polynomial over R. Suppose

that P (x) = Q(x)R(x), where Q(x) and R(x) are polynomials over R

whose degrees are less than the degree of P (x). Put U = Q(f(C))V . Then

U is an f(g)-invariant subspace of V . Hence either U = {0} or U = V

because f is an irreducible representation. If U = {0} then Q(f(C)) = 0.

However, this is a contradiction because P (x) is a minimal polynomial of

f(C). If U = V then Q(f(C)) is a linear isomorphism of V . From this result

together withQ(f(C))R(f(C)) = P (f(C)) = 0 it follows that R(f(C)) = 0,

which is also a contradiction. Thus P (x) is an irreducible polynomial over

R. Hence P (x) = x − λ where λ ∈ R, or P (x) = (x − µ)(x − µ̄) where

µ ∈ C and µ̄ 6= µ. Since tf(C) = f(C) by Lemma 9.9, the eigenvalues
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of f(C) are real numbers. Hence P (x) = x − λ and f(C) = λ. From

0 = αo(q(C)) = Tr f(C) = λ dimV it follows that λ = 0. Thus, because

f is faithful, C = 0. This is a contradiction. Therefore c = {0} and g is

semisimple. This contradicts Theorem 9.2, and so we have U0 = {0} and

so βo is non-degenerate on V . Therefore, it follows from relations (9.4) and

(9.5) and Lemmata 4.2 and 9.8 that V is a semisimple Jordan algebra. Since

f is irreducible, the Jordan algebra V is simple. Moreover, by Lemma 9.9

(1) and the following Lemma 9.14, we have that the simple Jordan algebra

V is compact. �

Lemma 9.14. Let V be a Jordan algebra over R. Then the following con-

ditions are equivalent (cf. [Koecher (1962)]).

(1) The bilinear form given by (a, b) = Tr La∗b is positive definite.

(2) V admits an inner product such that 〈u ∗ v, w〉 = 〈v, u ∗ w〉.

Proof of Theorem 9.3. Let Gi be a connected Lie subgroup of G

corresponding to gi and let Ki = Gi ∩ K(m). It follows from (9.6), (9.7)

and Lemma 9.12 that

G/K = G(m)/K(m) = G0/K0 ×G1/K1 × · · · ×Gr/Kr.

By Lemma 9.6 and 9.11 the universal covering space of G0/K0 is a Eu-

clidean space. We shall consider the case Gi/Ki where i ≥ 1. Let G̃i be

the universal covering group of Gi and let π : G̃i −→ Gi be the covering

projection. Denote by K̃i the connected component of π−1(Ki) containing

the unit element. Then G̃i/K̃i is the universal covering space of Gi/Ki.

Since G̃i is simply connected, there exists a representation fi of G̃i on Vi

such that the differential coincides with fi. By Proposition 9.1, Vi is a com-

pact Jordan algebra. Therefore, by Lemma 9.14, the bilinear form on Vi

defined by (u, v)i = TrLu∗v is positive definite. Let ei be the element in Vi

determined by (ei, u)i = TrLu. Since (ei ∗ u, v)i = (u ∗ ei, v)i = (ei, u ∗ v)i

= TrLu∗v = (u, v)i, for u, v ∈ Vi, it follows that ei ∗ u = u ∗ ei = u, that

is, ei is the unit element of Vi. Hence fi(X)ei = q(X) for all X ∈ mi. Let

W ∈ ki. Then fi(W ) is a derivation of Vi, and so fi(W )ei = 0 = q(W ).

These relations imply

fi(X)ei = q(X), for X ∈ gi.

An open orbit Ωi = fi(G̃i)ei of fi(G̃i) through ei is an irreducible homoge-

neous self-dual regular convex cone [Koecher (1962)] [Vinberg (1960)]. Let

H̃i be the closed subgroup of G̃i defined by H̃i = {h̃ ∈ G̃i | fi(h̃)ei = ei}
and let h̃i be the Lie subalgebra of H̃i. Since

X ∈ h̃i ⇐⇒ fi(X)ei = q(X) = 0⇐⇒ X ∈ Lie algebra of Ki,
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it follows that K̃i ⊂ H̃i. We therefore obtain the canonical covering pro-

jection pi : G̃i/K̃i −→ Ωi = G̃i/H̃i. Since the domain Ωi is convex, the

covering projection pi is a homeomorphism, and so the irreducible homo-

geneous self-dual regular convex cone Ωi is the universal covering space of

Gi/Ki. �

Proof of Corollary 9.3. Let G/K be a homogeneous space of a re-

ductive Lie group G with an invariant Hessian structure. Let G̃ be the

universal covering group of G and let π : G̃ −→ G be the covering pro-

jection. Denote by K̃ the connected component of π−1(K) containing the

unit element. By Theorem 8.2 the universal covering space G̃/K̃ of G/K is

a homogeneous convex domain in Rn. Let Ñ be the set of all elements in

G̃ which induce the identity transformation on G̃/K̃. Then Ñ is a normal

subgroup of G̃. Put G∗ = G̃/Ñ and K∗ = K̃/Ñ . Then G∗/K∗ = G̃/K̃ and

G∗ acts effectively on G∗/K∗. We may consider G∗ as a subgroup of the

affine transformation group A(n) of Rn. It is known that the Lie algebra

g of a reductive Lie group G is decomposed into

g = c + s,

where c is the center of g and s is a semisimple subalgebra of g. Let C∗

and S∗ be the connected Lie subgroups of G∗ corresponding to c and s re-

spectively. Then S∗ is a closed subgroup of A(n) because S∗ is a connected

semisimple subgroup of A(n), and we have

G∗ = C∗S∗.

Denoting by C̄∗ the closure of C∗ in A(n), the group C̄∗S∗ coincides with

the closure Ḡ∗ of G∗ in A(n)G

Ḡ∗ = C̄∗S∗.

The group Ḡ∗ acts on the homogeneous convex domain G∗/K∗ and leaves

the Hessian structure invariant. Let H∗
c and H∗

s be maximal compact sub-

groups of C̄∗ and S∗ respectively. Then the groupH∗ = H∗
cH

∗
s is a maximal

compact subgroup of Ḡ∗ = C̄∗S∗. Since G∗/K∗ is a convex domain, the

compact group H∗ has a fixed point in G∗/K∗. We assume, without loss of

generality, that the fixed point is the origin 0. The isotropy subgroup B∗

of Ḡ∗ at the origin 0 is contained in an orthogonal group and is closed in

Ḡ∗. Thus B∗ is a compact subgroup of Ḡ∗ including H∗. Hence H∗ = B∗.

Since the group Ḡ∗ acts effectively on Ḡ∗/H∗ = G∗/K∗, the group H∗
c is

reduced to the identity. Hence B∗ = H∗ = H∗
s . Let ḡ∗, c̄∗, s∗ and h∗s be the
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Lie algebras Ḡ∗, C̄∗, S∗ and H∗
s respectively. Denote by p∗s the orthogonal

complement of h∗
s in s∗ = s with respect to the Killing form of s. Put

h∗ = h∗s , p∗ = c̄∗ + p∗s .

Then

ḡ∗ = h∗ + p∗,

[h∗, h∗] ⊂ h∗, [h∗, p∗] ⊂ p∗, [p∗, p∗] ⊂ h∗.

Therefore Ḡ∗/H∗(= G∗/K∗ = G̃/K̃) is a symmetric homogeneous domain

with an invariant Hessian structure. Hence, by Theorem 9.3, the universal

covering space G̃/K̃ of G/K is a direct product of a Euclidean space and

a homogeneous self-dual regular convex cone. �

Proof of Corollary 9.4. The automorphism group G of a compact

homogeneous Hessian manifold M is compact. Hence G is a reductive Lie

group acting transitively on M . Using the same notation as in Corollary

9.3, by Weyl’s theorem, S∗ is a compact subgroup. Hence H∗ = S∗. Since

S∗ is a normal subgroup of G∗ fixing the origin 0, it follows that S∗ ⊂ K∗.

Since G∗ acts effectively, S∗ is reduced to the identity, and so G∗ = C∗.

Hence the group G∗ = C∗ is a compact Abelian group and M is a Euclidean

torus. �

Proof of Corollary 9.5. We have proved in Theorem 4.6 and Propo-

sition 4.10 that a homogeneous self-dual regular convex cone is a simply

connected symmetric homogeneous space admitting an invariant Hessian

structure with positive definite second Koszul form. Conversely, suppose

that G/K is a simply connected symmetric homogeneous space endowed

with an invariant Hessian structure with positive definite second Koszul

form. It follows from relations (9.5) and Lemma 9.11 that V0 = {0}. Hence

G0/K0 reduces to a point. Therefore, by Theorem 9.3, G/K is a homoge-

neous self-dual regular convex cone. �



November 13, 2006 12:3 World Scientific Book - 9in x 6in ws-book9x6

Chapter 10

Homogeneous spaces with invariant

Hessian structures

In section 4.2 we proved that a homogeneous self-dual regular convex cone

is a symmetric space with invariant canonical Hessian structure, and we

gave a correspondence between these cones and compact Jordan algebras.

In section 9.3 we proved that a simply connected symmetric space with an

invariant Hessian structure is the direct product of a Euclidean space and

a homogeneous self-dual regular convex cone. In this chapter we generalize

these results, and show that a homogeneous space with an invariant Hessian

structure essentially consists of a Euclidean space and a homogeneous reg-

ular convex cone. In section 10.1 it is shown that a homogeneous Hessian

domain admits a simply transitive triangular group. Using an affine repre-

sentation of the Lie algebra of the triangular group, we reduce our study to

that of certain non-associative algebras. In sections 10.2 and 10.3 we state

the results of [Vinberg (1963)] which give a correspondence between homo-

geneous regular convex domains and non-associative algebras, called clans,

and a realization of a homogeneous regular convex domain as a real Siegel

domain. In section 10.4 we give a correspondence between homogeneous

Hessian domains and normal Hessian algebras and apply the structure the-

orem of normal Hessian algebras for the study of homogeneous Hessian

manifolds.

10.1 Simply transitive triangular groups

Let (G/K,D, g) be a homogeneous Hessian manifold. Using the notation

of section 8.1, it follows from Corollary 8.1 (1) that the mapping

expD
o : Eo −→ G/K

183
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is an affine mapping where o = {K}. Hence g̃ = (expD
o )∗g is a Hessian

metric with respect to the standard flat connection D̃ on Eo. By Lemma

8.3, there exists a potential function ϕ̃ such that g̃ = D̃dϕ̃. By Lemma 8.1

and 8.4 the domain Eo is convex, and so E0 is the universal covering space

of G/K with covering projection expD
o : E0 −→ G/K by Corollary 8.1 (2).

Thus the universal covering space of a homogeneous Hessian manifold is a

homogeneous Hessian domain. Therefore the study of homogeneous Hessian

manifolds is essentially reduced to that of homogeneous Hessian domains.

For this reason, in the present chapter the Hessian domains considered will

be homogeneous unless otherwise stated.

In this section we shall prove that a homogeneous Hessian domain ad-

mits a simply transitive triangular group. We first recall Vinberg’s theorem

on algebraic groups.

Let xij be a function given by xij : [sij ] ∈ GL(n,R) −→ sij ∈ R.

A subgroup G of GL(n,R) is called an algebraic group if there exist a

family of polynomials {pλ(· · · , xij , · · · )}λ∈Λ of xij such that

G = {[sij ] ∈ GL(n,R) | pλ(· · · , sij , · · · ) = 0, for all λ ∈ Λ}.
A subgroup T of GL(n,R) is said to be triangular if there exists an

element s ∈ GL(n,R) such that all elements in s−1Ts are upper triangular

matrices.

The affine transformation group A(n) of Rn is naturally identified with

a subgroup of GL(n + 1,R). A subgroup G of A(n) is said to be alge-

braic or triangular if, considering G as a subgroup of GL(n+ 1,R) by the

above identification, G is algebraic or triangular respectively. The following

theorem is due to [Vinberg (1961)].

Theorem 10.1. Let G be the group of the connected component of an al-

gebraic group. Then there exists a triangular subgroup T and a maximal

compact subgroup K of G such that

G = TK, T ∩K = {e},
where {e} is the identity.

Let (Ω, D, g = Ddϕ) be a homogeneous Hessian domain in Rn and let

Aut(Ω, D, g) be the group of all automorphism of (Ω, D, g = Ddϕ). In the

following we assume that Aut(Ω, D, g) acts transitively on Ω.

Lemma 10.1. Let N be the normalizer of Aut(Ω, D) in A(n). Then N is

an algebraic group, and the group of the connected component of N coincides

with the group of the connected component of Aut(Ω, D).
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Proof. For the proof the reader may refer to [Vinberg (1963)]. �

Lemma 10.2. Each partial derivative
∂ϕ

∂xj
is a rational function with re-

spect to the standard affine coordinate system {x1, · · · , xn} on Rn.

Proof. Let g be the Lie algebra of Aut(Ω, D, g). For X ∈ g we denote

by X∗ the vector field on Ω induced by exp(−tX). Let p be an arbitrary

point in Ω. Then we can find X1, · · · , Xn ∈ g, and a neighbourhood W

of p, such that X∗
1 , · · · , X∗

n is a basis of the tangent space at any point of

W . We set
∂

∂xj
=

∑

i

ηi
jX

∗
i and X∗

i =
∑

ij

ξj
i

∂

∂xj
. Then each ξj

i is an

affine function of {x1, · · · , xn} because exp(−tX) ∈ A(n). Since ηi
j is the

(i, j)-th component of the inverse matrix of [ξj
i ], η

i
j is a rational function

of {x1, · · · , xn}. Let X ∈ g, then X∗ =
∑

j

ξj ∂

∂xj
is a Killing vector field

with respect to g = Ddϕ and ξj is an affine function. Hence, denoting by

LX∗ the Lie derivative with respect to X∗, we have

0 = (LX∗g)
( ∂

∂xi
,
∂

∂xj

)

= X∗ ∂2ϕ

∂xi∂xj
− g

([

X∗,
∂

∂xi

]

,
∂

∂xj

)

− g
( ∂

∂xi
,
[

X∗,
∂

∂xj

])

=
∑

p

{

ξp ∂3ϕ

∂xi∂xj∂xp
+
∂ξp

∂xi

∂2ϕ

∂xp∂xj
+
∂ξp

∂xj

∂2ϕ

∂xp∂xi

}

=
∂2

∂xi∂xj
(X∗ϕ),

which implies that X∗ϕ is an affine function. Therefore
∂ϕ

∂xj
=

∑

ij

ηi
jX

∗
i ϕ

is a rational function. �

Proposition 10.1. The group Aut0(Ω, D, g), the identity component of

Aut(Ω, D, g), coincides with the identity component of an algebraic group.

Proof. Let f(s) = [f(s)i
j ] and q(s) = [q(s)i] be the linear part and the

translation vector part of s ∈ A(n) respectively. An element s in Aut(Ω, D)

is contained in Aut(Ω, D, g) if and only if

∑

k,l

f(s)k
i f(s)

l
jgkl(sp) = gij(p), for all p ∈ Ω.
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By Lemma 10.2 the component gij =
∂2ϕ

∂xi∂xj
of g is a rational function.

Hence

H =
{
s ∈ A(n) |

∑

k,l

f(s)k
i f(s)

l
jgkl(sp) = gij(p), for all p ∈ Ω

}

is an algebraic subgroup of A(n) and Aut(Ω, D, g) = Aut(Ω, D) ∩ H .

Using Lemma 10.1 and the notation therein, it follows that the group

Aut0(Ω, D, g) coincides with the group of the connected component of the

algebraic group N ∩H . �

Proposition 10.2. The isotropy subgroup K of Auto(Ω, D, g) at o ∈ Ω is

a maximal compact subgroup of G.

Proof. The group K is a closed subgroup of A(n) because Auto(Ω, D, g)

is a closed subgroup of A(n). We set

Ho = {h ∈ A(n) |
∑

p,q

f(h)p
i f(h)

q
jgpq(o) = gij(o)},

where [f(h)i
j ] is the linear part of h. Since Ho is a compact group and

K ⊂ Ho, K is a compact group. Let K ′ be a maximal compact subgroup

of G including K and let W be a bounded open subset of Ω. Put

K ′W = {k′w | k′ ∈ K ′, w ∈ W}.
Then K ′W is a bounded subset invariant by K ′. Let o′ be the center

of gravity of K ′W . Then o′ is, by definition, a fixed point of K ′ and

is contained in Ω by the convexity. Choosing an element s ∈ G such

that so′ = o, we have sK ′s−1 ⊂ K. Since sK ′s−1 is a maximal compact

subgroup of G, we obtain sK ′s−1 = K. Therefore K is a maximal compact

subgroup of Auto(Ω, D, g). �

It follows from Theorem 10.1 and Propositions 10.1 and 10.2 that there

exists a triangular subgroup T and a maximal compact subgroup K of

Auto(Ω, D, g) such that

Auto(Ω, D, g) = TK, T ∩K = {e}.
In the proof of Proposition 10.2 we proved that there exists a fixed point

o ∈ Ω of K such that the isotropy subgroup of Auto(Ω, D, g) at o coincides

with K. Therefore the triangular group T acts simply transitively on Ω.

Thus we have

Theorem 10.2. A homogeneous Hessian domain (Ω, D, g) admits a simply

transitive triangular subgroup T of Aut(Ω, D, g).
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10.2 Homogeneous regular convex domains and clans

In this section, according to [Vinberg (1963)] we shall give a bijective corre-

spondence between homogeneous regular convex domains and certain non-

associative algebras, called clans. Let Ω be a homogeneous regular convex

domain in Rn. By the proof of Theorem 8.4, Ω admits a Hessian metric

of Koszul type (D, g = Dω). Without loss of generality we may assume

that Ω contains the origin 0 of Rn. By Theorem 10.2, there exists a tri-

angular subgroup T of Aut(Ω, D, g) acting simply transitively on Ω. Let

f : T −→ GL(n,R) and q : T −→ Rn be the mappings which assign each

s ∈ T to the linear part f(s) and the translation vector part q(s). Let t be

the Lie algebra of T . We denote by f : t −→ gl(n,R) and q : t −→ Rn the

differentials of f and q at the identity respectively.

For X ∈ t we denote by X∗ the vector field on Ω induced by exp(−tX),

then

X∗ = −
∑

i

( ∑

j

f(X)i
jx

j + qi(X)
) ∂

∂xi
.

Using the notation of section 9.1 we have

AX∗Y ∗ = −
∑

i

(∑

j,k

f(X)i
jf(Y )j

kx
k +

∑

j

f(X)i
jq(Y )j

) ∂

∂xi
.

Hence

X∗
0 = −

∑

i

q(X)i
( ∂

∂xi

)

0
,

(AX∗Y ∗)0 = −
∑

i

(f(X)q(Y ))i
( ∂

∂xi

)

0
.

Identifying
∑

i

ai

( ∂

∂xi

)

0
∈ T0Ω and [ai] ∈ Rn we have

X∗
0 = −q(X), (AX∗)0 = f(X). (10.1)

The pair (f, q) defined above coincides with the pair given in the section

9.1. Thus (f, q) is an affine representation of t on V = Rn,

(1) f is a linear representation of t on V ,

(2) q is a linear isomorphism from t to V ,

(3) q([X,Y ]) = f(X)q(Y )− f(Y )q(X).
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Using the above (1)-(3) we define an operation of multiplication on V by

u · v = f(q−1(u))v.

Then V is an algebra with this multiplication.

Lemma 10.3. Let Lu be the operator of the left multiplication by u ∈ V .

Then we obtain

[Lu, Lv] = Lu·v−v·u.

Therefore V is a left symmetric algebra (cf. Definition 9.2 and Lemma

9.1)D

Proof. Since

Lu = f(q−1(u)),

q([q−1(u), q−1(v)]) = f(q−1(u))v − f(q−1(v))u = u · v − v · u,

we have

Lu·v−v·u = f(q−1(u · v − v · u)) = f([q−1(u), q−1(v)])

= [f(q−1(u)), f(q−1(v))] = [Lu, Lv].
�

Proposition 10.3. If a homogeneous regular convex domain is a cone, then

the corresponding left symmetric algebra has the unit element.

Proof. Let−e be the vertex of the cone. The 1-parameter transformation

group of dilations at −e is given by

σ(t) : x −→ (exp t)(x + e)− e,
and is included in the center of T . There therefore exists an element E in

the center of t such that σ(t) = exp tE and

f(exp tE)x = (exp t)x, q(exp tE) = (exp t− 1)e.

Hence

f(E) = I, q(E) = e,

where I is the unit matrix. This implies

e · u = f(E)u = u,

0 = q([E, q−1(u)]) = f(E)u− f(q−1(u))e = u− u · e.

Therefore e is the unit element in V . �
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Definition 10.1. A left symmetric algebra V is said to be normal if the

eigenvalues of Lu are all real numbers for any u ∈ V .

Definition 10.2. A normal left symmetric algebra V is called a clan (cf.

[Vinberg (1963)]) if V admits a linear function χ on V such that

(1) χ(u · v) = χ(v · u), for u and v ∈ V ,

(2) χ(w · w) > 0, for w 6= 0 ∈ V .

The clan is denoted by (V, χ).

Theorem 10.3. Let Ω be a homogeneous regular convex domain. Then we

can construct a clan from Ω. If Ω is a cone, then the corresponding clan

has the unit element.

Proof. Since t is the Lie algebra of a triangular group T , all the eigen-

values of Lu are real numbers for any u ∈ V . Hence, by Lemma 10.3, V is

a normal left symmetric algebra. The homogeneous regular convex domain

Ω = T0 admits a Hessian metric of Koszul type g = Dω, where ω is an

invariant 1-form (cf. Theorem 8.4). Denoting by χ the value of ω at 0, by

Lemma 9.3 the pair (V, χ) is a clan. By Proposition 10.3 the clan has the

unit element if Ω is a cone. �

Conversely, we shall construct a homogeneous regular convex domain

from a clan. Let (V, χ) be a clan and let {x1, · · · , xn} be the affine coordi-

nate system on V with respect to a basis {e1, · · · , en}, i.e. u =
∑

i x
i(u)ei

for u ∈ V . We define a vector field Xu on V by

Xu = −
∑

i

( ∑

j

(Lu)i
jx

j + xi(u)
) ∂

∂xi
, (10.2)

where (Lu)i
j represent the components of Lu with respect to the basis. Then

Xu is an infinitesimal affine transformation, and we have

[Xu, Xv] = Xu·v−v·u.

Thus

t(V ) = {Xu | u ∈ V }
forms a Lie algebra. Let T (V ) be the affine transformation group of V

generated by t(V ). For s ∈ T (V ) we denote by f(s) and q(s) the linear part

and the translation vector part of s respectively. Then

f(expX−u) = expLu, q(expX−u) =

∞∑

n=1

1

n!
(Lu)n−1u. (10.3)
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Let f and q be the differentials of f and q at the identity respectively. Then

f(X−u) = Lu, q(X−u) = u. (10.4)

Let Ω(V ) be the orbit of T (V ) through the origin 0;

Ω(V ) = T (V )0 = {q(s) | s ∈ T (V )}.
Then Ω(V ) is a domain in V because q : t(V ) −→ V is a linear isomorphism.

Lemma 10.4. The group T (V ) acts simply transitively on Ω(V ).

Proof. It is enough to show that the isotropy subgroup B of T (V ) at the

origin 0 is reduced to the identity element. Let b be the Lie algebra of B. It

follows from B = {s ∈ T (V ) | q(s) = 0} that b = {Xu ∈ t(V ) | q(Xu) = 0},
and so b = {0}. Hence the group B is discrete. Since all the eigenvalues

of Lu are real numbers for every u ∈ V , the Lie algebra {Lu | u ∈ V }
is triangular. Therefore the Lie algebra t(V ) is also triangular and so

the mapping exp : t(V ) −→ T (V ) is surjective. Let s ∈ B, then there

exists Xu ∈ t(V ) such that s = expXu. Put r = exp
1

2
Xu. Since

0 = q(s) = q(r2) = f(r)q(r) + q(r) we obtain f(r)q(r) = −q(r). Suppose

q(r) 6= 0. Then q(r) is an eigenvector of f(r) corresponding to the eigen-

value −1. However, since f(r) = f(exp
1

2
Xu) = exp

1

2
f(Xu) = exp

1

2
Lu and

all the eigenvalues of Lu are real, the eigenvalues of f(r) are all positive real

numbers. This is a contradiction. Hence q(r) = 0 and r = exp
1

2
Xu ∈ B.

Repeating the same procedure we obtain exp
1

2n
Xu ∈ B for all non-negative

integers n. Since the group B is a discrete subgroup, we conclude Xu = 0

and so s is the identity element. Thus B is reduced to the identity element.

�

Lemma 10.5. Let ω be a 1-form on Ω(V ) defined by

ω(Xu) = χ(u) for u ∈ V.
Then

(1) ω is a closed 1-form invariant under T (V ).

(2) Dω is a positive definite symmetric bilinear form invariant under T (V ).

Proof. The 1-form ω is closed and invariant under T (V ) because

(dω)(Xu, Xv) = Xu(ω(Xv))−Xv(ω(Xu))− ω([Xu, Xv])

= −χ(u · v − v · u) = 0,

(LXu
ω)(Xv) = Xu(ω(Xv))− ω([Xu, Xv])

= −ω(Xu·v−v·u) = −χ(u · v − v · u) = 0,
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where LXu
is the Lie derivative by Xu. The invariance of Dω under T (V )

follows from

(LXu
Dω)(Xv , Xw)

= Xu(Dω(Xv , Xw))−Dω([Xu, Xv], Xw)−Dω(Xv, [Xu, Xw])

= Xu((DXv
ω)(Xw))− (DXv

ω)([Xu, Xw])− (D[Xu,Xv ]ω)(Xw)

= (LXu
DXv

ω −D[Xu,Xv ]ω)(Xw)

= {(LXu
DXv

−DXv
LXu

−D[Xu,Xv ])ω}(Xw)

= 0,

where for the last equation see [Kobayashi and Nomizu (1963, 1969)](I,

p.231). To prove that Dω is positive definite, it is sufficient to show at 0.

Since

(Dω)(Xu, Xv) = Xvω(Xu)− ω(DXv
Xu) = −ω(DXv

Xu),

DXv
Xu =

∑

j

{ ∑

k

(LuLv)
j
kx

k + xj(u · v)
} ∂

∂xj
,

we have

(Dω)0((Xu)0, (Xv)0) = −ω0((DXv
Xu)0) = −ω0

( ∑

j

xj(u · v)
( ∂

∂xj

)

0

)

= ω0((Xu·v)0) = χ(u · v).
This implies that (Dω)0 is positive definite. �

By Lemma 10.5, ω is a closed 1-form invariant under T (V ) and g =

Dω is a Hessian metric of Koszul type on Ω(V ) = T (V )0. Therefore, by

Theorem 8.5, Ω(V ) = T (V )0 is a homogeneous regular convex domain. If

the clan (V, χ) has the unit element e, the 1-parameter affine transformation

group σ(t) generated by Xe = −
∑

i

(xi + xi(e))
∂

∂xi
is given by

σ(t)x = e−t(x+ e)− e,
and is a group of dilations at −e. Thus Ω(V ) is a cone with vertex −e. In

summary, we have the following theorem.

Theorem 10.4. Let (V, χ) be a clan. Then we can construct from the clan

(V, χ) a homogeneous regular convex domain Ω(V ). If the clan has the unit

element e, then Ω(V ) = {(expLu)e | u ∈ V } − e is a cone with vertex −e.

Corollary 10.1. Let (V, χ) be a clan. The bilinear form on V defined by

TrLu·v is a positive definite symmetric bilinear form.
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Proof. Let α and β be the Koszul forms on Ω(V ). Since Ω(V ) is a regular

convex domain, the second Koszul form β is positive definite (cf. the proof

of Theorem 8.4). Denoting by α0 and β0 the restrictions of the Koszul

forms to the origin 0, we obtain by Lemma 9.5

α0(u) = α0(q(X−u)) = −Tr f(X−u) = −TrLu,

β0(u, v) = −α0(f(X−u)q(X−v)) = −α0(u · v) = TrLu·v.

Therefore TrLu·v = β0(u, v) is positive definite. �

Example 10.1. Let V be the vector space of all real symmetric matrices of

degree n and Ω the set of all positive definite symmetric matrices in V . We

have seen in Example 4.1 that Ω is a regular convex cone in V and the group

{f(s) | s ∈ GL(n,R)} act transitively on Ω, where f(s)x = sxts for x ∈ V .

Let T (n,R) be the group of all upper triangular matrices with all positive

diagonal elements. Then

GL+(n,R) = T (n,R)SO(n),

T (n,R) ∩ SO(n) = {e}, where e is the unit matrix,

and the group {f(s) | s ∈ T (n,R)} acts simply transitively on Ω. Let us

consider the cone given by Ω − e. For s ∈ GL(n,R) we define an affine

transformation a(s) of V by

a(s) : x −→ s(x+ e)ts− e.
Then a(s) preserves the cone Ω− e invariant. The linear part f(s) and the

translation vector part q(s) of a(s) are given by

f(s)x = sxts, q(s) = sts− e.
The affine transformation group {(f(s), q(s)) | s ∈ T (n,R)} acts simply

transitively on the regular convex cone Ω − e. The Lie algebra t(n,R)

of the Lie group T (n,R) is the set of all upper triangular matrices. The

differential (f, q) of (f, q) is given by

f(X)v = Xv + v tX,

q(X) = X + tX,

forX ∈ t(n,R) and v ∈ V . Therefore, putting û = q−1(u) for u = [uij ] ∈ V ,

we obtain

û =








1
2u11 u12 · · · u1n

0 1
2u22 · · · u2n

...
...

. . .
...

0 0 · · · 1
2unn







.
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Then the multiplication law on V is given by

u · v = f(q−1(u))v = f(û)v = ûv + vtû,

and the unit matrix e is the identity element of the algebra V . Let ψ be

the characteristic function on Ω and put ϕ(x) = ψ(x+e). Then ω = d logϕ

is a 1-form on Ω− e invariant under {(f(s), q(s)) | s ∈ T (n,R)}, and Dω is

positive definite. It follows from (4.2) that

ω0(q(X)) =
d

dt

∣
∣
∣
∣
t=0

logϕ(q(exp(−tX)))

=
d

dt

∣
∣
∣
∣
t=0

logψ(f(exp(−tX))e) =
d

dt

∣
∣
∣
∣
t=0

log

{
ψ(e)

det f(exp(−tX))

}

=
d

dt

∣
∣
∣
∣
t=0

log det exp tf(X) = Tr f(X).

Using these expressions we have

ω0(u) = Tr f(q−1(u)) = nTr q−1(u) =
n

2
Tru,

〈u, v〉 = ω0(u · v) =
n

2
Tru · v =

n

2
Truv.

Therefore (V, ω0) is a clan with the unit element e.

10.3 Principal decompositions of clans and real Siegel do-

mains

For a clan V we constructed in Theorem 10.4 the homogeneous regular

convex domain Ω(V ). In this section we shall prove that a clan V admits the

principal decomposition V = V0 +N , and that the domain Ω(V ) is realized

as a real Siegel domain by using this decomposition [Vinberg (1963)].

Let (V, χ) be a clan and let 〈u, v〉 = χ(u · v) the inner product on V .

We define an element e0 ∈ V by

〈e0, u〉 = χ(u) for all u ∈ V.

Then we have the following lemma.

Lemma 10.6. The element e0 is an idempotent, i.e. e0 · e0 = e0, and the

operator Re0
of the right multiplication by e0 is symmetric with respect to

the inner product 〈u, v〉 and satisfies

R2
e0

= Re0
.
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Proof. We have

〈u,Re0
v〉 − 〈v,Re0

u〉 = χ(u · (v · e0)− v · (u · e0))
= χ([Lu, Lv]e0) = χ(Lu·v−v·ue0)

= 〈u · v − v · u, e0〉 = χ(u · v − v · u) = 0,

for all u and v ∈ V . This means that Re0
is symmetric with respect to the

inner product 〈u, v〉. Hence

〈e0 · e0, u〉 = 〈Re0
e0, u〉 = 〈e0, Re0

u〉 = χ(u · e0) = 〈e0, u〉,
for all u ∈ V , and so

e0 · e0 = e0.

By Lemma 9.1 (3) we obtain

[Le0
, Re0

] = Re0
−R2

e0
.

Put P = Re0
− R2

e0
. Since [Re0

, P ] = 0 we have TrP 2 = Tr [Le0
, Re0

]P =

TrLe0
[Re0

, P ] = 0. Since P is symmetric and TrP 2 = 0, we have P = 0

and so R2
e0

= Re0
. �

Since Re0
is an orthogonal projection by Lemma 10.6, we obtain an

orthogonal decomposition

V = V0 +N,

where V0 = {x ∈ V | Re0
x = x} and N = {y ∈ V | Re0

y = 0}.
The decomposition V = V0+N is said to be the principal decomposition

of the clan, and the element e0 is called the principal idempotent. If V

has the unit element e, then e is the principal idempotent because 〈e, u〉 =
χ(e · u) = χ(u).

Lemma 10.7. Let e0 be the principal idempotent of a clan V . Then

Le0
=

1

2
(Re0

+ I),

where I is the identity mapping on V .

Proof. By Lemma 9.1 (2) we have

〈Le0
u, v〉+ 〈u, Le0

v〉 = χ(Le0·uv + LuLe0
v) = χ(Lu·e0

v + Le0
Luv)

= 〈Re0
u, v〉+ 〈u, v〉,

which implies

Le0
+ tLe0

= Re0
+ I,
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where tLe0
is the adjoint operator of Le0

. Put

K =
1

2
(Re0

+ I)− Le0
=

1

2
( tLe0

− Le0
).

Since
[

Le0
,
1

2
(Re0

+ I)
]

=
1

2
[Le0

, Re0
] =

1

2
(Re0

−R2
e0

) = 0,

and since all the eigenvalues of Le0
and

1

2
(Reo

+ I) are real numbers, it

follows that all the eigenvalues of K are real numbers. Since tK = −K, the

eigenvalues of K are 0 or purely imaginary. Therefore all the eigenvalues

of K are 0 and so K = 0. �

Lemma 10.8. Let Le0
u = λuu and Le0

v = λvv where λu and λv ∈ R.

Then

Le0
(u · v) = (−λu + λv + 1)u · v.

Proof. By Lemma 10.7 we have

Le0
(u · v) = e0 · (u · v) = (e0 · u) · v + [e0 · u · v]

= λu(u · v) + [u · e0 · v] = λu(u · v) + u · (e0 · v)− (u · e0) · v
= λu(u · v) + λv(u · v)− (2λu − 1)u · v
= (−λu + λv + 1)u · v

�

By Lemma 10.8 we obtain the following proposition.

Proposition 10.4. Let V = V0 + N be the principal decomposition of a

clan (V, χ) and let e0 be the principal idempotent of V . Then

V0 · V0 ⊂ V0, V0 ·N ⊂ N,
N · V0 = {0}, N ·N ⊂ V0.

In particular V0 is a subalgebra with the unit element e0.

Definition 10.3. A clan (V, χ) is said to be elementary if dim V0 = 1.

Lemma 10.9. Let V = V0 + N be the principal decomposition of a clan

(V, χ). Then

(1) y · z = z · y for y and z ∈ N .

(2) expLa(y · z) = (expLay) · (expLaz) for a ∈ V0 and y, z ∈ N .
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Proof. Let y and z ∈ N . Since Re0
(y ·z−z ·y) = Ly·z−z·ye0 = [Ly, Lz]e0

= LyRe0
z − LzRe0

y = 0, we obtain y · z − z · y ∈ N . On the other hand,

by Proposition 10.4, we have y · z − z · y ∈ V0. Hence y · z − z · y = 0.

Again by Proposition 10.4, it follows that La(y ·z)−y · (Laz) = [La, Ly]z =

La·y−y·az = La·yz = (Lay) ·z. Re-arranging, La(y ·z) = (Lay) ·z+y ·(Laz).

This implies (2). �

Theorem 10.5. Let V = V0 +N be the principal decomposition of a clan

(V, χ) with the principal idempotent e0. Then the homogeneous regular

convex domain Ω(V ) constructed from the clan (V, χ) is expressed by

Ω(V ) =
{

x+ y | x ∈ V0, y ∈ N, x−
1

2
y · y ∈ Ω(V0)

}

,

where Ω(V0) is the homogeneous regular convex cone with vertex −e0 cor-

responding to the clan (V0, χ).

Proof. Since the clan (V0, χ) has the unit element e0, the corresponding

homogeneous regular convex domain Ω(V0) is a cone with vertex −e0. We

set

Ω̃(V ) =
{

x+ y | x ∈ V0, y ∈ N, x−
1

2
y · y ∈ Ω(V0)

}

.

Let a ∈ V0 and x+ y ∈ Ω̃(V ). It follows from (10.2) that

expX−a(x+ y) = expLa(x + y) +

∞∑

n=0

1

(n+ 1)!
(La)na

= expLax+
∞∑

n=0

1

(n+ 1)!
(La)na+ expLay

= expX−ax+ expLay.

By Lemma 10.9 we obtain

expX−ax−
1

2
(expLay) · (expLay)

= expX−ax−
1

2
expLa(y · y)

= expLax+

∞∑

n=0

1

(n+ 1)!
(La)na− 1

2
expLa(y · y)

= expLa(x−
1

2
y · y) +

∞∑

n=0

1

(n+ 1)!
(La)na

= expX−a(x −
1

2
y · y) ∈ Ω(V0).
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Since expLay ∈ N and expX−ax ∈ V0 we have

expX−a(x+ y) = expLay + expX−ax ∈ Ω̃(V ).

Hence the affine transformation expX−a leaves Ω̃(V ) invariant. Let b ∈ N
and x+ y ∈ Ω̃(V ). It follows from Proposition 10.4 that

expX−b(x+ y) = expLb(x+ y) +

∞∑

n=0

1

(n+ 1)!
(Lb)

nb

= (x+ y + b · y) +
(

b+
1

2
b · b

)

=
(

x+ b · y +
1

2
b · b

)

+ (y + b).

Since x+ b · y +
1

2
b · b ∈ V0 and y + b ∈ N by Proposition 10.4, and since

x+ b · y +
1

2
b · b− 1

2
(y + b) · (y + b) = x− 1

2
y · y ∈ Ω(V0)

by Lemma 10.9 (1), we obtain

expX−b(x+ y) ∈ Ω̃(V ).

Hence the affine transformation expX−b leaves Ω̃(V ) invariant. Therefore

Ω̃(V ) is invariant under the group T (V ) = {expXu | u ∈ V }. Let x + y ∈
Ω̃(V ) be an arbitrary point. Then

expX−y(x + y) = x− 1

2
y · y ∈ Ω(V0).

Since T (V0) = {expXu0
| u0 ∈ V0} acts transitively on Ω(V0) there exists

u0 ∈ V0 such that

expXu0

(

x− 1

2
y · y

)

= 0.

Hence expXu0
expX−y(x+ y) = 0. Therefore Ω̃(V ) = T (V )0 = Ω(V ). �

Definition 10.4. Let V be a finite-dimensional real vector space. Suppose

that V is decomposed into the direct sum V = V0 +W of two subspaces V0

and W . Suppose further that there exists an open regular convex cone Ω0

with vertex −v0 in V0 and a symmetric bilinear function F : W ×W −→ V0

satisfying the following conditions,

(1) F (w,w) ∈ Ω0 + v0 for all w ∈W ,

(2) F (w,w) = 0 if and only if w = 0.

Then a domain in V defined by

{u+ w | u ∈ V0, w ∈W, u− F (w,w) ∈ Ω0}
is called a real Siegel domain and is denoted by S(Ω0, F ).
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Lemma 10.10. A real Siegel domain S(Ω0, F ) is a regular convex domain.

Proof. Let λ(u + w) + (1 − λ)(u′ + w′) be a point in the segment of a

line joining any two points u+ v and u′ + v′ ∈ S(Ω0, F ) where 0 ≤ λ ≤ 1.

It follows from the convexity of Ω0 + v0 and condition (1) for F that

λu+ (1− λ)u′ − F (λw + (1− λ)w′, λw + (1− λ)w′)

= λ(u− F (w,w)) + (1− λ)(u′ − F (w′, w′))

+λ(1− λ)F (w − w′, w − w′) ∈ Ω0 + v0.

Thus S(Ω0, F ) is a convex set. Suppose that a full line u + w + t(a + b)

through a point u+w ∈ S(Ω0, F ) in a direction a+b ∈ V0 +W is contained

in S(Ω0, F ). Then

u+ ta− F (w + tb, w + tb)

= u− F (w,w) + ta− 2tF (w, b)− t2F (b, b) ∈ Ω0 + v0.

Since Ω0 + v0 is a cone with vertex 0, it follows
1

t2
{u− F (w,w) + ta− 2tF (w, b)− t2F (b, b)} ∈ Ω0 + v0,

for all t ∈ R. Letting t −→∞, we see −F (b, b) ∈ Ω0 + v0, that is F (b, b) ∈
−(Ω0 + v0). On the other hand by condition (1) for F we know F (b, b) ∈
Ω0 + v0. Hence F (b, b) = 0. By condition (2) we have b = 0. This means

u− F (w,w) + ta ∈ Ω0,

for all t ∈ R. Since Ω0 contains no straight line we obtain a = 0. Therefore

S(Ω0, F ) does not contain any full straight line. �

Lemma 10.11. With the same notation as in Theorem 10.5 we have

(1) y · y = Ω(V0) + e0 for y ∈ N .

(2) y · y = 0 if and only if y = 0.

Proof. Since
(1

2
y ·y− e0

)

− 1

2
(±y) · (±y) = −e0 ∈ Ω(V0), it follows from

Theorem 10.5 that
(1

2
y · y − e0

)

± y ∈ Ω(V ).

Since Ω(V ) is a convex domain we obtain

1

2
y · y − e0 =

1

2

{(1

2
y · y − e0 + y

)

+
(1

2
y · y − e0 − y

)}

∈ Ω(V ).

Therefore
1

2
y · y− e0 ∈ Ω(V )∩ V0 = Ω(V0) and

1

2
y · y ∈ Ω(V0) + e0D Hence

we obtain (1). Suppose y · y = 0. Then 〈y, y〉 = χ(y · y) = 0, and so y = 0D

Thus (2) is also proved. �
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By Theorem 10.5 and Lemma 10.11 we obtain the following corollary.

Corollary 10.2. Let V be a clan and let V = V0 + N be the principal

decomposition. Then the homogeneous regular convex domain Ω(V ) cor-

responding to V is a real Siegel domain S(Ω(V0), F ) where Ω(V0) is the

cone corresponding to V0 and F is the symmetric bilinear function given by

F : N ×N 3 (y, z) −→ 1

2
y · z ∈ V0.

Proposition 10.5. An n-dimensional elementary clan V corresponds to a

real Siegel domain given by

xn >
1

2

n−1∑

i=1

(xi)2 − 1,

(cf. Proposition 3.8).

Proof. Let (V, χ) be an n-dimensional elementary clan with principal

decomposition V = V0 + N and principal idempotent e0. Choose an or-

thogonal basis {e1, · · · , en−1} of N such that 〈ei, ej〉 = χ(ei ·ej) = δijχ(e0).

Then

ei · ej = δije0.

Let {x1, · · · , xn−1, xn} be an affine coordinate system on V with respect to

the orthogonal basis {e1, · · · , en−1, en} of V where en = e0. Then

Ω0 = {xnen | xn > −1},

F (y, z) =
1

2
y · z =

1

2

( n−1∑

i=1

yizi
)

e0, for y =

n−1∑

i=1

yiei, z =

n−1∑

i=1

ziei ∈ N.

Therefore

Ω(V ) =
{

xnen +

n−1∑

i=1

xiei

∣
∣ xn − 1

2

n−1∑

i=1

(xi)2 > −1
}

.

Conversely, let Ω be a domain in Rn defined by

xn >
1

2

n−1∑

i=1

(xi)2 − 1.

Let us consider a direct sum decomposition of Rn such that

Rn = V0 +N,

V0 = {x ∈ Rn | xi = 0, 1 ≤ i ≤ n− 1},
N = {x ∈ Rn | xn = 0}.
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We denote an element in Rn by

[
a

b

]

where a ∈ Rn−1 and b ∈ R. We

define an open regular convex cone Ω0 in V0 with vertex −e0 and a bilinear

mapping F : N ×N −→ V0 by

Ω0 = {x ∈ V0 | xn > −1},

F (y, z) =

[
0

tyz

]

.

Then F and Ω0 satisfy the conditions of Definition 10.4 and Ω is a real

Siegel domain S(Ω0, F ). For λ ∈ R+ we define an affine transformation of

Rn by

xi −→ λxi, for 1 ≤ i ≤ n− 1,

xn −→ λ2xn + λ2 − 1.

Then the affine transformation leaves Ω invariant. The linear part f(λ) and

the translation vector part q(λ) of the affine transformation are expressed

by

f(λ) =

[
λIn−1 0

0 λ2

]

, q(λ) =

[
0

λ2 − 1

]

,

where In−1 is the unit matrix of degree n− 1. For a = [ai] ∈ N we define

an affine transformation of Rn by

xi −→ xi + ai, for 1 ≤ i ≤ n− 1,

xn −→ xn +

n−1∑

i=1

aixi +
1

2

n−1∑

i=1

(ai)2.

Then the affine transformation leaves Ω invariant. Identifying N with

Rn−1, the linear part f(a) and the translation vector part q(a) of the affine

transformation are expressed by

f(a) =

[
In−1 0

ta 1

]

, q(a) =

[
a

1
2

taa

]

.

By (s, x) ∈ G × Ω −→ f(s)x + q(s) ∈ Ω the Lie group G = R+ × N acts

simply transitively on Ω. The Lie algebra g of the Lie group G = R+ ×N
is identified with R +N . Since

f(exp tr) = f(etr) =

[
etrIn−1 0

0 e2tr

]

, q(exp tr) =

[
0

e2tr − 1

]

,

for r ∈ R ⊂ g, the differentials f of f and q of q are given by

f(r) =

[
rIn−1 0

0 2r

]

, q(r) =

[
0

2r

]

.
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Since

f(exp ta) = f(ta) =

[
In−1 0

t ta 1

]

, q(exp ta) = q(ta) =

[

ta
t2

2
taa

]

,

for a ∈ N = Rn−1 ⊂ g, the differentials f of f and q of q are expressed by

f(a) =

[
0 0
ta 0

]

, q(a) =

[
a

0

]

.

These imply

q : r + a ∈ g = R +N −→
[
a

2r

]

∈ Rn.

Therefore

q−1(u) =
1

2
un +








u1

...

un−1

0







∈ g = R +N,

Lu = f(q−1(u)) =

[
1
2u

nIn−1 0

u1 · · ·un−1 un

]

, for u = [ui] ∈ Rn.

Thus

u · v = Luv =








1
2u

nv1

...
1
2u

nvn−1

tuv







, for u = [ui] and v = [vi] ∈ Rn.

Putting ϕ(x) = − log
{

xn +1− 1

2

n−1∑

i=1

(xi)2
}

the 1-form ω = dϕ is invariant

under the group G = R+ × N , and the symmetric bilinear form Dω is

positive-definite (cf. Proposition 3.8). For X = r+a ∈ g = R+N we have

q(exp tX) = q((etr)(ta)) = f(etr) q(ta) + q(etr)

=

[

0

e2tr( t2

2 taa+ 1)− 1

]

.

Hence

ω0(q(X)) =
d

dt

∣
∣
∣
∣
t=0

ϕ( q(exp(−tX)))

=
d

dt

∣
∣
∣
∣
t=0

log
{

e2tr
( t2

2
taa+ 1

)}

= 2r.
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Thus ω0(u) = un for u = [ui] ∈ Rn and

〈u, v〉 = ω0(u · v) = tuv, for u and v ∈ Rn.

Therefore (Rn, ω0) is a clan. Let e0 =

[
0

1

]

∈ V0. Then

〈u, e0〉 = ω0(u · e0) = ω0(u
ne0) = un = ω0(u),

Le0
v0 = v0, for v0 ∈ V0,

Le0
u =

1

2
u, for u ∈ N.

Hence e0 is the principal idempotent of the clan (Rn, ω0), and Rn = V0+N

is the principal decomposition. Thus the clan is elementary. �

Let (V, χ) be a clan and let Ω(V ) be the corresponding homogeneous

regular convex domain. We identify V with the tangent space T0Ω(V ) of

Ω(V ) at 0 by the correspondence u ←→ −(Xu)0. Denoting by γu and Au

the values of −γXu
and −AXu

at 0 we have

γuv = (γXu
Xv)0 =

∑

γk
ij(0)uivj

( ∂

∂xk

)

0
,

Auv = (AXu
Xv)0 = −(DXv

Xu)0 = −
∑

(u · v)i
( ∂

∂xi

)

0

= −u · v.
We put

A∇
Xu

= LXu
−∇Xu

.

Then by [Kobayashi and Nomizu (1963, 1969)](I, p.235) we know

A∇
Xu
Xv = −∇Xv

Xu.

Denoting by A∇
u the value of −A∇

Xu
at 0 we obtain

A∇
u v = (A∇

Xu
Xv)0 = −(∇Xv

Xu)0

= −
∑

ij

vi
{

∇∂/∂xi

(∑

(Lu)j
qx

q + uj
) ∂

∂xj

}

0

= −
∑

(Lu)j
i v

i
( ∂

∂xj

)

0
−

i∑

vjγk
ij(0)

( ∂

∂xk

)

0

= −u · v − γuv = −(Lu + γu)v.

Lemma 10.12. For u ∈ V we have

(1) Au = −Lu,
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(2) γu = −1

2
(Lu + tLu),

(3) A∇
u = −1

2
(Lu − tLu).

(4) The sectional curvature K for a plane spanned by u and v ∈ V is given

by

K =
〈γuv, γuv〉 − 〈γuu, γvv〉
〈u, u〉〈v, v〉 − 〈u, v〉2 .

Proof. By Lemma 2.1 we have

2g(γXu
Xv, Xw) = g(AXu

Xv, Xw) + g(Xv, AXu
Xw),

which implies assertion (2). Assertion (3) follows from A∇
u = −(Lu + γu)

and (2). By Proposition 2.3, we obtain (4). �

Proposition 10.6. Let (V, χ) be a clan and let Ω(V ) be the homogeneous

regular convex domain corresponding to the clan. For the canonical Hessian

structure (D, g) on Ω(V ) we have

(1) If the difference tensor γ = ∇−D is ∇-parallel, then

[A∇
u , γv] = γA∇

u v .

(2) If the curvature tensor R of ∇ is ∇-parallel, then

[A∇
u , [γv, γw]] = [γA∇

u v , γw] + [γv, γA∇
u w].

Proof. Since Xu is an infinitesimal affine transformation with respect to

∇ and D, we have (cf. [Kobayashi and Nomizu (1963, 1969)])

[LXu
,∇Xv

] = ∇LXu Xv
, [LXu

, DXv
] = DLXuXv

.

Hence

[LXu
, γXv

] = γLXu Xv
.

If γ is ∇-parallel, then, by Lemma 2.2, we have

[∇Xu
, γXv

] = γ∇Xu Xv
.

Therefore

[A∇
Xu
, γXv

] = [LXu
−∇Xu

, γXv
] = γLXu Xv

− γ∇Xu Xv

= γA∇
Xu

Xv
,

which implies assertion (1).

Suppose that R is ∇-parallel. Since Xu is an infinitesimal affine transfor-

mation with respect to ∇ we have

LXu
R = 0.
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Hence

0 = (A∇
Xu
R)(Xv , Xw)Xz

= A∇
Xu

(R(Xv , Xw)Xz)−R(A∇
Xu
Xv, Xw)Xz

−R(Xv, A
∇
Xu
Xw)Xz −R(Xv, Xw)A∇

Xu
Xz

= (A∇
Xu

[γXv
, γXw

]− [γA∇
Xu

Xv
, γXw

]− [γXv
, γA∇

Xu
Xw

]− [γXv
, γXw

]A∇
Xu

)Xz

= ([A∇
Xu
, [γXv

, γXw
]]− [γA∇

Xu
Xv
, γXw

]− [γXv
, γA∇

Xu
Xw

])Xz ,

and so assertion (2) has also been proved. �

Proposition 10.7. Let Ω be a homogeneous regular convex domain and

let V be the corresponding clan. Then the following statements (1)-(3) are

equivalent.

(1) Ω is affine isomorphic to the domain given by

{

(x1, · · · , xn) ∈ Rn
∣
∣
∣ xn >

1

2

n−1∑

i=1

(xi)2
}

.

(2) The sectional curvature with respect to the second Koszul form β on Ω

is a negative constant.

(3) V is an elementary clan.

Proof. By Proposition 10.5 the statements (1) and (3) are equivalent.

We shall here show that statement (2) implies (3). Let V = V0 +N be the

principal decomposition of the clan V with the principal idempotent e0.

By Lemmata 10.6 and 10.7 we know tLe0
= Le0

D Hence γe0
= −Le0

by

Lemma 10.12. Suppose that there exists v0 ∈ V0 independent to e0. Since

Le0
v0 = v0 we obtain

〈γe0
v0, γe0

v0〉 − 〈γe0
e0, γv0

v0〉 = 〈v0, v0〉+ 〈e0, γv0
v0〉

= 〈v0, v0〉+ 〈γe0
v0, v0〉 = 0.

By Lemma 10.12, this implies that the sectional curvature K for the space

spanned by e0 and v0 vanishes, which contradicts (2). Therefore V0 = Re0
and V is an elementary clan. We shall prove that statement (2) follows from

(3). Let V = Re0 + N be the principal decomposition of the elementary

clan V . Let {e1, · · · , en−1} be an orthonormal basis of N with respect to

the inner product 〈u, v〉 = TrLu·v. Putting en = ce0 where c = 〈e0, e0〉−
1
2

we obtain

ei · ej = c δijen, en · ei =
c

2
ei, ei · en = 0, for 1 ≤ i, j ≤ n− 1,

en · en = c en.
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Hence

u · v =
c

2

n−1∑

i=1

(unvi)ei + c
(

n−1∑

i=1

uivi + unvn

)
en,

for u =

n∑

i=1

uiei and v =

n∑

i=1

viei. Since

〈γuv, ei〉 =
1

2
{〈u · v, ei〉+ 〈v, u · ei〉} =

c

2
(unvi + vnui), for 1 ≤ i ≤ n− 1,

〈γuv, en〉 =
1

2
{〈u · v, en〉+ 〈v, u · en〉} =

c

2

(
n−1∑

i=1

uivi + 2unvn

)
,

we have

γuv =
c

2

{ n−1∑

i=1

(unvi + vnui)ei +
(

n−1∑

i=1

uivi + 2unvn

)
en

}

.

Using this expression we obtain

〈γuv, γuv〉 − 〈γuu, γvv〉

=
c2

4

{ n−1∑

i=1

(unvi + vnui)
2 +

(
n−1∑

i=1

uivi + 2unvn

)2

−
(

n−1∑

i=1

u2
i + 2u2

n

)(
n−1∑

i=1

v2
i + 2v2

n

)
−

n−1∑

i=1

unvnuivi

}

= −c
2

4

{(
n−1∑

i=1

u2
i

)(
n−1∑

i=1

v2
i

)
−

(
n−1∑

i=1

uivi

)2
+

n−1∑

i=1

(unvi − vnui)
2
}

= −c
2

4
{〈u, u〉〈v, v〉 − 〈u, v〉2}.

Hence, by Lemma 10.12 (4) the sectional curvature K is a constant of value

−1

4
〈e0, e0〉−1 = −(2(dimV + 1))−1D �

We shall give a differential geometric characterization of homogeneous

self-dual regular convex cones among homogeneous regular convex domains.

We proved in Theorem 4.11 that the difference tensor γ = ∇ − D on a

homogeneous self-dual regular convex cone is ∇-parallel. Here, we shall

now show the converse.

Theorem 10.6. Let (V, χ) be a clan satisfying the condition

(C) [A∇
u , γv ] = γA∇

u v .
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We define a new operation of multiplication on V by

u ∗ v = γuv.

Then V is a compact Jordan algebra with this multiplication.

Lemma 10.13. Under the same condition of the above theorem we have

(1) The clan has the unit element e.

(2) Tr γγuv = TrLLuv.

(3) [[γu, γv], γw] = γ[γu,γv]w.

Proof. By the condition (C) and Lemma 10.12 we have

0 =
〈(

[A∇
u , γu]− γA∇

u u

)
u, u

〉
= −3

〈
γuu,A

∇
u u

〉

=
3

4

(
〈Luu, Luu〉 − 〈 tLuu,

tLuu〉
)
,

that is,

〈Luu, Luu〉 = 〈 tLuu,
tLuu〉.

Let V = V0 + N be the principal decomposition of V . For u ∈ N we

have 〈Luu, Luu〉 = 〈 tLuu,
tLuu〉 = 〈u, Lu

tLuu〉 = 0 because LuV ⊂ V0

and V = V0 + N is an orthogonal decomposition. Hence u · u = 0. Since

〈u, u〉 = χ(u · u) = 0 we have u = 0. Therefore V = V0 and V has

the unit element e. Again by condition (C) and Lemma 10.12, we have

0 = Tr [A∇
u , γv] = Tr γA∇

u v = −Tr γ(Lu+γu)v. Hence

Tr γγuv = −Tr γLuv = TrLLuv .

From Proposition 2.3 (1) we have

[γXu
, γXv

] = −R∇(Xu, Xv) = −[A∇
Xu
, A∇

Xv
] +A∇

[Xu,Xv ].

Applying this equation and condition (C) we obtain

[[γu, γv ], γw] = γ{−[A∇
u ,A∇

v ]−A∇
u·v−v·u}w = γ[γu,γv]w.

�

Proof of Theorem 10.6. By Lemma 10.13 (3) we have

[[γu, γv ], γw] = γ[u∗w∗v],

where [u ∗ w ∗ v] = u ∗ (v ∗ w) − v ∗ (u ∗ w). Again by Lemma 10.13 (2) a

symmetric bilinear form defined by

(u, v) = Tr γu∗v = TrLu·v = 〈u, v〉
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is positive-definite. By Lemma 4.2 these facts imply that V is a compact

Jordan algebra with respect to the multiplication u ∗ v = γuv. �

Proposition 10.8. Let V be a clan satisfying the condition (C) in Theorem

10.6, and let Ω(V ) be the homogeneous regular convex cone corresponding to

the clan V . We denote by Ω(V, ∗) the homogeneous self-dual regular convex

cone corresponding to the compact Jordan algebra (V, ∗) with multiplication

u ∗ v = γuv (cf. Theorem 4.9 and 10.6). Then the homogeneous regular

convex cone Ω(V ) + e coincides with Ω(V, ∗).

Proof. It is known that exp γu is contained in the linear automorphism

group Aut(Ω(V, ∗)) of Ω(V, ∗), and that

Ω(V, ∗) = {exp γv | v ∈ V }e

=
{

exp v =

∞∑

n=0

1

n!

n terms
︷ ︸︸ ︷
v ∗ · · · ∗ v

∣
∣ v ∈ V

}

,

(cf. Theorem 4.9). Since condition (C) implies A∇
u (v ∗ w) = (A∇

u v) ∗ w +

v ∗A∇
u w, we obtain

expA∇
u (v ∗ w) = (expA∇

u v) ∗ (expA∇
u w).

Hence, for any exp v ∈ Ω(V, ∗), we have

expA∇
u exp v = expA∇

u

( ∑

n

1

n!
v ∗ · · · ∗ v

)

=
∑

n

1

n!

{
(expA∇

u v) ∗ · · · ∗ (expA∇
u v)

}

= exp(expA∇
u v) ∈ Ω(V, ∗),

which implies

expA∇
u ∈ Aut(Ω(V, ∗)).

Therefore A∇
u and γu are contained in the Lie algebra g of Aut(Ω(V, ∗)),

and so Lu = γu +A∇
u ∈ g. Since Ω(V )+e = {expLu | u ∈ V }e by Theorem

10.4, we have

Ω(V ) + e ⊂ Ω(V, ∗).
By Lemma 10.13 (2), both characteristic functions of Ω(V )+ e and Ω(V, ∗)
coincide. It follows from the property of the characteristic function stated

in Proposition 4.3 that

Ω(V ) + e = Ω(V, ∗).
�
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Theorem 10.7. Let Ω be a homogeneous regular convex domain. Then the

following conditions are equivalent.

(1) Ω is a self-dual cone.

(2) The difference tensor γ = ∇−D is ∇-parallel.

Proof. In Theorem 4.12 we proved that statement (1) implies (2). Sup-

pose that statement (2) holds. Then, by Proposition 10.6 (1), the cor-

responding clan satisfies condition (C) in Theorem 10.6. Therefore, by

Proposition 10.8, Ω is a self-dual cone. �

10.4 Homogeneous Hessian domains and normal Hessian

algebras

By using the same approach as in section 10.2, we shall give a correspon-

dence between homogeneous Hessian domains and normal Hessian algebras,

and we state without proof a structure theorem of normal Hessian algebras.

From the theorem we will see that the second Koszul forms plays an im-

portant role in the structure theory of homogeneous Hessian manifolds.

Let (Ω, D, g) be a homogeneous Hessian domain, then there exists a

triangular group T acting simply transitively on Ω. In section 10.2 we

showed that the flat connection D invariant by T induces an affine repre-

sentation (f, q) on V of the Lie algebra t of T , and defined an operation of

multiplication on V by

u · v = f(q−1(u))v.

Then the algebra V with this multiplication is a normal left symmetric

algebra. By Lemma 9.2 we obtain the lemma.

Lemma 10.14. Let 〈 , 〉 be the restriction of the Hessian metric g to the

origin 0. Then we have

〈u · v, w〉+ 〈v, u · w〉 = 〈v · u,w〉+ 〈u, v · w〉. (10.5)

Definition 10.5. A normal left symmetric algebra V with an inner product

〈 , 〉 satisfying the condition (10.5) is called a normal Hessian algebra

and is denoted by (V, 〈 , 〉).

It should be remarked that a clan (V, χ) is a normal Hessian algebra

(V, 〈 , 〉) where 〈u, v〉 = χ(u · v).
By Lemma 10.14 we have the following theorem.
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Theorem 10.8. For a homogeneous Hessian domain (Ω, D, g) there cor-

responds a normal Hessian algebra.

Conversely, we shall show that a normal Hessian algebra (V, 〈 , 〉) in-

duces a homogeneous Hessian domain. We use the same method and no-

tation as in section 10.2. Let {e1, · · · , en} be an orthonormal basis of V .

Since T (V ) acts simply transitively on Ω(V ) = T (V )0, we can define a

Riemannian metric g on Ω(V ) by

gij(s0) =

n∑

p=1

f(s−1)p
i f(s−1)p

j , for s ∈ T (V ), (10.6)

where [ f(s−1)i
j ] is the matrix representation of f(s−1) with respect to

{e1, · · · , en}.

Lemma 10.15. The pair (D, g) is a Hessian structure on Ω(V ) invariant

by T (V ).

Proof. By definition, g is invariant under T (V ). For u ∈ V we denote

by exp tXu the 1-parameter affine transformation group generated by

Xu = −
∑

i

(
∑

j

(Lu)i
jx

j + xi(u))
∂

∂xi
.

Then we have

d

dt

∣
∣
∣
∣
t=0

f(exp tXu) = −Lu,
d

dt

∣
∣
∣
∣
t=0

q(exp tXu) = −u.

For a fixed s ∈ T (V ), we define a linear isomorphism u ∈ V −→ u′ ∈ V by

s−1 exp tXus = exp tXu′ . Then

Lu′ = f(s)−1Luf(s),

u′ = f(s)−1Luq(s) + f(s)−1u = Lu′f(s)−1q(s) + f(s)−1u.

Denoting by LX the Lie differentiation with respect to a vector field X on

Ω(V ), we set

AX = LX −DX ,

and then

AXY = −DYX.

Hence

(AXu
Xv)x = −

∑

i

(LuLvx+ Luv)
i
( ∂

∂xi

)

x
.
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Since the derivation AXu
maps a function to 0, and given also that LXu

g =

0, we have

(DXu
g)(Xv, Xw) = −(AXu

g)(Xv, Xw)

= g(AXu
Xv, Xw) + g(Xv, AXu

Xw).

Therefore

g(s0)((AXu
Xv)s0, (Xw)s0)

=
∑

i,j,p

f(s−1)p
i f(s

−1)q
j (LuLvs0 + Luv)

i(Lws0 + w)j

=
∑

p

{f(s−1)(LuLvq(s) + Luv)}pw′p

=
∑

p

{Lu′Lv′f(s−1)q(s) + Lu′f(s)−1v}pw′p

=
∑

p

(u′ · v′)pw′p

= 〈u′ · v′, w′〉.
These results and (10.5) imply that (D, g) satisfies the Codazzi equation

(DXu
g)(Xv, Xw) = (DXv

g)(Xu, Xw),

so by Proposition 2.1 (2) the pair (D, g) is therefore a Hessian structure.

�

The following theorem summarizes the above results.

Theorem 10.9. A normal Hessian algebra (V, 〈 , 〉) induces a homoge-

neous Hessian domain Ω(V ) on which a triangular group T (V ) acts simply

transitively.

We state without proof a structure theorem of normal Hessian algebras.

For the detailed proof the reader may refer to [Shima (1980)].

Theorem 10.10 (Structure theorem of normal Hessian algebras).

Let (V, 〈 , 〉) be a normal Hessian algebra. Then we have

(1) Let C = {c ∈ V | c · c = 0}. Then C is a vector subspace of V .

(2) The orthogonal complement U of C is a clan.

(3) The decomposition V = C + U satisfies

C · C = {0}, C · U ⊂ C,
U · C ⊂ C, U · U ⊂ U.
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Corollary 10.3. With same notation as used in Theorem 10.10, we denote

by Ω(V ) the homogeneous Hessian domain corresponding to V , and by Ω(U)

the homogeneous regular convex domain corresponding to the clan U . Then

we have

(1) Ω(V ) = C + Ω(U).

(2) The restriction of the Hessian metric g on C is the Euclidean metric.

Proof. We set Ω̃(V ) = C + Ω(U). For a ∈ C and x ∈ Ω(U) we have

expX−u(a+ x) = expLua+ expX−ux ∈ C + Ω(U), u ∈ U,
expX−c(a+ x) = (a+ c+ c · x) + x ∈ C + Ω(U), c ∈ C,

and so T (V )Ω̃(V ) = Ω̃(V ). Since Ω(U) = T (U)0, for x ∈ Ω(U) there exists

u0 ∈ U such that

expX−u0
x = 0.

For a ∈ C we put c0 = − expLu0
a ∈ C. Then

expX−c0
expX−u0

(a+ x) = 0.

This implies Ω̃(V ) = T (V )0 = Ω(V ), and (1) is provedD For c ∈ C we

put s = expX−c. Then s0 = c, and f(s−1) is the identity mapping on C.

Hence by (10.6)

g(c)ij = δij .

Therefore the restriction of g on C is a Euclidean metric. �

Corollary 10.4. With the same notation as in Theorems 10.10, the ideal

C is a maximal vector subspace of V contained in Ω(V ).

Corollary 10.5. Let V be a normal Hessian algebra and let Ω(V ) be the

homogeneous Hessian domain corresponding to V . Denoting by β0 the re-

striction of the second Koszul form β on Ω(V ) at the origin 0 we have

(1) β0 is positive semi-definite.

(2) The null space {w ∈ V | β0(w, v) = 0, for all v ∈ V } of β0 is a maximal

vector subspace of V contained in Ω(V ).

Proof. By Lemma 9.5 we know

β0(u, v) = TrLu·v, for u, v ∈ V.
Hence it follows from Theorem 10.10 (2) that

β0(a, v) = 0, for a ∈ C, v ∈ V.
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For a, b ∈ C and u ∈ V we have

〈u · a, b〉+ 〈a, u · b〉 = 〈a · u, b〉+ 〈u, a · b〉 = 〈a · u, b〉.
Therefore

Lu|C +tLu|C = Ru|C ,
where the symbol |C means the restriction of the corresponding operator

on C. In particular we obtain

tRu|C = Ru|C ,

TrLu|C =
1

2
TrRu|C .

Since U is a clan, we know by Corollary 10.1

TrLu·u|U > 0, for u 6= 0 ∈ U.
It follows from Lemma 9.1 (3) that

TrLu·u|C =
1

2
TrRu·u|C

=
1

2
Tr (RuRu + [Lu, Ru])|C

=
1

2
Tr (RuRu)|C =

1

2
Tr (Ru

tRu)|C ≥ 0.

Hence

β0(u, u) = TrLu·u = TrLu·u|C + TrLu·u|U > 0, for u 6= 0 ∈ U.
Therefore β0 is positive semi-definite, and the null space of β0 coincides

with C. On the other hand, by Corollary 10.4, C is a maximal vector

subspace of V contained in Ω(V ). �

By Corollaries 8.1, 8.2, 10.3, 10.4 and 10.5 we obtain

Corollary 10.6. Let (G/K,D, g) be a homogeneous Hessian manifold and

let β be the second Koszul form on G/K. Then we have

(1) β is positive semi-definite.

(2) Let u 6= 0 be a tangent vector at x ∈ G/K. Then the geodesic expD
x t u

with respect to D is complete if and only if βx(u, v) = 0 for all tangent

vectors v at x.

(3) The following conditions are equivalent.

(a) β = 0.

(b) The Levi-Civita connection of g coincides with D.
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(c) D is complete.

(4) The following conditions are equivalent.

(a) There is no complete geodesic with respect to D.

(b) β is positive definite.

(c) The universal covering space of (G/K,D, g) is a homogeneous reg-

ular convex domain.
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Chapter 11

Homogeneous spaces with invariant

projectively flat connections

In section 9.1 we derived the correspondence between an invariant flat

connection on a homogeneous space G/K, and a certain affine representa-

tion of the Lie algebra of G. Generalizing this result, in section 11.1 we

characterize an invariant projectively flat connection on G/K by an affine

representation of the central extention of the Lie algebra g of G. In course of

the proof we establish that G/K is endowed with an invariant projectively

flat connection if and only if G/K admits a G-equivariant central affine

hypersurface immersion. In section 11.2 we show that symmetric spaces

of semisimple Lie groups with invariant projectively flat connections cor-

respond bijectively to central simple Jordan algebras. We prove in section

11.3 that a homogeneous space G/K carries an invariant Codazzi structure

of constant curvature if and only if G/K admits a G-equivariant immersion

of codimension 1 into a certain homogeneous Hessian domain.

11.1 Invariant projectively flat connections

We first recall the following fundamental facts on projectively flat connec-

tions (Definition 1.8).

Theorem 11.1. Let D be a torsion-free connection with symmetric Ricci

tensor RicD. The connection D is projectively flat if and only if the follow-

ing conditions hold.

(1) The curvature tensor RD is given by

RD(X,Y )Z =
1

n− 1
{RicD(Y, Z)X −RicD(X,Z)Y }, n = dim M.

(2) The Ricci tensor satisfies the Codazzi equation,

(DXRicD)(Y, Z) = (DY RicD)(X,Z).

215
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Theorem 11.2. A connection induced by a central affine hypersurface im-

mersion is projectively flat.

For details the reader may refer to [Nomizu and Sasaki (1994)].

Let G/K be a homogeneous space of a connected Lie group G, and let

g and k be the Lie algebras of G and K respectively. We define the central

extension g̃ of the Lie algebra g by

g̃ = g⊕RE, [g̃, E] = {0}.

Theorem 11.3. Suppose that a homogeneous space G/K admits an invari-

ant projectively flat connection, then there exists an affine representation

(f̃ , q̃) of the central extension g̃ = g⊕RE of g on Ṽ such that

(1) dim Ṽ = dimG/K + 1C

(2) q̃ : g̃ −→ Ṽ is surjective and the kernel coincides with k,

(3) f̃(E) is the identity mapping on Ṽ and q̃(E) 6= 0D

Conversely, suppose that the Lie group G is simply connected, and that the

central extension g̃ of the Lie algebra g of G admits an affine representa-

tion (f̃ , q̃) satisfying the above conditions. Then there exists an invariant

projectively flat connection on G/K.

Corollary 11.1. Let G/K be a homogeneous space of a simply connected

Lie group G. Then the following conditions are equivalent.

(1) There exists an invariant projectively flat connection on G/K.

(2) G/K admits an equivariant central affine hypersurface immersion.

Proof of Theorem 11.3. Suppose that G/K admits an invariant

projectively flat connection D. Using the same notations as in the section

9.1 we have by [Kobayashi and Nomizu (1963, 1969)](I, p.235).

[X,Y ]∗ = [X∗, Y ∗],

AX∗Y ∗ = −DY ∗X∗,

AX∗Y ∗ −AY ∗X∗ = [X∗, Y ∗],

A[X∗,Y ∗] = [AX∗ , AY ∗ ]−RD(X∗, Y ∗).

Let V be the tangent space of G/K at o = {K}. We denote by f(X) and

q(X) the restriction of AX∗ and −X∗ at o respectively. Then

q([X,Y ]) = f(X)q(Y )− f(Y )q(X), (11.1)

f([X,Y ]) = [f(X), f(Y )]−RD(X∗, Y ∗)o,

Ker q = k.
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Since D is projectively flat, by Theorem 11.1 we have

RD(X∗, Y ∗)Z∗ = Q(Y ∗, Z∗)X∗ −Q(X∗, Z∗)Y ∗,

where Q =
1

n− 1
RicD. Therefore

f([X,Y ])q(Z) (11.2)

= [f(X), f(Y )]q(Z)−Qo(q(Y ), q(Z))q(X) +Qo(q(X), q(Z))q(Y ).

Since Q is invariant by G, we obtain

(DX∗Q)(Y ∗, Z∗)

= X∗(Q(Y ∗, Z∗))−Q(DX∗Y ∗, Z∗)−Q(Y ∗, DX∗Z∗)

= Q(LX∗Y ∗, Z∗) +Q(Y ∗,LX∗Z∗)−Q(DX∗Y ∗, Z∗)−Q(Y ∗, DX∗Z∗)

= Q(AX∗Y ∗, Z∗) +Q(Y ∗, AX∗Z∗),

and, by Theorem 11.1 Q satisfies the Codazzi equation

(DX∗Q)(Y ∗, Z∗) = (DY ∗Q)(X∗, Z∗).

Thus we have

Qo(f(X)q(Y ), q(Z)) +Qo(q(Y ), f(X)q(Z)) (11.3)

= Qo(f(Y )q(X), q(Z)) +Qo(q(X), f(Y )q(Z)).

Let us consider an extended vector space Ṽ of V

Ṽ = V ⊕Re.

For X ∈ g we define a linear mapping f̃(X) : Ṽ −→ Ṽ by

f̃(X)q(Z) = f(X)q(Z)−Qo(q(X), q(Z))e,

f̃(X)e = q(X).

Then

[f̃(X), f̃(Y )]q(Z)

= [f(X), f(Y )]q(Z)−Qo(q(Y ), q(Z))q(X) +Qo(q(X), q(Z))q(Y )

−{Qo(q(X), f(Y )q(Z))−Qo(q(Y ), f(X)q(Z))}e
= f([X,Y ])q(Z)− {Qo(f(X)q(Y ), q(Z))−Qo(f(Y )q(X), q(Z))}e
= f([X,Y ])q(Z)−Qo(q([X,Y ]), q(Z))e

= f̃([X,Y ])q(Z),

and

[f̃(X), f̃(Y )]e = f̃(X)q(Y )− f̃(Y )q(X)

= f(X)q(Y )− f(Y )q(X) = q([X,Y ])

= f̃([X,Y ])e,
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by equations (11.1), (11.2) and (11.3). These imply that (f̃ , q) is an affine

representation of g on Ṽ ;

f̃([X,Y ]) = [f̃(X), f̃(Y )],

q([X,Y ]) = f̃(X)q(Y )− f̃(Y )q(X), for X,Y ∈ g.

We define an extended affine representation (f̃ , q̃) of g̃ on Ṽ by

f̃(X̃) =

{
f̃(X), X̃ = X ∈ g

IṼ , X̃ = E,

q̃(X̃) =

{
q(X), X̃ = X ∈ g

e, X̃ = E,

where IṼ is the identity mapping on Ṽ . Then the affine representation

(f̃ , q̃) satisfies conditions (1)-(3).

Conversely, suppose that there exists an affine representation (f̃ , q̃) of

g̃ satisfying conditions (1)-(3). Let {x1, · · · , xn+1} be the affine coordinate

system on Ṽ with respect to a basis {e1, · · · , en+1}, i.e. u =
∑

i x
i(u)ei for

u ∈ Ṽ . For X̃ ∈ g̃ we define an infinitesimal affine transformation X̃a on Ṽ

by

X̃a = −
∑

i

(
∑

j

f̃(X̃)i
jx

j + q̃(X̃)i)
∂

∂xi
,

where f̃(X̃)i
j and q̃(X̃)i are the components of f̃(X̃) and q̃(X̃) with respect

to the basis respectively. Since [X̃, Ỹ ]a = [X̃a, Ỹa], the space g̃a defined by

g̃a = {X̃a | X̃ ∈ g̃}
forms a Lie algebra. Since G acts effectively on G/K, the mapping X̃ −→
X̃a is a Lie algebra isomorphism from g̃ to g̃a. Let G̃a be the Lie group

generated by g̃a. For an affine transformation s ∈ G̃a of Ṽ , we denote by

f̃(s) and q̃(s) the linear transformation part and the parallel translation

vector part of s respectively. The orbit Ω̃a of G̃a through the origin 0,

Ω̃a = G̃a0 = G̃a/K̃a,

is an open orbit because q̃(g̃) = Ṽ . Let Ga be the connected Lie subgroup

of G̃a generated by ga = {Xa | X ∈ g}, and let Ma the orbit of Ga through

the origin

Ma = Ga0 = Ga/Ka.

Using a vector field Ea = −
∑

i

(xi+ q̃(E)i)
∂

∂xi
transversal to Ma, we define

an induced connection Da and an affine fundamental form ha on Ma by

D̃Xa
Ya = DaXa

Ya + ha(Xa, Ya)Ea, for X,Y ∈ g,
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where D̃ is the standard flat connection on Ṽ . Then the immersion of Ma

into Ṽ is a centro-affine immersion centred at−q̃(E). Therefore the induced

connection Da is projectively flat by Theorem 11.2, and is invariant by Ga

because D̃ and Ea are invariant under G̃a. Since G is simply connected,

there exists a covering homomorphism

ρ : G −→ Ga

such that ρ∗(X) = Xa for X ∈ g. Because K is the identity component of

ρ−1(Ka), ρ induces the universal covering mapping

p : G/K −→ G/ρ−1(Ka) ∼= Ga/Ka = Ma.

Hence we can define an invariant projectively flat connection on G/K using

the above covering mapping p and the invariant projectively flat connection

Da on Ma. �

Proof of Corollary 11.1. In course of the proof of Theorem 11.3,

we proved that assertion (1) implies (2). By Theorem 11.2, assertion (1)

follows from (2). �

In Corollary 9.1 we gave the correspondence between Lie groups with left-

invariant flat connections and left symmetric algebras. As an application

of Theorem 11.3, we now extend this result.

Corollary 11.2. Suppose that a Lie group G is endowed with a left-

invariant projectively flat connection. Then we can define a left symmetric

multiplication X̃ · Ỹ on the central extention g̃ = g⊕RE of g satisfying the

following conditions

(1) X̃ · Ỹ − Ỹ · X̃ = [X̃, Ỹ ],

(2) X̃ ·E = E · X̃ = X̃.

Conversely, if a Lie group G is simply connected and the central extention

g̃ = g⊕RE of the Lie algebra g of G admits a left symmetric multiplication

satisfying the above conditions, then G admits a left-invariant projectively

flat connection.

Proof. Suppose that G is endowed with a left-invariant projectively flat

connection. By Theorem 11.3 there exists an affine representation (f̃ , q̃) of

g̃ on Ṽ . Then q̃ : g̃ −→ Ṽ is a linear isomorphism. We define an operation

of multiplication on g̃ by

X̃ · Ỹ = q̃−1(f̃(X̃)q̃(Ỹ )).
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It is easy to see that g̃ is a left symmetric algebra satisfying conditions (1)

and (2). Conversely, assume that there exists a left symmetric multiplica-

tion on g̃ satisfying (1) and (2). Then, defining f̃ and q̃ by

f̃(X̃)Ỹ = X̃ · Ỹ , q̃(X̃) = X̃,

the pair (f̃ , q̃) is an affine representation of g̃ on g̃ satisfying conditions (1),

(2) and (3) of Theorem 11.3. Therefore G admits a left-invariant projec-

tively flat connection. �

Example 11.1. The Lie group SL(n,R) is considered as an equivariant

central affine hypersurface in gl(n,R) centered at 0. Hence the induced

connection is invariant and projectively flat. Let sl(n,R) be the Lie algebra

of SL(n,R) and let E be the unit matrix of degree n. Then the central

extension of sl(n,R) is given by gl(n,R) = sl(n,R)⊕RE. The operation

of the multiplication X ·Y on the left symmetric algebra gl(n,R) coincides

with ordinary matrix multiplication.

Example 11.2. Let (V, χ) be a clan with unit element e. We set g̃ = {Lu |
u ∈ V } and g = {Lu | u ∈ V, χ(u) = 0}. Then g̃ and g are linear Lie

algebras because χ(u · v − v · u) = 0 and g̃ = g⊕RLe. For Lu and Lv ∈ g̃

we define

Lu · Lv = Lu·v.

Then Lu · Lv − Lv · Lu = Lu·v−v·u = [Lu, Lv] and Lu · Le = Le · Lu = Lu.

Hence, by Corollary 11.2, the simply connected Lie group corresponding to

g admits a left-invariant projectively flat connection.

11.2 Symmetric spaces with invariant projectively flat con-

nections

In this section we prove that symmetric homogeneous spaces with invariant

projectively flat connections correspond bijectively to central simple Jordan

algebras.

Let G/K be a symmetric homogeneous space of a semisimple Lie group

G, and let

g = k + m,

[k, k] ⊂ k, [k,m] ⊂ m, [m,m] ⊂ k,

be the canonical decomposition for the symmetric homogeneous space G/K

where g and k are the Lie algebras of G and K respectively.
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Suppose that G/K admits an invariant projectively flat connection. Let

g̃ = g⊕RE be the central extension of g defined in section 11.1. Putting

k̃ = k and m̃ = m⊕RE we have

g̃ = k̃ + m̃,

[̃k, k̃] ⊂ k̃, [̃k, m̃] ⊂ m̃, [m̃, m̃] ⊂ k̃.

It follows from Theorem 11.3 that g̃ admits an affine representation (f̃ , q̃)

satisfying the conditions in the theorem. Since q̃ : m̃ −→ Ṽ is a linear

isomorphism, for each u ∈ Ṽ there exists a unique element Xu ∈ m̃ such

that q̃(Xu) = u. We define an operation of multiplication on Ṽ by

u ∗ v = f̃(Xu)v.

Then the algebra Ṽ with multiplication u∗v is commutative and has a unit

element e = q̃(E). In fact

u ∗ v − v ∗ u = f̃(Xu)q̃(Xv)− f̃(Xv)q̃(Xu) = q̃([Xu, Xv ]) = 0,

e ∗ u = f̃(E)u = u.

In the same way as in the proof of Lemma 9.7, the following lemma may

be proved.

Lemma 11.1. Let W ∈ k̃. Then f̃(W ) is a derivation of the algebra Ṽ .

Denoting by Lu the operator of multiplication by u ∈ Ṽ we define a

symmetric bilinear form τ on Ṽ by

τ(u, v) = TrLu∗v.

In the same way that we proved Lemma 9.8, the following lemma may be

proved.

Lemma 11.2.

(1) [[Lu, Lv], Lw] = L[u∗w∗v], where [u ∗ w ∗ v] = u ∗ (w ∗ v)− (u ∗ w) ∗ v.
(2) τ(u ∗ v, w) = τ(v, u ∗ w).

Lemma 11.3. τ is non-degenerate.

Proof. Let Ṽ0 be the null space of τ ,

Ṽ0 = {v0 ∈ Ṽ | τ(v0, v) = 0, v ∈ Ṽ },
and let v0 ∈ Ṽ0, v ∈ Ṽ and W ∈ k̃. Since

q̃([W,Xvo∗v ]) = f̃(W )q̃(Xv0∗v)− f̃(Xv0∗v)q̃(W ) = f̃(W )(v0 ∗ v),
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by Lemma 11.1 we obtain

[f̃(W ), f̃(Xv0∗v)] = f̃(Xf̃(W )(v0∗v)) = Lf̃(W )(v0∗v)

= L(f̃(W )v0)∗v + Lv0∗(f̃(W )v).

Hence

0 = Tr [f̃(W ), f̃(Xv0∗v)] = TrL(f̃(W )v0)∗v + TrLv0∗(f̃(W )v)

= τ(f̃ (W )v0, v),

and so

f̃ (̃k)Ṽ0 ⊂ Ṽ0.

Let v0 ∈ Ṽ0, v ∈ Ṽ and X ∈ m̃. Then

τ(f̃(X)v0, v) = τ(q̃(X) ∗ v0, v) = τ(v0, q̃(X) ∗ v) = 0,

and so

f̃(m̃)Ṽ0 ⊂ Ṽ0.

These imply f̃(g̃)Ṽ0 ⊂ Ṽ0, in particular

f̃(g)Ṽ0 ⊂ Ṽ0.

Since the representation f̃ of the semisimple Lie algebra g is completely

reducible, there exists a complementary subspace Ṽ1 invariant under f̃(g);

Ṽ = Ṽ0 ⊕ Ṽ1, f̃(g)Ṽ1 ⊂ Ṽ1.

Since f̃(E) = IṼ we have

f̃(g̃)Ṽi ⊂ Ṽi.

Hence

Ṽ ∗ Ṽi ⊂ Ṽi.

We set e = e0 + e1, where ei ∈ Ṽi. Then

Lei
vj = δijvj , for vj ∈ Ṽj ,

where δij is Kronecker’s delta. Therefore

dim Ṽ0 = TrLe0
| Ṽ0 = TrLe0

= TrLe0∗e0
= τ(e0, e0) = 0.

This implies that τ is non-degenerate. �

The following lemma follows from Lemmata 4.2, 11.2 and 11.3.

Lemma 11.4. Ṽ is a semisimple Jordan algebra.
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Lemma 11.5. The representation f̃ of g̃ on Ṽ is faithful.

Proof. Let Kergf̃ be the kernel of f̃ on g;

Kergf̃ = {X ∈ g | f̃(X) = 0}.
We denote by df̃ the coboundary operator for the cohomology of coefficients

on the representation (Ṽ , f̃) of g. Regarding q̃ as 1-dimensional (Ṽ , f̃)-

cochain we obtain

(df̃ q̃)(X,Y ) = f̃(X)q̃(Y )− f̃(Y )q̃(X)− q̃([X,Y ]) = 0.

Since g is a semisimple Lie algebra, the cohomology H1(g, (Ṽ , f̃)) vanishes,

and there exists ẽ ∈ Ṽ such that q̃ = df̃ ẽ, that is

q̃(X) = f̃(X)ẽ, for X ∈ g.

This implies Kergf̃ ⊂ k̃ = k, and so Kergf̃ is an ideal of g contained in k.

Since G acts effectively on G/K we have

Kergf̃ = {0}.
Suppose f̃(X̃) = 0 where X̃ = X + cE and X ∈ g. Then Tr f̃(X) =

Tr (−cf̃(E)) = −c dim Ṽ . It follows from the semisimplicity of g that g =

[g, g] and so Tr f̃(X) = 0. These results yield c = 0 and X ∈ Kergf̃ = {0}.
Hence X̃ = 0. Thus the representation f̃ is faithful. �

Let m(Ṽ ) be a vector subspace spanned by {Lv | v ∈ Ṽ } and let k(Ṽ )

be a vector subspace spanned by {[Lu, Lv] | u, v ∈ Ṽ } . Then

f̃(m̃) = m(Ṽ ).

We set

g(Ṽ ) = k(Ṽ ) + m(Ṽ ). (11.4)

Then g(Ṽ ) is a Lie algebra. Since any element in f̃ (̃k) is, by Lemma 11.1,

a derivation of the Jordan algebra Ṽ , and any derivation of a semisimple

Jordan algebra is an inner derivation [Braun and Koecher (1966)], we obtain

f̃ (̃k) = k(Ṽ ).

Therefore

f̃ : g̃ = k̃ + m̃ −→ g(Ṽ ) = k(Ṽ ) + m(Ṽ ) (11.5)

is an isomorphism as Lie algebra including decomposition.
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Definition 11.1. Let A be a Jordan algebra with multiplication u ∗ v.

(1) The center Z(A) of the Jordan algebra A is by definition

Z(A) = {u ∈ A | [u ∗ v ∗ w] = [v ∗ u ∗ w] = [v ∗ w ∗ u] = 0, for all v, w ∈ A},

where [u ∗ v ∗ w] = u ∗ (v ∗ w)− (u ∗ v) ∗ w.

(2) A Jordan algebra A with unit element e is said to be central simple

if A is simple and Z(A) = Re.

Lemma 11.6. The Jordan algebra Ṽ is central simple.

Proof. Let c ∈ Z(Ṽ ) and u ∈ Ṽ . Then [Lc, Lu] = 0 because 0 = [c ∗
v ∗ u] = [Lc, Lu]v for all v ∈ Ṽ . This result together with equation (11.4)

implies that Lc is an element of the center of g(Ṽ ). It follows from (11.5)

that the center of g(Ṽ ) is the image of the center RE of g̃ under f̃ . Hence

Lc ∈ f̃(RE) = RLeD Thus we have Z(Ṽ ) = Re. Since Ṽ is a semisimple

Jordan algebra, Ṽ is decomposed into the direct sum of simple ideals ṼiG

Ṽ = Ṽ1 ⊕ · · · ⊕ Ṽk .

Let e = e1 + · · ·+ek be the decomposition of the unit element e of Ṽ where

ei ∈ Ṽi. Suppose Ṽ1 6= {0}. Then e1 is the unit element of Ṽ1. For any

c1 6= 0 ∈ Z(Ṽ1) we obtain

[c1 ∗ Ṽ1 ∗ Ṽ1] = {0},
[c1 ∗ Ṽi ∗ Ṽj ] = {0}, for i 6= 1 and j 6= 1.

Hence

[c1 ∗ Ṽ ∗ Ṽ ] = {0}.

In the same way we have

[Ṽ ∗ c1 ∗ Ṽ ] = {0}, [Ṽ ∗ Ṽ ∗ c1] = {0}.

Therefore c1 ∈ Z(Ṽ ) = Re and c1 = ae, a 6= 0. This means Ṽi = {0} for

all i 6= 1. Thus Ṽ is simple. �

The above results are summarized in the following theorem.

Theorem 11.4. Let G/K be a symmetric homogeneous space of a semisim-

ple Lie group G on which G acts effectively. Suppose that G/K admits an

invariant projectively flat connection. Then there exists a central simple

Jordan algebra Ṽ satisfying the following properties.
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(1) Ṽ is decomposed into a direct sum of vector spaces,

Ṽ = V ⊕Re,

where e is the unit element of Ṽ .

(2) Let m(V ) be a vector subspace spanned by {Lv | v ∈ V } and let k(V )

be a vector subspace spanned by {[Lu, Lv] | u, v ∈ V }. Then g(V ) =

k(V ) +m(V ) is a Lie algebra, and is isomorphic to the Lie algebra g of

G including the canonical decomposition g = k + m for the symmetric

homogeneous space G/K.

Conversely, we shall construct from a central simple Jordan algebra a

semisimple symmetric homogeneous space with an invariant projectively

flat connection.

Theorem 11.5. Let Ṽ be a central simple Jordan algebra. We set V =

{v ∈ Ṽ | TrLv = 0} and denote by m(V ), k(V ) vector subspaces spanned

by {Lv | v ∈ V }, {[Lu, Lv] | u, v ∈ V } respectively. We put g(V ) =

k(V ) + m(V ). Then g(V ) and k(V ) are linear Lie algebras. Let G(V ) be

the simply connected Lie group with Lie algebra g(V ) and let K(V ) be the

connected Lie subgroup of G(V ) corresponding to k(V ). Then G(V ) is a

semisimple Lie group and G(V )/K(V ) is a symmetric homogeneous space

with an invariant projectively flat connection.

Proof. By [Braun and Koecher (1966)] we know that g(V ) is a semisimple

Lie algebra and

[k(V ),m(V )] ⊂ m(V ), [m(V ),m(V )] ⊂ k(V ).

Denoting by m(Ṽ ) a vector subspace spanned by {Lv | v ∈ Ṽ }, and by k(Ṽ )

a vector subspace spanned by {[Lu, Lv] | u, v ∈ Ṽ }, we set

g(Ṽ ) = k(Ṽ ) + m(Ṽ ). (11.6)

Then g(Ṽ ) is a Lie algebra and

g(Ṽ ) = g(V ) + RIṼ ,

where IṼ is the identity mapping on Ṽ [Braun and Koecher (1966)]. We

define a linear representation f̃ of g(Ṽ ) on Ṽ by f̃(X̃) = X̃ and a linear

mapping q̃ from g(Ṽ ) to Ṽ by q̃(W + Lṽ) = ṽ where W ∈ k(Ṽ ) and Lṽ ∈
m(Ṽ ). Then (f̃ , q̃) is an affine representation of g(Ṽ ) on Ṽ and satisfies

the conditions (1)-(3) of Theorem 11.3. Hence G(V )/K(V ) is a symmetric

homogeneous space with an invariant projectively flat connection. �
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Example 11.3. (Quadratic hypersurfaces) We set

J =

[−Ip 0

0 In−p

]

,

J̃ =

[−Ip 0

0 In+1−p

]

=

[
J 0

0 1

]

,

where Ip is the unit matrix of degree p. A quadratic hypersurface Mn
p is by

definition the connected component of {x ∈ Rn+1 | txJ̃x = 1} containing
te = [0, · · · , 0, 1]. Then Mn

p is a central affine hypersurface centered at

the origin 0 and the induced connection on Mn
p is projectively flat. Mn

0

is a sphere and Mn
n is a component of a two-sheeted hyperboloid. Let

SO(p, n− p) be a linear Lie group preserving J ,

SO(p, n− p) = {s ∈ SL(n,R) | tsJs = J}.
The group SO(p, n + 1 − p) acts transitively on Mn

p . The isotropy sub-

group at e is

{[
s 0

0 1

]
∣
∣ s ∈ SO(p, n− p)

}

and is identified with SO(p, n−p).
Therefore we have Mn

p = SO(p, n+ 1− p)/SO(p, n− p). The central affine

hypersurface immersion Mn
p is SO(p, n + 1 − p)-equivariant. Hence the

induced projectively flat connection on SO(p, n + 1 − p)/SO(p, n − p) is

invariant under SO(p, n + 1 − p). We define an involutive automorphism

σ of SO(p, n + 1 − p) by σ(s) = HsH−1 where H =

[
In 0

0 −1

]

. Then

Mn
p = SO(p, n + 1 − p)/SO(p, n − p) is a symmetric homogeneous space

with involution σ. The Lie algebra o(p, n− p) of SO(p, n− p) is given by

o(p, n− p) = {A ∈ gl(n,R) | tAJ + JA = 0},
and the Lie algebra o(p, n+ 1− p) of SO(p, n+ 1− p) is given by

o(p, n+ 1− p) =

{[
A a

− t(Ja) 0

]

| A ∈ o(p, n− p), a ∈ Rn

}

.

Since the differential σ∗ of σ is expressed by

σ∗

[
A a

− t(Ja) 0

]

=

[
A −a

t(Ja) 0

]

,

the canonical decomposition of g = o(p, n+ 1− p) for the symmetric space

SO(p, n+ 1− p)/SO(p, n− p) is given by

g = k + m,

k =

{[
A 0

0 0

]

| A ∈ o(p, n− p)
}

,

m =

{[
0 a

− t(Ja) 0

]

| a ∈ Rn

}

.
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We set

g̃ = g⊕RE, m̃ = m⊕RE,

where E = In+1, and define an affine representation (f̃ , q̃) of g̃ on Rn+1 by

f̃(X̃) = X̃ and q̃(X̃) = X̃e. Then the affine representation (f̃ , q̃) satisfies

the conditions of Theorem 11.3. Then for ũ = t[u1, · · · , un, un+1] ∈ Rn+1

we obtain

Xũ =

[
un+1In u

− t(Ju) un+1

]

, u = t[u1, · · · , un].

Hence
[

u

un+1

]

∗
[

v

vn+1

]

= Xũṽ =

[
un+1v + vn+1u

−tuJv + un+1vn+1

]

.

The central simple Jordan algebra corresponding to SO(p, n + 1 −
p)/SO(p, n− p) coincides with the Jordan algebra defined in Example 4.4.

[Braun and Koecher (1966)](p.193)

Example 11.4. Let Ṽ be the vector space of all symmetric matrices of

degree n and let Ωn
p be the set of all element in Ṽ with signature (p, n− p).

Then GL+(n,R) acts on Ωn
p by GL+(n,R)× Ωn

p 3 (s, x) −→ sx ts ∈ Ωn
p .

A matrix J defined in Example 11.3 is contained in Ωn
p . For any x ∈ Ωn

p ,

by Sylvester’s law of inertia there exists s ∈ GL+(n.R) such that sx ts = J .

Hence GL+(n,R) acts transitively on Ωn
p . Since the isotropy subgroup of

GL+(n,R) at J is SO(p, n− p), we have

Ωn
p = GL+(n,R)/SO(p, n− p).

Let Mn
p = {x ∈ Ωn

p | | detx| = 1}. Then Mn
p is a central affine hypersurface

in Ṽ centered at 0. Hence the induced connection on Mn
p is projectively

flat. The group SL(n,R) acts transitively on Mn
p by

(s, x) ∈ SL(n,R)×Mn
p −→ sx ts ∈Mn

p .

The central affine hypersurface immersion is SL(n,R)-equivariant. Hence

the induced projectively flat connection onMn
p is invariant under SL(n,R).

The homogeneous space Mn
p = SL(n,R)/SO(p, n − p) is symmetric with

respect to the involutive automorphism σ : s −→ J ts−1J . Since the differ-

ential σ∗ of σ is given by σ∗(X) = −J tXJ , the canonical decomposition of

the Lie algebra g = sl(n,R) for the symmetric space is given by

g = k + m,

k = {A ∈ g | J tAJ = −A} = o(p, n− p),
m = {A ∈ g | J tAJ = A}.



November 13, 2006 12:3 World Scientific Book - 9in x 6in ws-book9x6

228 Geometry of Hessian Structures

Let g̃ = g⊕RE = gl(n,R) whereE = In. We define an affine representation

(f̃ , q̃) of g̃ on Ṽ by f̃(X)v = − tXv − vX and q̃(X) = − tXJ − JX where

X ∈ g̃ and v ∈ Ṽ . Then (f̃ , q̃) satisfies the conditions of Theorem 11.3.

For u ∈ Ṽ there exists a unique Xu ∈ m such that q̃(Xu) = u. Then

Xu = −1

2
Ju. Thus the operation of multiplication of the central simple

Jordan algebra Ṽ corresponding to SL(n,R)/SO(p, n− p) is given by

u ∗ v = f̃(Xu)v =
1

2
(uJv + vJu).

In the case of p = 0, the multiplication is reduced to u ∗ v =
1

2
(uv + vu)

and the Jordan algebra Ṽ coincides with the space of all real symmetric

matrices of degree n (cf. Theorem 4.12).

11.3 Invariant Codazzi structures of constant curvature

A pair (D, g) of a torsion-free connection D and a non-degenerate metric g

on a manifold M is called a Codazzi structure if it satisfies the Codazzi

equation,

(DXg)(Y, Z) = (DY g)(X,Z).

A manifold M provided with a Codazzi structure (D, g) is said to be

a Codazzi manifold and is denoted by (M,D, g). A Codazzi structure

(D, g) is said to be of a constant curvature c if the curvature tensor RD

of D is given by

RD(X,Y )Z = c{g(Y, Z)X − g(X,Z)Y },
(cf. Definition 2.8 and 2.9). A homogeneous space G/K endowed with an

invariant Codazzi structure (D, g) is called a homogeneous Codazzi mani-

fold, and is denoted by (G/K,D, g).

In this section we study an invariant Codazzi structure of a constant

curvature c. By Proposition 2.9, an invariant Codazzi structure of constant

curvature c = 0 is an invariant Hessian structure, which has been exten-

sively studied in chapters 9 and 10. We shall prove that a homogeneous

space with an invariant Codazzi structure of a non-zero constant curvature

c 6= 0 is obtained by an equivariant immersion of codimension 1 into a

certain homogeneous space with an invariant Hessian structure.

Theorem 11.6. Let G/K be a simply connected homogeneous space of a

simply connected Lie group G. Suppose that G/K is endowed with an in-

variant Codazzi structure (D, g) of constant curvature c 6= 0. Then there
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exists a G-equivariant immersion ρ of codimension 1 from G/K into a ho-

mogeneous space Ĝ/K̂ with an invariant Hessian structure (D̂, ĝ) satisfying

the following conditions:

Let ĝ be the Lie algebra of Ĝ. For X̂ ∈ ĝ we denote by X̂∗ the vector

field on Ĝ/K̂ induced by exp(−tX̂). Then there exists an element Ê

in the center of ĝ such that

(1) Ê∗ is transversal to G/K, and the pair (D, g) coincides with the induced

connection and the affine fundamental form of an affine immersion

(ρ,−cÊ∗),

(2) D̂X̂∗Ê∗ = −X̂∗, for X̂ ∈ ĝ,

(3) ĝ(Ê∗, Ê∗) = −1

c
.

Proof. Since the Codazzi structure (D, g) is of a constant curvature c 6=
0, we have

RD(X,Y )Z = c{g(Y, Z)X − g(X,Z)Y },
and so the Ricci tensor RicD of D is given by

RicD = c(n− 1)g,

where n is the dimension of G/K. Hence

RD(X,Y )Z =
1

n− 1
{RicD(Y, Z)X −RicD(X,Z)Y },

(DXRicD)(Y, Z) = (DY RicD)(X,Z).

Therefore, by Theorem 11.1, D is an invariant projectively flat connection

on G/K. Also by Theorem 11.1, the central extension g̃ of the Lie algebra

g of G admits an affine representation. Here we recall the proof of Theorem

11.3 and its accompanying notation. Let (f̃ , q̃) be the affine representation

of the central extension g̃ = g ⊕ RE on Ṽ = V ⊕ Re where V is the

tangent space of G/K at o = {K}. We denote by {e1, · · · , en} a basis

of V and by {x1, · · · , xn+1} the affine coordinate system on Ṽ defined by

xn+1(ei) = 0, xn+1(e) = 1 and xj(ei) = δj
i , x

j(e) = 0 for 1 ≤ i, j ≤ n. For

X̃ ∈ g̃ we define an infinitesimal affine transformation X̃a on Ṽ by

X̃a = −
∑

i

(
∑

j

f̃(X̃)i
jx

j + q̃(X̃)i)
∂

∂xi
,

where f̃(X̃)i
j and q̃(X̃)i are the components of f̃(X̃) and q̃(X̃) with respect

to the basis. Then the vector space g̃a defined by

g̃a = {X̃a | X̃ ∈ g̃}
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is a Lie algebra because of [X̃, Ỹ ]a = [X̃a, Ỹa]. Since G acts effectively on

G/K, the mapping g̃ 3 X̃ −→ X̃a ∈ g̃a is a Lie algebra isomorphism. Let

G̃a be the Lie group generated by g̃a. The orbit Ω̃a of G̃a through the

origin 0

Ω̃a = G̃a0 = G̃a/K̃a

is an open orbit because q̃(g̃) = Ṽ . Let Ga be the connected Lie subgroup

of G̃a generated by ga = {Xa | X ∈ g}, and let Ma the orbit of Ga through

the origin

Ma = Ga0 = Ga/Ka.

Since Ea = −
∑

i

(xi + q̃(E)i)
∂

∂xi
is transversal to Ma, we define an induced

connection Da and an affine fundamental form ha on Ma by

D̃Xa
Ya = DaXa

Ya + ha(Xa, Ya)Ea, for X,Y ∈ g,

where D̃ is the standard flat connection on Ṽ . Then the immersion of

Ma into Ṽ is a central affine immersion centered at −q̃(E). Therefore the

induced connectionDa is projectively flat by Theorem 11.2, and is invariant

by Ga because both D̃ and Ea are invariant under G̃a. Since G is simply

connected, there exists a covering homomorphism

ρ : G −→ Ga.

Let p be a G-equivariant immersion of G/K into Ṽ defined by

p : G/K 3 sK −→ ρ(s)0 ∈Ma = Ga0 ⊂ Ṽ .
For X ∈ g we denote by X∗ the vector field on G/K induced by exp(−tX).

Then

p∗(X
∗) = Xa.

Let D′ and h′ be the induced connection and the affine fundamental form

on G/K with respect to the affine immersion (p,−cEa),

D̃X∗p∗(Y
∗) = p∗(D

′
X∗Y ∗) + h′(X∗, Y ∗)(−cEa), for X,Y ∈ g.

Then

p∗(D
′
X∗Y ∗) = DaXa

Ya,

h′(X∗, Y ∗) = −1

c
ha(Xa, Ya).

Since

p(sx) = ρ(s)p(x), ρ(s)∗Ea = Ea, for s ∈ G,
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and since Da and ha are invariant by Ga, both D′ and h′ are invariant

under G. It is straightforward to see that

(D̃Xa
Ya)0 = p∗((DX∗Y ∗)o) + g(X∗, Y ∗)o(−ce),

hence we have D′ = D and h′ = g, and so

D̃Xa
Ya = p∗((DX∗Y ∗)) + g(X∗, Y ∗)(−cEa).

Put Ĝ = G̃a, K̂ = ρ(K) and ĝ = g̃a. Then we have a covering map from

Ĝ/K̂ to the open orbit Ω̃a = G̃a0 of G̃a,

π : Ĝ/K̂ −→ Ω̃a = G̃a0.

Since the open orbit Ω̃a = G̃a0 admits a G̃a-invariant flat affine connection

D̃, there exists a Ĝ-invariant flat affine connection D̂ on Ĝ/K̂ induced by

D̃ and π. For X ∈ g we denote by X̂∗ the vector field on Ĝ/K̂ induced by

exp(−tX). Let p̂ be a G-equivariant immersion from G/K to Ĝ/K̂ given

by

p̂ : G/K 3 sK −→ ρ(s)K̂ ∈ Ĝ/K̂.
Since p = π ◦ p̂, p̂∗(X

∗) = X̂∗ and π∗(X̂
∗) = Xa, we have

π∗(D̂X̂∗ Ŷ
∗) = D̃π∗(X̂∗)π∗(Ŷ

∗) = D̃Xa
Ya

= p∗((DX∗Y ∗)) + g(X∗, Y ∗)(−cEa)

= π∗

{

p̂∗(DX∗Y ∗) + g(X∗, Y ∗)(−cÊ∗)
}

.

Thus the Gauss formula for the immersion (p̂,−cÊ) is given by

D̂X∗ p̂(Y ∗) = D̂p̂∗(X∗)p̂∗(Y
∗) = D̂X̂∗ Ŷ

∗

= p̂∗(DX∗Y ∗) + g(X∗, Y ∗)(−cÊ∗),

which proves assertion (1).

We shall show that Ĝ/K̂ admits an invariant Hessian structure (D̂, ĝ) satis-

fying conditions (2) and (3). From the Codazzi equation (DXRicD)(Y, Z) =

(DY RicD)(X,Z) we obtain

Qo(f(X)q(Y ), q(Z)) +Qo(q(Y ), f(X)q(Z)) (11.7)

= Qo(f(Y )q(X), q(Z)) +Qo(q(X), f(Y )q(Z)).

Let us define a non-degenerate symmetric bilinear form Q̃o on Ṽ by

Q̃o(u, v) =







Qo(u, v) u, v ∈ V
0 u ∈ V, v = e

−1 u = v = e.
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Let X̃ = X + xE, Ỹ = Y + yE, Z̃ = Z + zE, where X,Y, Z ∈ g and

x, y, z ∈ R. Then we have

Q̃o(f̃(X̃)q̃(Ỹ ), q̃(Z̃))

= Q̃o(f(X)q(Y ) + xq(Y ) + yq(X) + {xy −Qo(q(X), q(Y ))}e, q(Z) + ze)

= Qo(f(X)q(Y ), q(Z))

+xQo(q(Y ), q(Z)) + yQo(q(X), q(Z)) + zQo(q(X), q(Y ))− xyz.
The above expression together with equation (11.7) imply

Q̃o(f̃(X̃)q̃(Ỹ ), q̃(Z̃)) + Q̃o(q̃(Ỹ ), f̃(X)q̃(Z̃)) (11.8)

= Q̃o(f̃(Ỹ )q̃(X̃), q̃(Z̃)) + Q̃o(q̃(X̃), f̃(Ỹ )q̃(Z̃)),

for X̃, Ỹ and Z̃ ∈ g̃. We now define a non-degenerate bilinear form ĝô on

the tangent space Ĝ/K̂ at ô = K̂ by

ĝô(X̂
∗
ô , Ŷ

∗
ô ) =

1

c
Q̃o(π∗(X̂

∗
ô ), π∗(Ŷ

∗
ô )).

Then ĝô defines a Ĝ-invariant non-degenerate metric ĝ on Ĝ/K̂. It follows

from equation (11.8) that ĝ satisfies the Codazzi equation. Hence (D̂, ĝ) is

a Hessian structure on Ĝ/K̂. Since

π∗(D̂X̂∗Ê
∗) = D̃π∗(X̂∗)π∗(Ê

∗) = D̃Xa
Ea = −Xa = −π∗(X̂∗),

we have

D̂X̂∗Ê
∗ = −X̂∗,

which proves assertion (2). Assertion (3) follows from

ĝô(Ê
∗, Ê∗) =

1

c
Qo(π∗(Ê

∗), π∗(Ê
∗)) =

1

c
Qo(e, e) = −1

c
.

�

Conversely, we have the following theorem.

Theorem 11.7. Let (Ĝ/K̂, D̂, ĝ) be a homogeneous Hessian manifold.

Suppose that there exist an element Ê in the center of the Lie algebra ĝ

of Ĝ, and a non-zero constant c such that

(1) D̂X̂∗Ê∗ = −X̂∗, where X̂∗ is a vector field on Ĝ/K̂ induced by

exp(−tX̂) for X̂ ∈ ĝ.

(2) ĝ(Ê∗, Ê∗) = −1

c
.

Then there exists a homogeneous submanifold G/K of Ĝ/K̂ of codimension

1 such that Ê∗ is transversal to G/K, and that the pair (D, g) of the induced

connection D and the affine fundamental form g with respect to D̂ and Ê∗

is a G-invariant Codazzi structure of constant curvature c.
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Proof. Let V̂ be the tangent space of Ĝ/K̂ at ô = K̂. We put

ÂX̂∗ Ŷ
∗ = −D̂Ŷ ∗X̂

∗,

and denote by f̂(X̂) and q̂(X̂) the values of ÂX̂∗ and X̂∗ at ô respectively.

Then by Theorem 9.1 the pair (f̂ , q̂) is an affine representation of ĝ on V̂ .

Let 〈 , 〉 be the restriction of ĝ at ô. By Lemma 9.2 we have

〈f̂(X̂)q̂(Ŷ ), q̂(Ẑ)〉+ 〈q̂(Ŷ ), f̂(X̂)q̂(Ẑ)〉
= 〈f̂(Ŷ )q̂(X), q̂(Ẑ)〉+ 〈q̂(X̂), f̂(Ŷ )q̂(Ẑ)〉.

Since D̂X̂∗Ê∗ = −X̂∗, we have

f̂(Ê) = IV̂ ,

where IV̂ is the identity mapping on V̂ . We define a subspace g of ĝ by

g = {X ∈ ĝ | 〈q̂(X), q̂(Ê)〉 = 0}.
Then g is a subalgebra of ĝ. In fact, for X,Y ∈ g we have

〈q̂([X,Y ]), q̂(Ê)〉 = 〈f̂(X)q̂(Y )− f̂(Y )q̂(X), q̂(Ê)〉
= 〈q̂(X), f̂(Y )q̂(Ê)〉 − 〈q̂(Y ), f̂(X)q̂(Ê)〉
= 0.

Since 〈q̂(Ê), q̂(Ê)〉 = −1

c
we have

ĝ = g⊕RÊ.

Let G be the connected Lie subgroup of Ĝ corresponding to g. Let G/K

be the orbit of G through ô. Then K = K̂. For X ∈ g and s ∈ G we have

ĝsô(X
∗
sô, Ê

∗
sô) = ĝsô((s∗)ô(Ad(s

−1)X)∗ô, (s∗)ô(Ad(s
−1)Ê)∗ô)

= ĝô(Ad(s
−1X)∗ô, Ê

∗
ô )

= 〈q̂(Ad(s−1)X), q̂(Ê)〉
= 0.

This implies that Ê∗
sô is orthogonal to the tangent space of G/K at sô.

Using the flat affine connection D̂ on Ĝ/K̂ and the transversal vector field

Ê∗, we define the induced connection D and the affine fundamental form

h on G/K by

D̂X∗Y ∗ = DX∗Y ∗ + h(X∗, Y ∗)Ê∗,

where X , Y ∈ g. Then

ĝ(D̂X∗Y ∗, Ê∗) = −1

c
h(X∗, Y ∗).
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Alternatively, we have

ĝ(D̂X∗Y ∗, Ê∗)

= X∗(ĝ(Y ∗, Ê∗))− (D̂X∗ ĝ)(Y ∗, Ê∗)− ĝ(Y ∗, D̂X∗Ê∗)

= −(D̂X∗ ĝ)(Y ∗, Ê∗) + ĝ(X∗, Y ∗)

= −(D̂Ê∗ ĝ)(X
∗, Y ∗) + ĝ(X∗, Y ∗)

= −Ê∗(ĝ(X∗, Y ∗)) + ĝ(D̂Ê∗X
∗, Y ∗) + ĝ(X∗, D̂Ê∗Y

∗) + ĝ(X∗, Y ∗)

= −ĝ(X∗, Y ∗).

Thus we obtain

h(X∗, Y ∗) = cĝ(X∗, Y ∗).

Since

D̂X∗D̂Y ∗Z∗ = DX∗DY ∗Z∗ − h(Y ∗, Z∗)X∗

+{h(X∗, DY ∗Z∗) +X∗h(Y ∗, Z∗)}Ê∗,

we have

RD̂(X∗, Y ∗)Z∗ = D̂X∗D̂Y ∗Z∗ − D̂Y ∗D̂X∗Z∗ − D̂[X∗,Y ∗]Z
∗

= RD(X∗, Y ∗)Z∗ − h(Y ∗, Z∗)X∗ + h(X∗, Z∗)Y ∗

+{(DX∗h)(Y ∗, Z∗)− (DY ∗h)(X∗, Z∗)}Ê∗,

which implies

(DX∗h)(Y ∗, Z∗) = (DY ∗h)(X∗, Z∗),

RD(X∗, Y ∗)Z∗ = h(Y ∗, Z∗)X∗ − h(X∗, Z∗)Y ∗.

Therefore, denoting by g the restriction of ĝ to G/K, the pair (D, g) is a

G-invariant Codazzi structure of constant curvature c. �

Corollary 11.3. Let Ω be a homogeneous regular convex cone and let ψ be

the characteristic function. Then each level surface ψ−1(c) of ψ admits an

invariant Codazzi structure of constant curvature with value −(dim Ω)−1.

Proof. We may assume that the vertex of Ω is the origin 0. Let Ĝ be the

linear automorphism group of Ω and let G be a closed subgroup defined by

G = {s ∈ Ĝ | det s = 1}. For any two points p and q of ψ−1(c) there exists

ŝ ∈ Ĝ such that q = ŝp. Since

c = ψ(q) = ψ(ŝp) =
ψ(p)

det ŝ
=

c

det ŝ

by (4.2), it follows that ŝ ∈ G. Hence G acts transitively on ψ−1(c). Since

the one parameter group et is contained in Ĝ the linear Lie algebra ĝ of Ĝ
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contains the identity transformation Ê of Ω. Let (D̂, ĝ = D̂d logψ) be the

canonical Hessian structure on Ω. Using the same notation as in Theorem

11.7, we have

D̂X̂∗Ê
∗ = −X̂∗, for X̂ ∈ ĝ,

because Ê∗ = −
∑

xi ∂

∂xi
. Since d logψ is invariant under Ĝ, denoting by

LÊ∗ the Lie derivative with respect to Ê∗, we obtain

0 = LÊ∗d logψ = (dιÊ∗ + ιÊ∗d)d logψ

= d((d logψ)(Ê∗)).

Therefore (d logψ)(Ê∗) is a constant. Hence

ĝ(X̂∗, Ê∗) = (D̂X̂∗d logψ)(Ê∗)

= X̂∗((d logψ)(Ê∗))− (d logψ)(D̂X̂∗Ê
∗)

= (d logψ)(X̂∗),

and so

ĝ(Ê∗, Ê∗) = (d logψ)(Ê∗).

Since

(Ê∗ψ)(x) =
d

dt

∣
∣
∣
∣
t=0

ψ((exp(−tÊ))x)

=
d

dt

∣
∣
∣
∣
t=0

ψ(x)
(
det(exp(−tÊ))

)−1

=
d

dt

∣
∣
∣
∣
t=0

entψ(x) = nψ(x), n = dim Ω,

we have

ĝ(Ê∗, Ê∗) = dim Ω.

Therefore our assertion follows from Theorem 11.7. �
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Codazzi equation, 15, 33, 79, 228
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Codazzi structure, 33, 228

—– of constant curvature, 228
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invariant —–, 228
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—– H

p,q

∂ (F ), 123
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p(Pq
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69

complex manifold, 18
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convex —–, 54
regular convex —–, 56

connection, 5
—– on vector bundle, 11
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78
projectively flat —–, 8, 216
complete—–, 7
dual —–, 25, 33
Levi-Civita, Riemannian —–, 9
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constant curvature

Codazzi structure of —–, 228
Codazzi structure of —–, 36
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convex
—– cone, 54
regular —– cone, 56
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deformation of Hessian domain, 26
Delanoë, 34, 163
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dual affine coordinate system, 2
dual Codazzi structure, 33
dual cone, 57

dual connection, 25, 33
dual Hessian domain, 27
dual Hessian structure, 25
duality theorem

—– for flat vector bundles, 123
—– for Hessian manifolds, 141

Einstein-Hessian
—– Hessian structure, 41

elementary clan, 195
equiaffine immersion, 78
expectation, 104
exponential family, 106
exponential mapping, 7

—– expD
o , 151

exterior product, 116
—– operator, 116

family of probability distributions,
104

family of probability distributions
exponential —–, 106

Fisher
—– information matrix, 104
—– information metric, 105

flat connection, 7
invariant —–, 165
invariant projectively —–, 216
left-invariant —–, 168
projectively —–, 8, 216
standard—–, 7

flat manifold, 7
homogeneous —–, 165
hyperbolic —–, 157

Gauss
—– equation, 79
—– formula, 78, 83

geodesic, 6
complete—–, 7

gradient mapping, 23
harmonic —–, 99
Laplacian of —–, 93

gradient vector field, 83

harmonic form
�F —–, 123



November 13, 2006 12:3 World Scientific Book - 9in x 6in ws-book9x6

Index 245

space of all �F - —–s, 123
harmonic gradient mapping, 99
Hermitian metric, 19
Hessian algebra, 208
Hessian curvature tensor, 38
Hessian domain, 22
Hessian manifold, 14

homogeneous —–, 170
Hessian metric, 14

—– of Koszul type, 157
—– of Koszul type, 14
canonical —– on regular convex

cone, 60
Hessian sectional curvature, 43

constant —–, 43
Hessian structure, 14

canonical —– on regular convex
cone, 60

—– of Koszul type, 157
—– of Koszul type, 14
invariant —–, 170
Einstein-Hessian —–, 41
potential of —–, 14

holomorphic coordinate system, 18
homogeneous

—– Codazzi manifold, 228
—– flat manifold, 165
—– Hessian manifold, 170
—– regular convex domain, 187
symmetric —– space, 174
—– regular convex cone, 62
—– self-dual regular convex cone,

64
Hopf

affine —– manifold, 128
hyperbolic flat manifold, 157

induced connection, 78
inner product on A

p,q(F ), 122
interior product operator, 117
invariant

—– Codazzi structure, 228
—– Hessian structure, 170
—– projectively flat connection,

216
left—— flat connection, 168

symmetric homogeneous space
with —–projectively flat
connection, 225

—– flat connection, 165
—– projectively flat connection,

225

Jörgen’s theorem, 160
Jordan algebra, 68

central simple —–, 225
semisimple —–, 222
compact semisimple —–, 69
semisimple —–, 69

Kählerian form, 20
Kählerian manifold, 20
Kählerian metric, 20
Kählerian structure, 20
Koszul, ix, xi, 149, 165
Koszul form

first —–, 160
first —– , 135, 163
—– Koszul form, 160
second —– , 135, 163

Koszul type’s Hessian structure, 14,
157

Koszul’s vanishing theorem, 124

Laplacian
—– of gradient mapping, 93, 96
—– of affine immersion, 82

Laplacians
—– �F and �̄F , 122
—– �L and �̄L, 139

left symmetric algebra, 169, 188
normal —–, 189

left-invariant flat connection, 168
Legendre transform, 26
level surface, 82
Levi-Civita connection, 9
Lorentz cone, 67, 75

minimal surface, 100
mixture family of probability

distributions, 109
multinomial distributions, 107
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non-degenerate affine immersion, 78
normal distributions, 106, 110
normal Hessian algebra, 208

(p, q)-form, 115
Poisson distributions, 108
potential

—– of Hessian structure, 14
level surface of —– , 82
—– along geodesic, 154

principal decomposition, 194
principal idempotent, 194
probability distributions, 104

exponential family of —–, 106
family of —–, 104
mixture family of —–, 109
—– induced by linear mapping, 110

projectively flat connection, 8, 216
invariant —–, 216, 225
symmetric homogeneous space

with invariant —–, 225

real Siegel domain, 197
regular convex cone, 56

linear automorphism of —–, 59
canonical Hessian metric of —–, 60
canonical Hessian structure of —–,

60
characteristic function of —–, 58
dual cone of —–, 57
homogeneous —–, 62
self-dual —–, 64

regular convex domain, 56
Ricci tensor, 6
Riemannian connection, 9
Riemannian metric, 8

Levi-Civita connection for —–, 9
Riemannian connection for —–, 9
indefinite—–, 8
—–of constant curvature, 9
sectional curvature for —–, 9

sectional curvature
Hessian —–, 43
—– for a Riemannian metric, 9

self-dual cone, 64
homogeneous —–, 64

semisimple Jordan algebra, 222
compact —–, 69

shape operator, 78
Siegel

real —– domain, 197
star operator, 117
Stiefel manifold, 167
symmetric homogeneous space, 174

—– of semisimple Lie group, 220,
225

—– with invariant Hessian
structure, 174

—– with invariant projectively flat
connection, 225

torsion tensor, 5
transversal

—– connection form, 78
—– vector field, 78

triangular subgroup, 184
triangular subgroup

simply transitive —–, 186

vanishing theorem
Koszul’s —– for flat manifold, 124
—– for Hessian manifold, 137

Weingarten
—– formula, 78, 83
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