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Preface

This book is intended to provide a systematic introduction to the theory
of Hessian structures. Let us first briefly outline Hessian structures and
describe some of the areas in which they find applications. A manifold
is said to be flat if it admits local coordinate systems whose coordinate
changes are affine transformations. For flat manifolds, it is natural to pose
the following fundamental problem:

Among the many Riemannian metrics that may exist on a flat
manifold, which metrics are most compatible with the flat struc-
ture ¢

In this book we shall explain that it is the Hessian metrics that offer the
best compatibility. A Riemannian metric on a flat manifold is called a
Hessian metric if it is locally expressed by the Hessian of functions with
respect to the affine coordinate systems. A pair of a flat structure and a
Hessian metric is called a Hessian structure, and a manifold equipped with
a Hessian structure is said to be a Hessian manifold. Typical examples of
these manifolds include regular convex cones, and the space of all positive
definite real symmetric matrices.

We recall here the notion of Kéhlerian manifolds, which are formally
similar to Hessian manifolds. A complex manifold is said to be a Ké&hlerian
manifold if it admits a Riemannian metric such that the metric is locally
expressed by the complex Hessian of functions with respect to the holomor-
phic coordinate systems. It is well-known that Kéahlerian metrics are those
most compatible with the complex structure.

Thus both Hessian metrics and Kéahlerian metrics are similarly ex-
pressed by Hessian forms, which differ only in their being real or complex
respectively. For this reason S.Y. Cheng and S.T. Yau called Hessian met-
rics affine Kahler metrics. These two types of metrics are not only formally
similar, but also intimately related. For example, the tangent bundle of a

vii
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Hessian manifold is a Ké&hlerian manifold.

Hessian geometry (the geometry of Hessian manifolds) is thus a very
close relative of Kahlerian geometry, and may be placed among, and finds
connection with important pure mathematical fields such as affine differ-
ential geometry, homogeneous spaces, cohomology and others. Moreover,
Hessian geometry, as well as being connected with these pure mathematical
areas, also, perhaps surprisingly, finds deep connections with information
geometry. The notion of flat dual connections, which plays an important
role in information geometry, appears in precisely the same way for our
Hessian structures. Thus Hessian geometry offers both an interesting and
fruitful area of research.

However, in spite of its importance, Hessian geometry and related topics
are not as yet so well-known, and there is no reference book covering this
field. This was the motivation for publishing the present book.

I would like to express my gratitude to the late Professor S. Murakami
who, introduced me to this subject, and suggested that I should publish
the Japanese version of this book.

My thanks also go to Professor J.L. Koszul who has shown interest in
my studies, and whose constant encouragement is greatly appreciated. The
contents of the present book finds their origin in his studies.

Finally, I should like to thank Professor S. Kobayashi, who recom-
mended that I should publish the present English version of this book.



Introduction

It is well-known that for a bounded domain in a complex Euclidean space
C"™ there exists the Bergman kernel function K(z,w), and that the corre-
sponding complex Hessian form

logK(2,2) , ;.
2 e 1F

4,9

is positive definite and invariant under holomorphic automorphisms. This
is the so-called Bergman metric on a bounded domain. E. Cartan classi-
fied all bounded symmetric domains with respect to the Bergman metrics.
He found all homogeneous bounded domains of dimension 2 and 3, which
are consequently all symmetric. He subsequently proposed the following
problem [Cartan (1935)].

Among homogeneous bounded domains of dimension greater
than 8, are there any non-symmetric domains ?

A. Borel and J.L. Koszul proved independently by quite different meth-
ods that homogeneous bounded domains admitting transitive semisimple
Lie groups are symmetric [Borel (1954)][Koszul (1955)]. On the other
hand L.I. Pyatetskii-Shapiro gave an example of a non-symmetric homo-
geneous bounded domain of dimension 4 by constructing a Siegel domain
[Pyatetskii-Shapiro (1959)]. Furthermore, E.B. Vinberg, S.G. Gindikin and
I.I. Pyatetskii-Shapiro proved the fundamental theorem that any homoge-
neous bounded domain is holomorphically equivalent to an affine homoge-
neous Siegel domain [Vinberg, Gindikin and Pyatetskii-Shapiro (1965)].

A Siegel domain is defined by using a regular convex cone in a real Eu-
clidean space R™. The domain is holomorphically equivalent to a bounded
domain. It is known that a regular convex cone admits the characteristic
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function ¥ (z) such that the Hessian form given by

9 log 1 (x)
Oxt0xI

datdx’
,J
is positive definite and invariant under affine automorphisms. Thus the
Hessian form defines a canonical invariant Riemannian metric on the regular
convex cone.
These facts suggest that there is an analogy between Siegel domains and
regular convex cones as follows:

Siegel domain «—  Regular convex cone
Holomorphic «—— Affine coordinate
coordinate

system {21, 2"} system {x',---  a"}

Bergman kernel function <«—  Characteristic func-

tion
Bergman metric «——  Canonical metric
PlogK(2,2) , ;. 0%logty .. .
———— ' ———dz'da’
Z; 070z — aioar

A Riemannian metric g on a complex manifold is said to be Kéahlerian
if it is locally expressed by a complex Hessian form

Hence Bergman metrics on bounded domains are Kahlerian metrics. For
this reason it is natural to ask the following fundamental open question.

Which Riemannian metrics on flat manifolds are an extension
of canonical Riemannian metrics on regular convexr cones, and
analogous to Kahlerian metrics ?

In this book we shall explain that Hessian metrics fulfil these requirements.
A Riemannian metric g on a flat manifold is said to be a Hessian metric if
g can be locally expressed in the Hessian form

820 ..
= ——dz'dx’?
g ; dzioz L

with respect to an affine coordinate system. Using the flat connection D,
this condition is equivalent to

g = Ddop.
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A pair (D, g) of a flat connection D and a Hessian metric g is called a
Hessian structure.

J.L. Koszul studied a flat manifold endowed with a closed 1-form «
such that Dq is positive definite, whereupon D« is a Hessian metric. This
is the ultimate origin of the notion of Hessian structures [Koszul (1961)].
However, not all Hessian metrics are globally of the form ¢ = Da. The more
general definition of Hessian metric given above is due to [Cheng and Yau
(1982)] and [Shima (1976)]. In [Cheng and Yau (1982)], Hessian metrics
are called affine Kdhler metrics.

A pair (D, g) of a flat connection D and a Riemannian metric g is a
Hessian structure if and only if it satisfies the Codazzi equation,

(Dxg)(Y,Z) = (Dyg)(X, Z).

The notion of Hessian structure is therefore easily generalized as follows.
A pair (D, g) of a torsion-free connection D and a Riemannian metric g is
said to be a Codazzi structure if it satisfies the Codazzi equation. A Hessian
structure is a Codazzi structure (D, g) whose connection D is flat. We note
that a pair (V, g) of a Riemannian metric g and the Levi-Civita connection
V of g is of course a Codazzi structure, and so the geometry of Codazzi
structures is, in a sense, an extension of Riemannian geometry.

For a Codazzi structure (D, g) we can define a new torsion-free connec-
tion D’ by

Xg(Y,Z) = g(DxY, Z) + g(Y, D% Z).
Denoting by V the Levi-Civita connection of g, we obtain
D' =2V - D,

and the pair (D', g) is also a Codazzi structure. The connection D’ and the
pair (D', g) are called the dual connection of D with respect to g, and the
dual Codazzi structure of (D, g), respectively.

For a Hessian structure (D,g = Ddy), the dual Codazzi structure
(D, g) is also a Hessian structure, and ¢ = D’dy’, where ¢’ is the Leg-
endre transform of ¢,

o)

/ (1
= == — .
Historically, the notion of dual connections was obtained by quite dis-
tinct approaches. In affine differential geometry the notion of dual con-
nections was naturally obtained by considering a pair of a non-degenerate
affine hypersurface immersion and its conormal immersion [Nomizu and
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Sasaki (1994)]. In contrast, S. Amari and H. Nagaoka found that smooth
families of probability distributions admit dual connections as their natu-
ral geometric structures. Information geometry aims to study information
theory from the viewpoint of the dual connections. It is known that many
important smooth families of probability distributions, for example normal
distributions and multinomial distributions, admit flat dual connections
which are the same as Hessian structures [Amari and Nagaoka (2000)].
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Chapter 1

Affine spaces and connections

Although most readers will have a good knowledge of manifolds, we will
begin this chapter with a summary of the basic results required for an un-
derstanding of the material in this book. In section 1.1 we summarize affine
spaces, affine coordinate systems and affine transformations in affine geom-
etry. Following Koszul, we define affine representations of Lie groups and
Lie algebras which will be seen to play an important role in the following
chapters. In sections 1.2 and 1.3, we outline some important fundamen-
tal results from differential geometry, including connections, Riemannian
metrics and vector bundles, and assemble necessary formulae.

1.1 Affine spaces

In this section we give a brief outline of the concepts of affine spaces, affine
transformations and affine representations which are necessary for an un-
derstanding of the contents of subsequent chapters of this book.

Definition 1.1. Let V' be an n-dimensional vector space and ) a non-
empty set endowed with a mapping,

(pq) €QxQ—pgev,
satisfying the following conditions.

(1) For any p,q,r € Q we have pr = pg + qr.
(2) For any p € Q and any v € V there exists a unique ¢ € 2 such that
—
v = pq.

Then 2 is said to be an n-dimensional affine space associated with V.
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Example 1.1. Let V be an n-dimensional vector space. We define a map-
ping

(p,9) VXV —pi=q—peV.
Then the set V is an n-dimensional affine space associated with the vector

space V.

Example 1.2. An affine space associated with the standard vector space
R" = {p=(p',---,p") | p' € R} is said to be the standard affine space.

A pair {o;eq1, - ,en} of a point 0 € Q and a basis {ej, -+ ,e,} of
V is said to be an affine frame of ) with origin 0. An affine frame
{o;€1,- -+ ,en} defines an n-tuple of functions {z!,--- 2"} on Q by

@) = in(p)eia pe Qa
7

which is called an affine coordinate system on 2 with respect to the
affine frame.

Let {z!,---, 2"} be another affine coordinate system with respect to an
affine frame {0;€1,--- ,e,}. If e; =", aééi, 60 = >, a'é;, then

= g azz’ +a'.
J

Representing the column vectors [z7], [Z'] and [a] by © = [¢°], Z = [Z'] and
a = [a’] respectively, and the matrix [a}] by A = [a}], we have

T = Az + aq,
or
z| |Aal||x
1| |o1]]|1|°
Let e; be a vector in the standard vector space R" = {p =
(p',---,p") | p* € R} whose j-th component is the Kronecker’s §;;, then
{e1, - ,en} is called the standard basis of R". An affine coordinate sys-
tem with respect to the affine frame {0;ey,--- ,e,}, with origin the zero

vector 0, is called the standard affine coordinate system on R".

Let R} be the dual vector space of R", and let {e*!,--- ™} be the dual
basis of the standard basis {e, - - - , e, } of R™. The affine coordinate system
{x3, -+, 23} on R™ with respect to the affine frame {0*;e*!,---  e*"}, with
origin the zero vector 0%, is said to be the dual affine coordinate system
of {zt,--- a"}.
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Let Q and Q be affine spaces associated to vector spaces V and V
respectively. A mapping ¢ : 0 —  is said to be an affine mapping, if
there exists a linear mapping ¢’ : V. — V satisfying

/= — 3
¢'(pq) = ¢(p)p(q) for p,q .
The mapping ¢’ is called a linear mapping associated with .
Let us consider vector spaces V and V to be affine spaces as in Example
1.1. Let ¢ : V. — V be an affine mapping and let ¢’ be its associated
— —_—
linear mapping. Since ¢’ (v) = ¢’'(0v) = ©(0)p(v) = ¢(v) — ¢(0), we have

o(v) = ¢'(v) + ¢(0).
Conversely for a linear mapping ¢’ from V to V and vy € V, we define
a mapping ¢ : V — V by

p(v) = ¢'(v) + vo.
Then ¢ is an affine mapping with associated linear mapping ¢’ and ¢(0) =
9.

For an affine mapping ¢ : V — V., the associated linear mapping ¢’
and the vector ¢(0) are called the linear part and the translation part
of ¢ respectively. A bijective affine mapping from {2 into itself is said to
be an affine transformation of 2. A mapping ¢ : Q@ — Q is an affine
transformation if and only if there exists a regular matrix [a}] and a vector
[a’] such that

o= Zaé-xj +a".
J
Let A(V) be the set of all affine transformations of a real vector space
V. Then A(V) is a Lie group, and is called the affine transformation
group of V. The set GL(V) of all regular linear transformations of V' is a
subgroup of A(V).

Definition 1.2. Let G be a group. A pair (f, q) of a homomorphism
f: G — GL(V) and a mapping q : G — V is said to be an affine
representation of G on V if it satisfies

q(st) = f(s)q(t) + q(s) for s,t € G. (1.1)
For each s € G we define an affine transformation a(s) of V' by
als) : v — fls)o + a(s).
Then the above condition (1.1) is equivalent to requiring the mapping

a:s€G— a(s) € A(V)
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to be a homomorphism.

Let us denote by gl(V') the set of all linear endomorphisims of V. Then
gl(V) is the Lie algebra of GL(V). Let G be a Lie group, and let g be its Lie
algebra. For an affine representation (f, q) of G on V, we denote by f and
q the differentials of f and q respectively. Then f is a linear representation
of gon V, that is, f: g — gl(V) is a Lie algebra homomorphism, and ¢ is
a linear mapping from g to V. Since

dAI(EY) = G| alslexpt)s ) = A )als) + Aha(Y)
it follows that
(XY= G| e tx)y)

= f(X)q(Y)q(e) + fle) f (V) (—a(X)) + F(X)q(Y),

where e is the unit element in G. Since f(e) is the identity mapping and
g(e) = 0, we have

q([X,Y]) = f(X)q(Y) = f(YV)q(X). (1.2)

A pair (f,q) of a linear representation f of a Lie algebra g on V and a
linear mapping ¢ from g to V is said to be an affine representation of g
on V if it satisfies the above condition (1.2).

1.2 Connections

In this section we summarize fundamental results concerning connections
and Riemannian metrics. Let M be a smooth manifold. We denote by §(M)
the set of all smooth functions, and by X(M) the set of all smooth vector
fields on M. In this book the geometric objects we consider, for example,
manifolds, functions, vector fields and so on, will always be smooth.

Definition 1.3. A connection on a manifold M is a mapping
D:(X,)Y)eX(M)xX(M)— DxY € X(M)
satisfying the following conditions,
1) Dx,+x,Y =Dx,Y + Dx,Y,
2) DyxY = ¢DxY,

(1)
(2)
(3) Dx (Y1 +Ys) = DxY1 + DxY5,
(4) Dx(¢Y) = (X@)Y + pDxY,
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where ¢ € F(M). The term DxY is called the covariant derivative of Y
in the direction X.

Henceforth, we always assume that a manifold M is endowed with a
connection D. A tensor field F' of type (0,p) is identified with a §(M)-
valued p-multilinear function on §(M)-module X(M);

p terms

F:X(M)x- - xX(M)— §(M).

In the same way a tensor field of type (1, p) is identified with a X (M )-valued
p-multilinear mapping on §(M)-module X(M).

Definition 1.4. For a tensor field F' of type (0,p) or (1,p), we define a
tensor field Dx F' by
(DXF)(Y17 T 7Y;D)

p
= Dx(F(Yy,--- 7Yp))_ZF(Y17"' ,DxY;,---,Yy).
i=1
The tensor field DxF is called the covariant derivative of F' in the
direction X. A tensor field DF defined by

(DF)(Ylv"' 7YP7YP+1) = (DYp+1F)(Y17"' 7Y;D)7

is said to be a covariant differential of F' with respect to D.

Let {x!,--- , 2"} be alocal coordinate system on M. The components
or the Christoffel’s symbols I‘kij of the connection D are defined by

Da/aria/axj = ZF’“ 0
k=1

W Yk

The torsion tensor 7T of D is by definition
T(X,Y)=DxY - DyX — [X,Y].
The component Tkij of the torsion tensor T' given by
g 0 0
T (5w 507) = 2T
satisfies
Th, =T%, —T%,.

The connection D is said to be torsion-free if the torsion tensor 1" vanishes
identically.
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The curvature tensor R of D is defined by
R(X,Y)Z = DxDyZ — DyDxZ — Dix y)Z.

The component R';;, of R given by

9 9y 0 .0
R( 50 1) a7 = 2 Rty

K2

is expressed in the form
Ry = ok oal + Z( T e — DT ) (1.3)
The Ricci tensor Ric of D is by definition
Ric(Y,Z) =Tr{X — R(X,Y)Z}.

The component R;; of Ric given by

satisfies
Rjx =Y Ry (1.4)
Definition 1.5. A curve o = z(t) in M is called a geodesic if it satisfies:
Dya(t) =0,
where 2(t) is the tangent vector of the curve o at x(t).

Using a local coordinate system {x!,--. 2"}, the equation of the
geodesic is expressed by

Pri(t) S~ o w427 () da(t)

where z%(t) = 2% (z(t))D

Theorem 1.1. For any point p € M and for any tangent vector X, at p,
there exists locally a unique geodesic x(t) (=6 < t < 0) satisfying the initial
conditions (p, Xp), that is,

2(0) =p, #(0) = X,.
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A geodesic satisfying the initial conditions (p, X,) is denoted by exp tX,.

If a geodesic x(t) is defined for —oco < ¢ < oo, then we say that the
geodesic is complete. A connection D is said to be complete if every
geodesic is complete.

Theorem 1.2. For a tangent space T, M at any point p € M there exists a
neighbourhood, N, of the zero vector in T, M such that: For any X, € N,
exptX, is defined on an open interval containing [—1,1].

A mapping on IV, given by
Xp €N, — expX, €M

is said to be the exponential mapping at p.

Definition 1.6. A connection D is said to be flat if the tosion tensor T’
and the curvature tensor R vanish identically. A manifold M endowed with
a flat connection D is called a flat manifold.

The following results for flat manifolds are well known. For the proof see
section 8.1.

Proposition 1.1.

(1) Suppose that M admits a flat connection D. Then there exist local
coordinate systems on M such that Da/aria/axj = 0. The changes
between such coordinate systems are affine transformations.

(2) Conversely, if M admits local coordinate systems such that the changes
of the local coordinate systems are affine transformations, then there
exists a flat connection D satisfying Da/ay@/amj = 0 for all such local
coordinate systems.

For a flat connection D, a local coordinate system {x!,--- a™} satisfy-
ing Dy;oai0/ 07 = 0 is called an affine coordinate system with respect
to D.

A flat connection D on R" defined by

Da/ari&/@xj = O,
where {x!, .- 2™} is the standard affine coordinate system on R", is called
the standard flat connection on R"™.

Definition 1.7. Two torsion-free connections D and D with symmetric
Ricci tensors are said to be projectively equivalent if there exists a closed
1-form p such that

ny = DXy + p(X)Y + p(Y)X
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Definition 1.8. A torsion-free connection D with symmetric Ricci tensor
is said to be projectively flat if D is projectively equivalent to a flat
connection around each point of M.

Theorem 1.3. A torsion-free connection D with symmetric Ricci tensor
is projectively flat if and only if the following conditions hold (cf. [Nomizu
and Sasaki (1994)]).

1
(1) R(X,Y)Z = m{Ric(Y, Z)X —Ric(X,2)Y}, where n=dim M,
(2) (DxRic)(Y, Z) = (DyRic)(X, 2).
A non-degenerate symmetric tensor g of type (0,2) is said to be an

indefinite Riemannian metric. If g is positive definite, it is called a
Riemannian metric.

Theorem 1.4. Let g be an indefinite Riemannian metric. Then there exists
a unique torsion-free connection V such that

Vg =0.
Proof. Suppose that there exists a torsion-free connection V satisfying
Vg = 0. Since
0=VxZ-VzX—-[X, Z],
0=(Vxg)(Y,2) = Xg(Y, Z) — g(VxY, Z) — g(Y,Vx Z),
and we have
Xg(¥,2) =g(VxY,Z) +g(VzX,Y) +g([X, Z],Y).
Cycling X,Y, Z in the above formula, we obtain
Yg(Z,X)=9(VyZ X) +9(VxY,Z) + g([Y, X], Z)
Zg9(X,Y) =g(VzX,Y) +9(VyZ X) +9([2,Y], X).
Eliminating Vy Z and VzX from the above relations, we have
29(VxY,Z) = Xg(Y,2) +Yg(X,Z) — Zg(X,Y) (1.5)
+9([X, Y], 2) + 9([Z, X1, Y) = g([Y, Z], X).
Given that g is non-degenerate and the right-hand side of equation (1.5)
depends only on g, the connection V is uniquely determined by g. For a
given indefinite Riemannian metric g we define VxY by equation (1.5). It

is then easy to see that V is a torsion-free connection satisfying Vg = 0.
O
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The connection V given in Theorem 1.4 is called the Riemannian
connection or the Levi-Civita connection for g. We denote by g;;
the components of an indefinite Riemannian metric g with respect to a local
coordinate system {z',---  2"};

Gij :9(%,%)-

Let Fkij be the Christoffel’s symbols of V. Upon substituting for X, Y
and Z in equation (1.5) using X = 9/9z°CY = 3/027 and Z = 0/0x", we
obtain

gk Ogi  0gij
2 Fl B — .7‘ K v tJ
Z 39tk ozt + OxJ oxk’

and hence

9g,i 39 1 0gij

kl J i i

g - — . 1.6

” 2 Z ( oxt aa:a Ox! ) (1.6)
For a Riemannian metric g the sectional curvature K for a plane

spanned by tangent vectors X,Y is given by

g(R(X, Y)Y, X)

K= X XY (XY

(1.7)

A Riemannian metric g is said to be of constant curvature c if the sec-
tional curvature is a constant c¢ for any plane. This condition is equivalent
to

R(X,Y)Z = c{g(Z,Y)X — g(Z,X)Y}. (1.8)

1.3 Vector bundles

In this section we generalize the notion of connections defined in section 1.2
to that on vector bundles.

Definition 1.9. A manifold E is said to be a vector bundle over M, if
there exists a surjective mapping 7w : E — M, and a finite-dimensional
real vector space F satisfying the following conditions.

(1) For each point in M there exists a neighbourhood U and a diffeomor-
phism

buu € N U) — (r(u), pu(u) € U x F.
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(2) Given two neighbourhoods U and V satisfying (1) above, if U NV is
non-empty, then there is a mapping
Yuy :UNV — GL(F)
such that
by (u) = Yyu(n(u))oy(v), forallueca *(UNV).

7 is called the projection and F' is called the standard fiber.

A mapping s from an open set U C M into E is said to be a section
of E on U if 7 o s is the identity mapping on U. The set &(U) consisting
of all sections on U is a real vector space and an §(U)-module.

Example 1.3. Let M be a manifold and let T, M be the tangent space at
p€M. Weset TM = | | T,M, and define a mapping = : TM — M by
peM

m(X)=pfor X € T,M. Let {z!,---,2"} be a local coordinate system on

U. A mapping given by

X en H(U) — ((@tom)(X),- -+, (z"om)(X),dz' (X),--- ,dz" (X)) € R*™"

is injective. The 2n-tuple {z' o7, -- 2" o, dxt,---  dx™} then defines a

local coordinate system on 7~ 1(U), and TM is a manifold. Upon setting
bv: X en Y U) — (n(X),dz' (X), - ,dz"(X)) € U x R",

we have that T'M is a vector bundle over M with the standard fiber R™,

and is said to be the tangent bundle over M. A section of TM on M is

a vector field on M.

Example 1.4. Let T M be the dual space of the tangent space T, M at
peE M. Weset T"M = U T, M, and define a mapping 7 : "M — M

peEM
by m(w) =p forw e Ty M. Let {z!,--+ 2"} be a local coordinate system
on U. A mapping given by
wen HU) — ((zlon)(w),---, (x™om)(w), ig/9a1 (W), - ,ig/9an(W)) € R*"
is injective, where iy p,i(w) = w(d/02'). Then {z' o m,--- 2" o
T, 49921, »19/92n ) defines a local coordinate system on 7~ YU), and

T*M is a manifold. Upon setting
by iw e U) — (1(w),ig0u (W), igjom (w)) €U x R},
we have that T*M is a vector bundle over M with the standard fiber R},

and is said to be the cotangent bundle over M. A section of T*M on M
is a 1-form on M.
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Definition 1.10. A connection D on a vector bundle F over M is a
mapping
D:(X,s) e X(M)x 6(M)— Dxse &(M),
satisfying the following conditions,
(1) Dxiys=Dxs+ Dys,
(2) Dyxs = ¢Dxs,
(3) Dx(S + t) = Dxs+ Dxt,
(4) Dx(ps) = (X¢)s+¢Dxs,

where X, Y € X(M), s, t € 6(M) and ¢ € §(M).

Example 1.5. A connection on the tangent bundle T M over M is a con-
nection on M in the sense of Definition 1.3.

Example 1.6. Let D be a connection on the tangent bundle T"M over M.
We denote by &*(M) the set of all sections of the cotangent bundle 7 M
over M, and define a mapping

D*: (X,w) e X(M)x 6"(M) — Dxw € 6*(M)
by (D%w)(Y) =X (w(Y)) —w(DxY). Then D* is a connection on T*M.
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Chapter 2

Hessian structures

A Riemannian metric g on a flat manifold is said to be a Hessian metric if
it can be expressed by the Hessian form with respect to the flat connection
D. The pair (D, g) is called a Hessian structure. Of all the Riemannian
metrics that can exist on a flat manifold, Hessian metrics appear to be the
most compatible metrics with the flat connection D. In this chapter we will
study the fundamental properties of Hessian structures. In section 2.1 we
derive basic identities for a Hessian structure. In section 2.2 we proceed
to show that the tangent bundle over a Hessian manifold (a manifold with
a Hessian structure) is a Kéhlerian manifold and investigate the relation
between a Hessian structure and a Kahlerian structure. In section 2.3 we
define the gradient mapping, which is an affine immersion, and show the
duality of Hessian structures. In section 2.4 we define the divergence of a
Hessian structure, which is particularly useful for applications in statistics.
By extending the notion of Hessian structures, we define in section 2.5
Codazzi structures.

2.1 Hessian structures

We denote by (M, D) a flat manifold M with a flat connection D. In this
section we consider a class of Riemannian metrics compatible with the flat
connection D. A Riemannian metric g on M is said to be a Hessian metric
if g is locally expressed by the Hessian with respect to D, and the pair
(D, g) is called a Hessian structure. A pair (D, g) of a flat connection D
and a Riemannian metric g is a Hessian structure if and only if it satisfies
the Codazzi equation. The difference tensor v between the Levi-Civita
connection V of a Hessian metric g and a flat connection D defined by
~v =V — D plays various important roles in the study of Hessian structures.

13
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Definition 2.1. A Riemannian metric g on a flat manifold (M, D) is called
a Hessian metric if g can be locally expressed by

g = Ddep,
that is,
JRp— 82@
Y3 = Pridwi’
where {z!,--- 2"} is an affine coordinate system with respect to D. Then

the pair (D, g) is called a Hessian structure on M, and ¢ is said to be
a potential of (D, g). A manifold M with a Hessian structure (D,g) is
called a Hessian manifold, and is denoted by (M, D, g).

Definition 2.2. A Hessian structure (D, g) is said to be of Koszul type,
if there exists a closed 1-form w such that ¢ = Dw.

Let (M, D) be a flat manifold, g a Riemannian metric on M, and V the
Levi-Civita connection of g. We denote by 7 the difference tensor of V
and D ;

PYXY = VXY - DXy
Since V and D are torsion-free it follows that
’yXy:’)/yX. (2].)

It should be remarked that the components vij « of v with respect to affine
coordinate systems coincide with the Christoffel symbols I'? ik of V.

Proposition 2.1. Let (M, D) be a flat manifold and g a Riemannian met-
ric on M. Then the following conditions are equivalent.

1
2

) g is a Hessian metric.

) (Dxg)(Y,Z) = (Dyg)(X,Z)D
09ij  Ogi;

)

)

)

drk Ot
4
5

(
(
(3
(4) 9(xY,2) = g(Y,xZ)D
(5) Yijk = vjieD
Proof. By the definition of Hessian metrics (1) implies (3). The condi-
tions (3) and (5) are the local expressions of (2) and (4) respectively. From
(1.6) the Christoffel symbols of g are given by

i 1 is(09sj | Ogsk  Ogjk
Y ik =3 ( . + ' . )7

) ozk oxi  Oxs
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_170gi; = Ogik 59jk) 1
Tigk = 2(8xk o0 T 0xi )

This demonstrates that conditions (3) and (5) are equivalent. Finally, we
will show that condition (3) implies (1). Upon setting h; = >, gi;dz’,

we have dh; = ngij Adz' = Z (% - %)dmk Adx' = 0. Hence,
, —

K3 3
by Poincare’s lemma, there exists ¢; such that h; = dy;. If we put h =
2 @jdz’, then dh = 3" dp; Adz? = 0. Upon applying Poincare’s lemma

again, there exists ¢ such that h = dp. Therefore we have % = ; and
Pp  Op;

dzidri Ozt U

The equation (2) of Proposition 2.1 is said to be the Codazzi equation

of g with respect to D. In the course of the proof of Proposition 2.1 we
have proved the following proposition.

O

Proposition 2.2. Let (D, g) be a Hessian structure. Then we have

1
9(xY, 2) = 5(Dxg)(Y, 2),
i 1 . 0gr; i 1dgY 10y
'7]]@—29 8ﬂfk7 Yk = 2833k’ A/zgk—Zaxk'
Proposition 2.3. Let R be the curvature tensor of a Hessian metric g.
Then we have

(1) RX,)Y) = —[vx,w], Rijkl = lﬂrjk - Wikr”frjz-

(2) The sectional curvature K for a plane spanned by X and Y is given by
_ 90xY yxY) — g(yx X, wY)
9(X, X)g(Y,Y) — g(X,Y)?

Proof. By equation (1.3) and Proposition 2.2 we have

, o, o, .
R = 5—301]@ - 8le =YY e Y Y

_ 1(59" s , ir 0%gr; ) B 1(59" 0r | jir %91 )
2\ OzF Ozl oxloxrk 2\ Ozt OzF oxloxrk
(—Vilﬂrjk + ’Yikﬂrjz)

= 2(=y" st 1) + (Y Y e+ Y ke )

= ’Yilﬂrjk - ’Yikﬂrjz-

1We use Einstein’s summation convention.
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This proves (1). From equation (1.7) we have
_ 9(R(X, Y)Y, X)
9(X, X)g(Y,Y) = g(X,Y)*’
while from Proposition 2.1 and (1) above we have
9(R(X, V)Y, X) = g(=[vx,w]Y, X) = g(=7xwY + wxY, X)
= —9(wY,7xX) + 9(yx Y, 7xY).

Upon substituting into the expression for K above for g(R(X,Y)Y, X) we
derive (2). O

Lemma 2.1. A vector field X is a Killing vector field with respect to a
Hessian metric g if and only if

where Ax = Lx — Dx and Lx is the Lie derivative with respect to X .

Proof. By Proposition 2.2 we have
0=(Lx9)(Y,2)
=X(9(Y,2)) - g(LxY,Z) — g(Y,Lx Z)
= (Dxg)(Y.Z) + g(DxY, Z) + g(Y.Dx Z) — g(LxY, Z) — (Y, Lx Z)
=29(yxY,Z) — g(AxY, Z) — g(Y, Ax Z). O

Lemma 2.2. Let (D, g) be a Hessian structure. Then we have

(1) The difference tensor «y is V-parallel if and only if
Vx,vw] =9vyy, foral XY € X(M).
(2) The curvature tensor R for g is V-parallel if and only if
Vx:lvx,vzl = sy vzl + v oyvxz],  forall XY, Z € X(M).
Proof. (1) follows from
(VxN(Y,2) =Vx(wZ) —ywxyZ —wVxZ
=([Vx,w]—1vxv)Z.
Applying Proposition 2.3 (1), we have
(VxR)(Y,Z2)W
=Vx(RY,Z)W)—-R(VxY,Z)W — R(Y,VxZ)W — R(Y, Z)VxW
=—(Vxlyv, vzl = yoxv.vz] = iy, voxz] = [, 72l V)W
=—([Vx:lw.vzll = oxy, vzl = by, roxz)W.
This implies (2). O
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Example 2.1. Let g be a Riemannian metric and V the Levi-Civita con-
nection for g. If V is flat, then the pair (V,g) is a Hessian structure.

Example 2.2. Let R" be the standard affine space with the standard flat
connection D and the standard affine coordinate system {z',---  2"}. Let
Q) be a domain in R™ equipped with a convex function ¢, that is, the
Hessian g = Ddyp is positive definite on 2. Then the pair (D, g = Ddy) is
a Hessian structure on ). Important examples of these structures include:

(1)

(2)

I~
Let 2 = R™ and ¢ = 3 Z(xl)2, then g;; = d;; (Kronecker’s delta)
i=1

and g is a Euclidean metric.
n

Let Q ={z € R" | 2" >0,---,2" > 0} and ¢ = Z(xilog;vi — '),
i=1

1
then gij = 5@';
1 n—1 1 n—1 )
_ n n \2 _ n 7
LetQ_{xeR | 2" > 52(3;) }andcp——log(a: —52(33) )
n—1
L [6;f +aiad —at n 1 i
Then [g;;] = 7 [ i ] } , where f =2a" — 3 ;(a}) .
LR 1 j
Let © = R™ and ¢ = log (1+Z e ) Then g;; = féije ~ g ral
i=1
where f =1+ Zexi
i=1
n—1 ‘ 1/2
Let @ = ¢z eR" |2" > (Z(x1)2) and ¢ = —log ((x”)2 -
i=1
n—1 n—1

Z(xi)g), then g¢;; = f€z5u+f2€z€ﬂ€ 27, where f = (x ")2—Z(xi)2,
i=1 1=1
e=1forl1<i<n-—1,ande, =—1.

Let Q = {x eR"|1> i(xl)Q} and ¢ = —log (1 - i(xl)Q) Then
i=1 1=1

n

gij = ;(5” + ;xixj), where f =1 — 2:@1)2

=1
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2.2 Hessian structures and Kahlerian structures

As stated in section 2.1, a Riemannian metric on a flat manifold is a Hessian
metric if it can be locally expressed by the Hessian with respect to an affine
coordinate system. On the other hand, a Riemannian metric on a complex
manifold is said to be a Kéhlerian metric if it can be locally given by the
complex Hessian with respect to a holomorphic coordinate system. This
suggests that the following set of analogies exists between Hessian structures
and Kahlerian structures:

Flat manifolds «—— Complex manifolds
Affine coordinate systems «— Holomorphic coordinate systems
Hessian metrics «—— Kdhlerian metrics

In this section we show that the tangent bundle over a Hessian manifold
admits a Kéahlerian metric induced by the Hessian metric. We first give
a brief summary of Kéahlerian manifolds, for more details the interested
reader may refer to [Kobayashi (1997, 1998)][Weil (1958)].

Definition 2.3. A Hausdorff space M is said to be an m-dimensional
complex manifold if it admits an open covering {Ux}xea and mappings
fx 1 Ux — C7™ satisfying the following conditions.

(1) Each f(U,) is an open set in C™, and fy : Uy — fa(Ux) is a homeo-
morphism.
(2) UNNU, # ¢, then

f,u © f;l : fA(UA N Uu) I f,u(UA N U,u)
is a holomorphic mapping.

An n-tuple of functions {z},---,2%} on U, defined by fi(p) =

(z1(p),- -+ ,2%(p)) for p € Uy is called a holomorphic coordinate system
on U,.
Let M be a complex manifold and let {z!,--- 2"} be a holomorphic

coordinate system in M. Denoting z* = ¥ 4+ v/—1y*, we have

5 = 3 (e Y Tag) 5 =35+ To0)

and

dzF = da* +V=1dy*, dz* = da® — V/—=1dy*.
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Define a tensor J of type (1,1) by

0 0 0 0
()= ()=
Oxk Oyk oyk Oxk
Note that, with this definition, J is independent of holomorphic coordinate
systems that are selected. We have

JA(X)=-X, XeXM),

and J is said to be the complex structure tensor on M. A complex
manifold M with a complex structure tensor J is denoted by (M, J).

Let g be a Riemannian metric on a complex manifold M. We denote by
TsM =T,M ® C the complexification of the tangent space T, M at p € M,
and extend g to

g:TSM x TSM — C,

so that g(U, V) is complex linear and complex conjugate linear with respect
to U and V respectively. We set

97529(%’%)’ gfi:g(%’%)'

Definition 2.4. A Riemannian metric g on a complex manifold is said to
be a Hermitian metric if

9ij = 9i5 = 0.
We denote the Hermitian metric by

g= Z gﬁdzidéj.

i

Proposition 2.4. A Riemannian metric on a complex manifold (M, J) is
a Hermitian metric if and only if

g(JX,JY)=¢g(X,)Y), foradl XY € X(M).
The following fact is well known.

Theorem 2.1. A complex manifold admits a Hermitian metric.
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The proof follows by applying a standard argument using a partition of
unity.

Definition 2.5. A Hermitian metric g on a complex manifold (M, J) is said
to be a Kahlerian metric if g can be locally expressed by the complex
Hessian of a function ¢,

_ P
Yi = Bripzi
where {z1,--- 2"} is a holomorphic coordinate system. The pair (J,g)

is called a K&hlerian structure on M. A complex manifold M with
a Kahlerian structure (J, g) is said to be a Kéhlerian manifold and is
denoted by (M, J, g).

For a Hermitian metric g we set
p(XY) =g(JX.Y).

Then the skew symmetric bilinear form p is called a Kéhlerian form for
(J,9), and, using a holomorhic coordinate system, we have

p=+v-1 Zgijdzi Adz.
0,J
Proposition 2.5. Let g be a Hermitian metric on a complex manifold M.
Then the following conditions are equivalent.

(1) g is a Kdhlerian metric.
(2) The Kdhlerian form p is closed; dp = 0.

Let (M, D) be a flat manifold and let TM be the tangent bundle over
M with projection m : TM — M. For an affine coordinate system
{z',--- 2"} on M, we set

2 =g + /1", (2.2)
where ¢ = 2' o and £""% = da®. Then n-tuples of functions given by
{z1,--+,2"} yield holomorphic coordinate systems on TM. We denote

by Jp the complex structure tensor of the complex manifold TM. For a

Riemannian metric g on M we put
n

g7 = Z (gij o m)dz'dz. (2.3)
i,j=1
Then g7 is a Hermitian metric on the complex manifold (T'M, Jp).

Proposition 2.6. Let (M, D) be a flat manifold and g a Riemannian met-
ric on M. Then the following conditions are equivalent.
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(1) g is a Hessian metric on (M, D).
(2) g" is a Kdhlerian metric on (TM, Jp).

Proof. Denoting by p” the Kihlerian form of the Hermitian metric g7,
we have

pl =v—1 Z (gij © m)dzt A dz =2 Z (gij © 7)dEt A demH,
i,j=1 ,5=1

Differentiating both sides we have

n

dp" =2 d(gij o) Adg' N dgmH

ij=1
-9 i f: 093 ) yek p gei p dgnti
“ ¢k
i,j=1k=1
—~ (Ogjom) dgrjom) ; ’
=2 (S - SI Y agh g’ ndgm
, Z ock o8’ SN
i,7,k=1
- 99ij  Ogk; kon gei p gent
:2“2 (<@ _W) ow)df A dEt A dEnH
i,7,k=1
0gi5  Ogx; . o
Hence the equations dp” = 0 and ;gv g = g;j are equivalent. Conditions
(1) and (2) are therefore equivalent by Proposition 2.1. O

Example 2.3.

n n

n _ 1 i\2 _ N2 .
(1) Let @ = R"™ and ¢ = 5 Zl(x )*. Then g = Zl(dx )* is a Euclidean
metric on R™. The tangent bundle TR is identified with C™ by the

complex coordinate system {z!,--- 2"} given in (2.2). Since g7 =
Z dz'dz', (TR", Jp,g") is a complex Euclidean space.

(2)Let Q =RT ={z € R |2z >0} and ¢ = logz~!. We then have
1
g = Fdan. Let {€!,€2} be the coordinate system on the tangent
bundle TR™* as defined by equation (2.2). Then TR is identified with
a half plane {(¢%,¢2) | ¢! > 0}, and the Kihlerian metric g7 on TR*
induced by g is expressed by
v _ (d€')? + (d§?)°
(&h)? '

Thus g”is the Poincaré metric on the half plane.
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Example 2.3 (2) is extended to regular convex cones as follows.

Example 2.4. Let Q be a regular convex cone in R™, and let i) be the
characteristic function. Then (D, g = Ddlogt) is a Hessian structure on
Q (cf. section 4.1). The tangent bundle T over  is identified with
the tube domain T = Q + vV—1IR" over Q in C* = R" + /—1R". Tq
is holomorphically equivalent to a bounded domain in C”, while g7 is
isometric to the Bergman metric on the bounded domain (cf. Theorem
8.4).

Example 2.5. Let (2, D,g = Ddy) be the Hessian domain of Example

n—1
2.2 (3), where 2 = {3: e R" | 2" > %Z(mZ)Q} and ¢ = —log (a:" -

i=1

n—1

or

L

(ml)g) Let {z!,---,2"} be a holomorphic coordinate system on

(2

To = Q4+ v—1R" as defined in equation (2.2). Consider the following
holomorphic transformation defined by
n—1
o m2 ) .
wJ:zj(z —ZkZ_l(z)—i—l) , 1<ji<n-1,

n—1

w = (z” — i Z(zk)2 — 1) (z" — inzl(zk)2 + 1)_1.

Then Tgq is holomorphically equivalent to the bounded domain

{wh - wmyecm | Yk < 1},
k=1

2.3 Dual Hessian structures

In this section we will establish the duality that exists for Hessian struc-
tures. Let R} be the dual vector space of R". We denote by D* the
and by {z%,--- ,z*} the dual affine coor-
dinate system on R with respect to the standard affine coordinate system
{z',--- 2"} on R"(cf.section 1.1) Let Q be a domain in R™ with a Hes-
sian structure (D, g = Ddp). We call this domain a Hessian domain, and
denote it by (2, D,g = Ddy). Let us define a mapping ¢ from 2 into R}
by

standard flat connection on R*

mn

L= _d907
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that is,

oxt’

T;oL=

(2.4)

0%p

OxtdxI
is an immersion from 2 into R}. The mapping ¢ is called the gradient
mapping for the Hessian domain (2, D, g = Ddyp).

Then since the Jacobian matrix [ } of ¢ is regular, we know that ¢

Theorem 2.2. Let (Q,D, g = Ddy) be a Hessian domain in R™ and ¢ the
gradient mapping. We define locally a flat affine connection D’ on Q by

1(DY) = D} x1.(Y).
Then
(1) D' =2V — D, where V is the Levi-Civita connection for g.
Hence D’ is a globally defined flat connection on ).

(2) Let o = 0p/0x". Then {x',--- !} is an affine coordinate system
with respect to D' and

g 0 , a 0 g
— —— | =" S
g(axg’axj) o g(@xé’@x}) g7
where &% is the Kronecker’s delta and [g"] = [gi;] 7"
(3) Xg(Y,Z) =g(DxY,Z) +g(Y,DxZ).
(4) The pair (D', g) is a Hessian structure.

Proof. Denoting by I'? ;i the Christoffel symbols of the Levi-Civita con-
nection V for g, it follows from Proposition 2.2 that

i i 1 ir OGrj
ijZij:§;g Dk

Since ¢ is locally bijective and

() =~ Xl )ai om) = - e

J v J
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we have

Dj, oz % = (Df*(a/ami)b* (%))

0
1 * —1
(Dzk@ikovl)a/aw; > (g0t )6x7)

l

_ 1. O0(gjio™Y) 0
_ o , 1 j
T (;(g““ )T ax;)

_ Z gi ag]f rk sl ‘9 _2ZFZJ3 _

k,,r,s

=1

*

0

dai’
We have thus proven statement (1). It follows from the definition of D',

and the relation ¢, (%) = — 8?:;‘ ,

system with respect to D’, and
o 0 oxP 0
Y Y)Y pi,
g(ax;’axj) 9( B! Dap’ agcg) Zg 9pi = 05

o 0 oxP 0 x4 8 ; .
g(a_x;v%;_):g( - 5—%2@’ - @@):nggpqnggj

This completes the proof of assertion (2). In seeking to prove assertion

= (2V = D)y/oai

, s .
that {z},--- , .} is an affine coordinate

(3);
0
dak’

it is sufficient to consider the case when X = Erek Y = m, and Z =
o s
By assertion (1) and Proposition 2.2 we have

o (0 0 ) o

g 0
=g Da/azi@,@ +g 3 6/8w8 %

Thus assertion (3) is also proved. Since

d(zgcidx Zdw A dx —Za de Ada? = Zgudgc Adx? =0,
i i,J
by Poincaré’s Lemma there exists a local function 1’ such that

> alda) = dy.

i oY i _ ox! 321//
= ——, 9" =
o} ox’; 8x oz

This shows that ¢ is a Hessian metric with respect to D' . O

Therefore

(2.5)
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Corollary 2.1. Let (M, D, g) be a Hessian manifold and let V be the Levi-
Civita connection for g. We define a connection D' on M by

D' =2V - D.
Then

(1) D’ is a flat connection.
(2) Xg(Y,Z) = g(DxY,Z) +g(Y, D\ Z).
(3) (D', g) is a Hessian structure.

Proof. By Theorem 2.2, we know that (1)-(3) hold on any small local
coordinate neighbourhood. Hence they hold on M. O

Definition 2.6. The flat connection D’ given in Corollary 2.1 is said to be
the dual connection of D with respect to g, and the pair (D', g) is called
the dual Hessian structure of (D, g).

Let us study the relation between the potentials of a Hessian structure
(D, g) and its dual Hessian structures (D', g). Let ¢ be a potential of (D, g).
Using the same notation as in the proof of the above theorem, we have

0%’ 4 = Z dx* o' 9% 3_x’“8_ﬂ:l

3x§3x I Bt oz, 8x B < QakOx! Oy O
B B Do Ox! do 02zt
Zax (3xl) " ~ o) (Zﬁxl Bx;) _;@ax;ax;

5;10’896 Z lax 8;10”

82 ) o l 82’¢/
ax;awé(zl:mle) :6_962(:””;%6_;) 0704, +Z la er A

Hence

82,¢/
Oz 0 B 5;10’895 (lea: B tp)
Thus
W = ngl‘l - <,O+Zaia:§ + a,

where a; and a are constants. Differentiating both sides by z, we obtain

WzZa:gxi—(p—Fa
i

a' = 0. Hence
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Therefore, a function ¢’ defined by
9y
f = — — 2.6
@ E e (2.6)

is a potential of the dual Hessian structure (D’, g). The function ¢’ given
by (2.6) is called the Legendre transform of .

Definition 2.7. A Hessian domain (2, D,g = Dd@) in R" is said to be a
deformation of a Hessian domain (2, D,g = Ddy) in R", if there exists
a diffeomorphism f : Q@ — Q satisfying ¢ = ¢ o f.

Example 2.6. Let D be the standard flat connection on R™t! and let
1 n+1

¥= 5> (@)% Weset (RT)™ = {(a!,-+ 2" [ & >0, for all i}
and restrict the Hessian structure (D, Ddi) to (R*)"!. We define a dif-
feomorphism f : R"*! — (RT)"*! by

f(xl, . ,$n+1) _ \/§(€_I1/2, . ’e_zn+1/2)’

and set

1
PV
dp)

Then the Hessian domain (R, D, Dd
domain ((RT)"*1, D, Ddi)).

is a deformation of the Hessian

Let (2, D,g = Ddp) be a Hessian domain. Assume that the gradient
mapping ¢ for (Q, D, g = Ddyp) is injective, that is, we suppose ¢ : 2 — R
to be an imbedding. We will also term a function ¢* on Q* = ¢(Q2) defined
by

r=¢ o1t = —Z(xi o Nar —por! (2.7)
the Legendre transform of .
From equations (2.4), (2.5) and (2.7) it follows that

O S (%o ) 2o i

oxr dur, oxr ¢
Upon introducing g* = D*dyp*, we have
g 90 . 0" 0

(=2’ 007
2

3] Ozl o1 oI

2

g (8—33;.*’8—33;)_%:83:*

:g”OL 1'
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Hence (D*,g* = D*dy*) is a Hessian structure on *. Using this result,
together with the proof of Theorem 2.2, we obtain

* 0 0 ok —1 0 —1 9
7' (- (g) - (37)) =9 (?QW A DA
o 0
— g P4 -1 = = -1
= Z(ngqu Jou _g(axi’ ﬁacj) oL .
Py
This implies that ¢ : (2, 9) — (2%, ¢*) is an isometry. Identifying the dual

space of RY with R™, the gradient mapping * for (Q*, D*, g* = D*dp*)
satisfies

SO

Denoting by (¢*)* the Legendre transform of ¢* we have

(¢) ==Y ailaior ) =y or !

= le(xf o) —{— Z(l‘f ou)a’ — o}
= .

The following proposition summarizes these results.

Proposition 2.7. Suppose that the gradient mapping ¢ for a Hessian do-
main (Q,D,g = Ddy) is an imbedding. Then (Q*, D* g* = D*dyp*) is a
Hessian domain. We denote by o* the gradient mapping for (*, D* g* =
D*dp*) and identify the dual space of R}, with R™. We then have

1) *=c1:0"— Q.
(2) t:(Q,9) — (Q*,g%) is an isometry.
(3) The Legendre transform (p*)* of ¢* coincides with ¢ ; (p*)* = @D

The Hessian domain (Q*, D*, g*) is said to be the dual Hessian domain
of (0,D,g).

Example 2.7. Let (R”*l,ﬁ,g = Ddgﬁ) be the Hessian domain given in
Example 2.6. We denote by D* the standard flat connection on R}, ; and
set

(R*M) g1 = {(a7, -+ srn) €ERy |2 >0, foralli}.
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I’i

Since the gradient mapping ¢ satisfies ] ot = e™* , we have
YR = (R ).
The Legendre transform ¢’ of ¢ is reduced to
95/ = — Z(xl + 1)67
and so
n+1
Pr=¢@ o1t = Z(xf logx} — 7).
i=1

Thus the dual Hessian domain of (R"*!, D,j= bdgﬁ) is given by
((R*+)n+17 D~*7 g = ﬁ*dSE*)
Example 2.8. We use the same notation as in Example 2.7. Upon intro-

ducing

n+1

An =@t ah) € R |3 ar =1},
=1

we have that A is a flat manifold with an affine coordinate system

{z3,---,2%}. We denote by D* the flat connection on A¥* and by
n+1
"= Z x; logx; — 1 the restriction of $* to AY. We then have
i=1
dp* ] 0% p* 1 1
sD* log *SD * = U_*—'_ * :
Oz; Tpy1 O} O] Ti  Tnyl
82 *
Hence —— | is positive definite on A%, and so (D*,¢g* = D*dy™) is
Ox; 0z
a Hessian structure on AY. The Legendre transform of ¢* is given by

"L L0
@—lea‘»p* — :—logmn+1+1_log(2e +1)+1 and so

(R™, D ,g = Ddy) is the dual Hessian domain of (A* D*, g* = D*dp™*) (cf.
Example 2.2 (4) and Proposition 3.9). The Hessian structure (D, g = Ddyp)
coincides with the Hessian structure on the multinomial distributions (cf.
Example 6.2).

Example 2.9. Let Q = {x € R" | f(x) > 0} and ¢(z) = —log f(x), where
n—1
1 .
flx) = 2" — 3 Z(xZ)Q. Then (2, D,g = Ddyp) is a Hessian domain (see

=1
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9] ‘ 9] 1
Example 2.2 (3)). Since 5_; = x? (t <m-—1) and 6—922 = the
gradient mapping ¢ satisfies —oo < zf ot < oo (i <n—1) and z}or>0.
n—1
. * 1 1 :
Hence #i ol = — 20 (i<n—1) and 2" o' = — 4 = (x—Z)D
¥ xr 2 — \x,
The Legendre transform ¢’ of ¢ is given by ¢’ = f + log f — 2D Thus
n 1 <& *\2
oot = x7 o P +log(for™t) -2 = 5 ; (a;;;) — logz — 1. The
dual Hessian domain is therefore given by (Q*, D*, g* = D*dy*), where
O = {(;El,---, zE) e R | —co < zf <oo fori<n-—1, zf >0} and
2 —log ;.

Example 2.10. Let Q@ = {z € R" | f(x) > 0, 2™ > 0} and ¢(z) =

—log f(x), where f(z) = (2™)? — Z(;zcl)2 Then (2, D,g = Ddyp) is a
i=1

0 21°
Hessian domain (see Example 2.2 (5)). Since 8—; = ; (t<n-—1) and
680 2x™ 4 ; _1 ¥ .
—— =——— wehave ffor=—, 2’01 " =——% for i<n-—1 and
dan f f X f*
2z, -
"ot = f* , where f*(2*) = (z1)* — Z(xf)Q The Legendre transform

i=1
¢’ of pis given by ¢’ = —¢p—2. Hence ¢'or~! =log(for™1)—2 = —log f*+
log4 — 2D This implies the dual Hessian domain is (Q*, D*, g* = D*dy*),
where Q" = {z* € R}, | f*(2") > 0, z;, > 0} and ¢*(z*) = —log f*(z*).

2.4 Divergences for Hessian structures

In this section we define the divergence for a Hessian structure which plays
an important role in statistics.

Let (2, D,g = Ddyp) be a Hessian domain in R™. For p € ) we define
a function ¢, on Q by

o) = 3t~ 20D 9 (a) ~ (p(a) — o(p)).
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Then

2
ool =0, G2 =0, [ 5550 = [nst0)] > 0

This implies that ¢, (z) attains a unique relative minimum ¢, (p) = 0 at p.
Therefore, defining a mapping D by

D:(p,q) € 2xQ— 9p(q) €R,
we have
D(p,q) > 0,
D(p,q) =0 < p=gq,

where ¢ is a point in a small neighbourhood of p. Using the Legendre
transform ¢’ of ¢, we obtain

D(p,q) = ¢(p) + ¢'(q) — Z ' (p)zi(q)

0
where 7, = _<pl The mapping D is called the divergence for the Hessian

structure (D, g = Ddy) [Amari and Nagaoka (2000)].
By making use of the Taylor expansion of ¢,(x) at p, we have

-3 S as0)le' =)’ ~ ')

3289” (@ — ' @)@ — /() (2" — 2 (p))

. (%c"C
2 Z TI5 1) — o )@ — 2 ()0 — )~ ')
+-
Since gillz (p) = (Dg)ijk(p), %(p) = (D29)ijm(p),- - -, we know that
the definition of the divergence D is independent of the choice of an affine

coordinate system {z!,--- 2"} and a potential ¢, and depends only on the
Hessian structure (D, g). If the points p and ¢ are sufficiently close, then
D(p, q) is approximated by

D) = 3 30 (@) — 20 (0) — 7 ().

Let D’'(p, q) be the divergence for the dual Hessian structure (D', g =
D’dy’) of the Hessian structure (D, g = Ddp). Then

D'(p,q) = D(q,p).
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In fact, it follows from ¢’ = sz — ¢ and —— v = 2" that

; Ox ’
/ / a(P ! !
D'(p,q) = Z(%(Q) —zi(p ))ax (@) — (¥'(@) — ¥ (p))
= Z (@)7;(p) — (#(p) — ©(q))

= D(q,p)-

Example 2.11. Let (A%, D*, g* = D*dy*) be the Hessian domain of Ex-
ample 2.8, and let D* be the divergence for the Hessian structure. Upon

n+1
9™ *
substituting for ¢* Z x} logxl — 1 and o log fl into the ex-
i=1 a 7 anrl
. * - * a * *
pression D*(p, q) = (w7 (q) — 27 (p)) [;” (4) = #"(g) + ¢" (p) we have
i=1 v
n+1 x )
Z x (p) log — (p

z;i(q)

1 )
Example 2.12. Let (R”,D,g = Dd(§ Z(ml)Q)) be the Euclidean

i
space. The divergence is then given by

1 i i
that is, D(p, q) is half of the square of the Euclidean distance between p
and gq.

In view of the above Example 2.12, the following theorem is regarded
as an extension of Pythagoras’s Theorem in Euclidean space [Amari and
Nagaoka (2000)].

Theorem 2.3. Let (2, D, g = Ddy) be a Hessian domain and let p, q and
r € Q. If o, the geodesic for D connecting q and p, and o', the geodesic for
the dual connection D' of D connecting q and r, are orthogonal at q, then
we have

D(p,r) = D(p,q) + D(q,r).

Proof. Using an affine coordinate system {z!,--- 2"} with respect to
D, we may suppose
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In the same way we have

25 (0'(8)) = zj(q) + (25(r) — 5 (@)t

where {2} = d¢p/0z',--- ,a], = 0p/dz™} is an affine coordinate system
with respect to D’. By the definition of the divergence and g(%, %) =
67 we obtain ’
D(p,r) = D(p,q) — D(q.r)
= ZW(?‘) —a'(p))z;(r) = (p(r) — ¢(p))
~1D_@'(a) — 2" (0)i(a) — (p(a) = w(p))}
—{Z(xi(r) —a'(q))ai(r) = (¢(r) — (@)}
= - ZW (p) — " (a))((r) — 27(q))
— ,(6(0),/(0)) = 0. .

2.5 Codazzi structures

We first assert that the Codazzi equation for a pair of a flat connection and
a Riemannian metric is restated as follows.

Lemma 2.3. Let D be a torsion-free connection and let g be a Riemannian
metric. Let us define a new connection D’ by

Xg(Y,Z) = g(DxY,Z) + g(Y, D Z).
Then the following conditions (1)-(3) are equivalent.

(1) The connection D’ is torsion-free.
(2) The pair (D, g) satisfies the Codazzi equation,

(Dxg)(Y,Z) = (Dyg)(X, Z).

(3) Let V be the Levi-Civita connection for g, and let yxY = VxY —
DxY. Then g and 7y satisfy

9(xY, Z) = g(Y,vx Z).



Hessian structures 33

If the pair (D, g) satisfies the Codazzi equation, then the pair (D', g) also
satisfies this equation and

D' =2V - D,

(Dxg)(Y, Z) = 29(vx Y, Z).

Proof. By the definition of D’, it follows that
(Dxg)(Y,2) = Xg(Y,Z) — g(DxY, Z) — g(Y,Dx Z)

= g(DY — DxY, 2).

Hence
(Dxg)(Y.Z) — (Dyg)(X, Z) = g(DxY — Dy X — [X,Y], Z).
This implies that (1) and (2) are equivalent. Since (Dxg)(Y,Z) =
9(vxY,Z) 4+ g(Y,vxZ) and vxY = 7y X, we obtain
(Dxg)(Y,Z) = (Dyg)(X, Z) = g(vzX,Y) — g(X,72Y).

Hence (2) and (3) are also equivalent. If (D, g) satisfies the Codazzi equa-
tion, then it follows from (3) that

9(DxY,Z) = Xg(Y,Z) — g(Y,Dx Z)
=9(VxY,Z) +9(Y,7xZ)
=9((Vx +x)Y, 2).
This shows that D' = 2V —D. Hence (D’ g)(Y,Z) = —(Dxg)(Y, Z), which
implies that (D', g) satisfies the Codazzi equation. Furthermore, we have

(Dxg)(Y,Z) = g(DXY — DxY,Z) = 29(vxY, Z). O

Proposition 2.1 asserts that a pair (D, g) of a flat connection D and a
Riemannian metric g on M is a Hessian structure if and only if it satisfies
the Codazzi equation. In view of this fact, the notion of Hessian structures
was generalized by [Delanoe (1989)] as follows.

Definition 2.8. A pair (D, g) of a torsion-free connection D and a Rieman-
nian metric g on M is called a Codazzi structure if it satisfies Codazzi
equation,

(Dxg)(Y,Z) = (Dyg)(X, Z).
A manifold M equipped with a Codazzi structure (D,g) is said to be a
Codazzi manifold, and is denoted by (M, D, g).
For a Codazzi structure (D, g) the connection D’ defined by

Xg(Y,Z) = g(DxY, Z) + g(Y, D Z)
is called the dual connection of D with respect to g, and the pair (D', g)
is said to be the dual Codazzi structure of (D, g).
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Let M be a manifold with a torsion-free connection D and let TM be
the tangent bundle over M with canonical projection 7w : TM — M. For a
local coordinate system {z!,--- 2"} on M we set ¢' = x'om and r® = dz’.
Then {q',---,q", r',--- 7"} forms a local coordinate system on TM. A
tangent vector

at z = Zzz( 8,) € TM is said to be a horizontal vector if it
7 okl 7(z)

satisfies the following conditions,

a™tt 4 Z F;k (m(2))a’ 28 = 0,
j.k

where F;k are the Christoffel symbols for D [Dom]. The set of all horizontal
vectors H, at z € T M is called the horizontal subspace at z. Then we have

T.TM = Kermy, ® H.,, dimH, = n.
Let T M represent the cotangent vector bundles over M with canonical pro-
jection 7* : T*M — M. For a local coordinate system {z!,--- ,2"} on M

, ) 0
we set ¢ = z'or* and p; = Fye Then the 2n-tuple {¢*,--- , ¢, p1, - ,Pn}
x
forms a local coordinate system on T*M. The canonical symplectic form
on T*M is given by

p=>_dq’ Ndp.
=1

A Riemannian metric g on M induces a mapping
g:z€TM — g(z, ) e T*M.

We denote by g.. the differential of the mapping at z. Then we have the
following theorem due to [Delanoe (1989)].

Theorem 2.4. Let D be a torsion-free connection and let g be a Rieman-
nian metric on M. Then the following conditions are equivalent.

(1) (D,g) is a Codazzi structure.
(2) g«(H) is a Lagrangian subspace with respect to the canonical symplectic
form p on T*M.
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Proof. The mapping g : TM — T*M is expressed by

g:(qla"'aqnarla"'7rn) 7' 7q Zglkr 7Zgnkrk)7
k
and so
agjk k 8
q q ik
(87"1) Zg” p;’
Since { i Zflkr ‘ 1<i < n} is a basis of the horizon-

tal subspace H, {Ai = g.(4; |§ i < n} forms a basis of g.(H). Upon
introducing D; = Dy /g,:, we have

A—g*( )= 2ot ()
;agﬂk o = 3 Tt

Op;
Pi ik

0

-2 Dig; It ) R

. 8 0 . .
Hence {A S AT . ,—} is a basis of each tangent space of
T*M. Note that p vanishes on the space spanned by { . ,—}.

8pl 8pn
Since
(A ) 47
dps ( igsk + Z Flisglk)rk,
1

we have

(AT A7) =) (dg® N dpy)(A], A7)
= > {da’ (47)dps (A7) — dg® (A} )dps (A7) }

= Z {5¢S (Djgsk + Z T gie) — 63 (Digsk + Z Tl gk ) }Tk
] !
= Z jgik 1gjk)rk
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Therefore p vanishes on g.(H) if and only if
ngik - Digjk =0.

Hence (D, g) is a Codazzi structure if and only if ¢.(H) is a Lagrangian
subspace with respect to p. O

Definition 2.9. A Codazzi structure (D, g) is said to be of a constant
curvature c if the curvature tensor Rp of D satisfies

RD(X7 Y)Z = c{g(Y, Z)X - g(X7 Z)Y}7
where ¢ is a constant real number [Kurose (1990)].

Proposition 2.8. Let (D, g) be a Codazzi structure and let (D, g) be the
dual Codazzi structure.

(1) Denoting by Rp and Rp: the curvature tensors of D and D' respectively
we have

g(Rp(X,Y)Z,W) + g(Z, Rp/ (X, Y)W) = 0.

(2) If (D, g) is a Codazzi structure of constant curvature c, then (D', g) is
also a Codazzi structure of constant curvature c.

The proof is straightforward, and so we do not present it here.
By Proposition 2.1 we have the following proposition.

Proposition 2.9. A Codazzi structure (D, g) is of constant curvature 0 if
and only if (D, g) is a Hessian structure.

The above Proposition 2.9 is generalized as follows.

Proposition 2.10. Let (D, g) be a Codazzi structure of constant curvature.
Then g is locally expressed by

g = Ddy + LlRicD, n = dim M,
p—

where Ricp is the Ricci tensor of D and ¢ is a local function (cf. [Nomizu
and Simon (1992)]).

Proof. For the proof of this proposition the reader may refer to the above
literature. g



Chapter 3

Curvatures for Hessian structures

In section 2.1 we introduced the difference tensor v = V — D on a Hessian
manifold (M, D,g). The covariant differential @ = D~ of ~ is called the
Hessian curvature tensor for (D, g). It reflects the properties of the Hessian
structure (D, g), and performs a variety of important roles. The Hessian
curvature tensor is analogous to the Riemannian curvature tensor for a
Kéhlerian metric. Indeed, denoting by g7 the Kéhlerian metric on the tan-
gent bundle T'M over M induced by g, the Riemannian curvature tensor for
g may be related to the Hessian curvature tensor (Proposition 3.3). Using
D and the volume element of g, we define the second Koszul form 3, which
is related to the Ricci tensor for g7 (Proposition 3.5). This suggests that the
second Koszul form plays an important role similar to the Ricci tensor for a
Kaéahlerian metric. We also define the Hessian sectional curvature, which is
similar to the holomorphic sectional curvature for a Kéhlerian metric, and
construct Hessian manifolds of constant Hessian sectional curvature.

3.1 Hessian curvature tensors and Koszul forms

In this section we define the Hessian curvature tensor and the Koszul forms
a and ( for a Hessian structure (D, g). These tensors play important roles
in Hessian geometry similar to that of the Riemannian curvature tensor
and the Ricci tensor in Kahlerian geometry.

Definition 3.1. Let (D, g) be a Hessian structure and let v = V — D be
the difference tensor between the Levi-Civita connection V for g and D. A
tensor field @ of type (1,3) defined by the covariant differential

Q= Dy

37
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of v is said to be the Hessian curvature tensor for (D, g). The compo-

nents ', of Q with respect to an affine coordinate system {z',---, 2"}
are given by
i avijl
Q' = ok
- &y
Proposition 3.1. Let g;; = e Then we have
220
1 9y 1., &y Py

1 ikl =TT~ = - - .
(1) Qijw 2 0701007 0x. 27 9ri0rtoz 05 0rtors
(2) Qijmt = Qurjir = Qriij = Quky = Qjitke-
Proof. By Proposition 2.2, we obtain
a,yr‘ 3(91‘#7@ ) 0 ir
Qijkt = Gir ;l = le — gk Y
ox ox ox
_ 07iji 1 0gir 09s;j
azF 29 sk ol
1 o 1 P o
T 2000205702 29 0w0sk0r 0005 0x
which proves (1). Assertion (2) follows directly from (1).

]

Proposition 3.2. Let R be the Riemannian curvature tensor for g. Then

1
Riji = §(Qijkl — Qjikt)-
Proof. From Propositions 2.2, 2.3 and 3.1 it follows that
1 ot
ikl = 5 A A ey — 29 YikrYjlss
Qi 2 0aidzidzhogl 7 Tkl
whereby
Qijkt — Qjikt = =29 VikrVjis + 29" *VjkrVits
= 2(VjkrY"it — VitrY k)
= 2R;j1.

O

From the above proposition it may be seen that the Hessian curvature
tensor () carries more detailed information than the Riemannian curvature

tensor R.

The following Proposition 3.3 suggests that the Hessian curvature tensor
plays a similar role to that of the Riemannian curvature tensor in Kéhlerian
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geometry. In Proposition 2.6 we proved that a Hessian structure (D, g) on
M induces a Kihlerian structure (J,g7) on the tangent bundle 7M. With
the same notation as section 2.2, we have the following proposition.

Proposition 3.3. Let RT be the Riemannian curvature tensor on the
Kdhlerian manifold (T M, J,gT). Then we have

1
Riy = S @ik o T

Proof. We introduce F' = 4¢ o 7, and by expression (2.3) we obtain

%5~ bzigzi
Making use of a formula in [Kobayashi and Nomizu (1963, 1969)](IL,p157),
we have

T
T glJ Z Tpq 89;1;5 89115
ikl = P k7l 02k 97
OIF F BF
- @@ pq
02107102707 > (g"om) 02+02107P 071071029

1 0% e o D3
T4 { 0xi0zi dxk ozl ; 9 020z 0xP 0 0Dz } e
1

§Qijkz OT. 0

Definition 3.2. Let v be the volume element of g. We define a closed
1-form a and a symmetric bilinear form g by

Dxv = a(X)v,
8 = Da.

The forms « and 3 are called the first Koszul form and the second
Koszul form for a Hessian structure (D, g) respectively.

Proposition 3.4. We have
(1) a(X)="Tr vx.

1 0log det[gr]
9) a; = = O8Ik _ o
(2) ai =5 o Vi
da; 1 0%logdet|gr] - ,
oxd 2 Oxidxi = @iy = Qi

(3) B =
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Proof. Sincev = (det[gij])%dxl A-+-Adz™ and ’Ya/awidxk = - Z’ykﬂdxl

we have

QU = a(ai )U = Da/awz’l}
0]
8 7
881 log(det[g”])%v,
@iv = Dgjppiv = (D — V) 000 = —7Va/02:V
—(det[g;;])* de A Agjomida® Ao A dz

(detgi;])? sdat A Ada”

=7 ikv'

These imply (1) and (2). Assertion (3) follows from (2) and Definition 3.1.
|

Lemma 3.1. Let a and (8 be the Koszul forms for a Hessian structure
(D,g), and let o and B’ be the Koszul forms for the dual Hessian structure
(D', g). Then we have

o =—a, ['=p-2Va.
Proof. We have
"(X)=Dxv=(2Vx — Dx)v=—Dxv =—a(X)v,

«
' = 3 —2Va.
B'=p .

Proposition 3.5. Let RZ; be the Ricci tensor on the Kahlerian manifold
(TM, J,g"). Then we have

RS = _iﬁij o Tr.

Proof. By Propositions 3.3, 3.4 and a formula in [Kobayashi and Nomizu
(1963, 1969)](11,p157), we obtain

1 1
R;‘FE quZJPJ - _§(gpq o 7)(Qigpj © ) = _§(gquiqu) om

1
— _gQijqq o = _567’] o Tr.
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The above proposition suggests that the second Koszul form g plays a
similar role to that of the Ricci tensor in Kéhlerian geometry. Accordingly,
it is appropriate to introduce the following definition, which originated in
[Cheng and Yau (1982)].

Definition 3.3. If a Hessian structure (D, g) satisfies the condition

B = Ag, >\=&,
n

then the Hessian structure is said to be Einstein-Hessian.

The following theorem then follows from Proposition 3.5 and expression
(2.3).

Theorem 3.1. Let (D, g) be a Hessian structure on M and let (J, g7) the
Kahlerian structure on the tangent bundle T M induced by (D, g). Then the
following conditions (1) and (2) are equivalent.

(1) (D,g) is Einstein-Hessian.
(2) (J,¢7) is Einstein-Kdihlerian.

Example 3.1. Let us find the Koszul forms for Hessian domains given in
Example 2.2. Let a and § be the Koszul forms for a Hessian structure
(D,g) on Q, and let o/ and ' be the Koszul forms for the dual Hessian
structure (D', g).

n—1 n—1
(1) Let Q = {x eR" | 2" > % ;(xi)Z} and ¢ = —log {x”—% ;(xi)z}-
Then

82@ —n—1 n 1 = 7\2
det {m}:f ,Wherefzx —52(33) .
Hence
1 1 1 1
o= " iogf="as g="F1pg,="1,
2 2 2
By Lemma 3.1 we have
1 1
o =—a= %dlogf __nt dlog(—x.),

1/dx’ \2
ﬁ':n; (%) , where ac;:g;pz

n
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(2)
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Let Q@ = R" and ¢ = log (1 + Zegﬁi). Then
i=1

1 "

o ] e e
dxidxi | fntl

, where f = Zezi + 1.

det [
i=1

Hence

o= %{;dm - (n+1)dlogf},

1 1
08 =Da= —iDdlogf __nt g.
2 2
Upon introducing z; = dp/dz*, we have
1 . x!
[=—r—, ' =log 7 -
1= k1 IRy

By Lemma 3.1 we further obtain

v
I

Let

n—1 n—1
Q= {x eR" | 2" > (Z(xi)2)2}, ¢ = —log{(xn)2 - Z(xif}'

2

0 @ _ 2\" ()2 )2
Then det [ﬁxiaxﬁ'] = (?) , where f = (") — ;(aj) . Hence

n n n n
a 2d og f 2d<p, & 5 de 59

) n—1 4
Introducing z} = acfi and f' = (m;)Q—;(az;)Q, we have f = 7 The

Legendre transform of ¢ is given by ¢’ = —p—2 = —log f’ +log 4 — 2.

2,/
2\"N"
By the same way as above, we have det % = (—) . Hence
Oz; 0 f!
r_

n n n
= ——dlog f' = —dy’ "= =D'dy = —g.
a 5 og f 53 B g Dde =59
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3.2 Hessian sectional curvature

A Kaéhlerian manifold of constant holomorphic sectional curvature is called
a complex space form. It is known that a simply connected, complete,
complex space form is holomorphically isometric to the complex projective
space P"(C), the complex Euclidean space C™, or the complex hyperbolic
space H™(C) according to whether the sectional curvature is positive, zero
or negative respectively [Kobayashi and Nomizu (1963, 1969)](1I, Theorem
7.8,7.9). In this section we define a Hessian sectional curvature on a Hessian
manifold (M, D, g) corresponding to a holomorphic sectional curvature on
a Kéhlerian manifold, and construct Hessian domains of constant Hessian
sectional curvature.

Definition 3.4. Let @ be a Hessian curvature tensor on a Hessian mani-
fold (M, D, g). We define an endomorphism () on the space of symmetric
contravariant tensor fields of degree 2 by

Q)" =@ e

The endomorphism Q is symmetric with respect to the inner product
(,) induced by the Hessian metric g. In fact, by Proposition 3.1 we have

(Q&),n) = i‘k i = Q& n™*
=Q; zkn“‘fﬂ (@ n™)En = (€. Q).

Definition 3.5. Let £, # 0 be a symmetric contravariant tensor field of
degree 2. We put

Q&) &)
(&)

and call it the Hessian sectional curvature for £,.

q(£$) -

Definition 3.6. If ¢(&;) is a constant ¢ for all symmetric contravariant
tensor field &, # 0 of degree 2 and for all z € M, then (M, D, g) is said to
be a Hessian manifold of constant Hessian sectional curvature c.

Proposition 3.6. The Hessian sectional curvature of (M, D, g) is a con-
stant c if and only if

Qijkt = = (9ij91 + Git9k;)-

N O
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Proof. Suppose that the Hessian sectional curvature is a constant c.

Since @ is symmetric and (Q(&;), &) = c(€s, &) for all &, we have

Q(gr) = &y
Introducing
i i C o i
Tjkl = jkl - 5(5]‘51]C + 5l5;'€)7
we have
T =T =1%%, TR = 0.
Hence

0= Tijkl(a,jbl + a't?) (cidy + cxd;) = AT jpa’t i d!
for all tangent vectors a’, b?, ¢!, d* at x. This implies Tijkl =0 and
c
Qijrt = §(gijgkl + Girgk;j)-
Conversely, if the above relations hold, it is easy to see that the Hessian
sectional curvature is constant with value c. O

Corollary 3.1. The following conditions (1) and (2) are equivalent.

(1) The Hessian sectional curvature of (M, D, g) is a constant c.
(2) The holomorphic sectional curvature of (TM,J,g") is a constant —c.

Proof. The holomorphic sectional curvature of the Ké&hler manifold
(TM, J,g") is a constant —c if and only if
1
R = 5c(9i39 + 9a05e)
cf. [Kobayashi and Nomizu (1963, 1969)](II, p169)D It therefore follows

from Proposition 3.3 and g;; = gi; o m that assertions (1) and (2) are
equivalent. O

This suggests that the notion of Hessian sectional curvature corresponds
to that of holomorphic sectional curvature for Kahlerian manifolds.

Corollary 3.2. Suppose that a Hessian manifold (M, D, g) is a space of
constant Hessian sectional curvature c. Then the Riemannian manifold
(M, g) is a space form of constant sectional curvatur —2.
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Proof. By Propositions 3.2 and 3.6 we have

C
Rijin = _Z(

This implies that the Riemannian manifold (M, g) is a space form of con-

9ikgjl — Gigjk)-

. c
stant sectional curvature T |

Corollary 3.3. If the Hessian sectional curvature of (M, D, g) is a constant
¢, then the Hessian structure (D, g) is Einstein-Hessian and

n+1)c
p= {n+1e 5 ) g
Proof. The above assertion follows from Proposition 3.4 (3) and Propo-
sition 3.6. O

Definition 3.7. We define a tensor field W of type (1,3) by

Whin = Q" u — (5 Bit + 61 Br;)-

Theorem 3.2. A Hessian sectional curvature is a constant if and only if
W =0.

Proof. Suppose that the Hessian sectional curvature is a constant c. By
Proposition 3.6 and Corollary 3.3 we have

i 1
o= Q" jr — +1(5 Bt + 6} Br;)
= Qijkl - 5(5jgkl + 8{gkj) = 0.
Conversely, suppose W = 0. Then
1
Qijki = 1

From this expression, together with Q;;1 = Qrusj, it follows that

(gmﬁkl + gilﬁkj)

9ii Bkt + guPrj = guBis + 9rsBit-
Multiplying both sides of this formula by ¢*/ and contracting 4, j, we have

T

ﬁkl = 6 Tgkl~
n

Hence
s

Qijrl = )(gijgkl + gigrj),

g
n(n+1

and by Proposition 3.6 the Hessian sectional curvature is a constant. [
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The above theorem suggests that the tensor field W plays a similar role
to that of the projective curvature tensor on a Kéahlerian manifold.

Theorem 3.3. We have
N 2 ~
TrQ? > ——(Tr 3)?
£Qt 2 (T )
where TrB = 0",.. The equality holds if and only if the Hessian sectional

curvature is a constant.

Proof. Following the notation of Proposition 3.6, we introduce

. : ™3 :
ik _ Ntk i ok 1 ok
T= Q0 gy 0 +0i0)

and then

2Tr 3

ik jl _ ik il
lelTik_ Zlez'k_n(n_|_1)

Q) (6307 + 616%)
Trﬁ
n(n+1)

2Tr . s
m(@i ko Q7+

N 2 A

2(580F + 66%) (570}, + 0L07)

2(Tr 3)2

— 42 _
=T n(n+1)

This ensures
. ) .
TrQ? > ———(Tr 5)?
rQt = n(n—i—l)( r8)’,
and the equality holds if and only if
Tr ﬁ i i
(6201 + 610%).

ik _
le_n(n—Fl) 0

Now let us construct a Hessian domain (2, D, g = Ddy) in R™ of con-
stant Hessian sectional curvature c.

Proposition 3.7. The following Hessian domains are examples of spaces

of constant Hessian sectional curvature 0.
(1) The Euclidean space (R", D,g= Dd( (xZ)Q))D

1

1
24

(2
n

2) (R”,D,g - Dd(zef)).

=1
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Proof. (1) Since gi; = d;j we have 7*;; = 0C and so the Hessian curvature
tensor () vanishes identically.
n

(2) Putting o = > e and n; =

i=1

gﬁ = e””i we have
[9:5] = [0:5mi]-

Let us denote by 7; and +* matrices whose (j,1) components are Yij1 and

%

Yl respectively. Then
10 1
i = =795l = =[01945]
%= 55 lgl = 5[0
hence )
v = 5[5115;‘]'
We denote by Q% a matrix whose (j,!) components are Qijkl. Then
) ) o o
T [3 _ jl _ T
Q' =[Q"jul = [W] =57 =0.
Thus the Hessian sectional curvature vanishes identically. |

Proposition 3.8. Let ¢ be a positive real number and let
n—1

Q={@ " eR" 2" > %;(miﬁ},

1 n 1 \2
©= —Elog{x - 52(95 ) }
Then (2, D, g = Ddy) is a Hessian domain of constant Hessian sectional
curvature ¢. The Riemannian manifold (€, g) is isometric to a hyperbolic

c
space form (H(—Z),g) of constant sectional curvatur - where

H= {(yla' o ayn_lvyn) eR” | yTL > O}a

n—1

1 i\2 4 ny\2
9= s { Yoy + Sy}
(y™)? ; ¢
: d¢
Proof. Introducing n; = Erl we have
:'L-’L
, -1
%ml{x”—%zf;ll(mrf} , 1<i<n-1,
i =
1 n 1 n—1/_r\2 -t ;
—z{m -2 T:1($)} o TET,

1 [ emimg = dignm cninn
[gm] = . _ .
TIn 5 ClnTn
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From the above expressions we can express ¢ in the form

n—1

n—1 ) 2 ‘
g= c{ Z nidx’ + nndx”} — Mn Z(d;ﬂf
i=1

=1

1 1 .

= 5(dlog f)* + 5 > (da")?,

i=1
1 n—1

where f = 2" — 3 Z(xZ)Q. Upon further introducing

i=1

c’%xi, 1<1<n—-1,
y' =

then
N =

ey, 1<i<n-—1,
—1 i .
(y™)? + 5 S (W2 i=n,

—oo<yi<—|—oo, 1<i<n—1,
y" > 0.

Using these expressions we can express g in the form

n n—1
g= Z Z dnidz’ + dn,da"™
=1 i=1
_ 71d 2 -2 d 2 d 1 1 d n\2 ¢ =, i\2
= (y}z)z{ Z(dyi)g + %(dyn)Q}-

Hence ¢ is positive definite and (D,g = Ddy) is a Hessian structure on
Q. With reference to the above expression for g, we deduce that (Q,g)

c
is isometric to a hyperbolic space form (H(_Z)’ g) of constant sectional
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c .
curvature 7 Let v; and 4" be matrices whose (j,1) components are 7

and Wijl respectively. Then

10
% = 5 g il

1 | cgim + cgunj — 0j1Gin CGijNMn + CGinM;

= 5 N

cGinM + CYitMn 2¢Ginn
and so
R 05;-771 + c6inj — 6u6%, c5§-77n + c8im;
L——
Ty

eShm + ediny, 2¢6%
Denoting by @Q°, a matrix whose (j,!) components are Qijkl, we have

i i 0y 9
Qk:[QW]:[axi]:Wﬂy

59kt + 01 grj 059k + 01, 9kj

5qzlgkl + 5llgkn 253191677«
that is

i C i i
Q' i = 5(5jgkl + 07 Gk;)-

Hence the Hessian sectional curvature of (Q, D, g = D?¢) is the constant c.
U

Proposition 3.9. Let ¢ be a negative real number and let

1 LA
-2 ( @ 1).
p=—=log ;e +

Then (R™, D, g = Ddy) is a Hessian domain of constant Hessian sectional
curvature ¢. The Riemannian manifold (R™, g) is isometric to a domain in
a sphere defined by

n+1

4
E AV
i:1(y) - C,

yt >0, y2>0, -, y" Tt >0.
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Proof. We introduce

j=1
2(mi) %, 1<i<n,
Yi = _ L
2 —e(Tp e’ + 0} s
Then
4
ittty = >0,
n "
dy77,+1 - - dyh
; Yn+
i Y
x* = 2log log(—c)
Yn+1
With these expressions we have
_ idyd = i Q3.7
g_uajd—zadd;v
4,j=1 ,j=1
391 i1 - i
== Zyz( )da: =3 Z(yidyi)da:
i=1
n - Yn+1 yn+1dyz yzdyn+1
= Z(yldyl)d log —=— = > (widy:)
i=1 Ynt1 o Yi Yns1
= Z(dyi)2 - (Z )dyn+1
i=1 i=1

<

1

(dyi)? + (dyns1)*.

Hence ¢ is positive definite and (D, g = Ddyp) is a Hessian structure. With

reference to the above expression for g, we deduce that the Riemannian
n+1

4
manifold (R", g) is isometric to a domain in the sphere Z y? = —— defined
c

<.
—

i=1
by y1 >0, y2 >0, ,yny1 > 0. Since g;; = 6;7; + cn;n;, using the same
notation in the proof of Proposition 3.8 we have

10 1
Vi = 50 [9j1] = B} [0519:5 + c(gizm + guns)] »

o1 » ‘ '
7" = 3105 + eEm o+ ).



Thus

that is

This means that (R"™, D, g = Ddy
sectional curvature c.
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Qik = [Qijkl] =

ork | T ok

ml’jl] 9
c . .
=[5 Gign + 8iges)] .

Q' i1 = = (60 grt + 0 gny)-

N O

is a Hessian domain of constant Hessian
O

~
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Chapter 4

Regular convex cones

In Chapters 2 and 3 we surveyed the general theory and fundamental re-
sults of Hessian structures. In this chapter we give a brief exposition on
regular convex cones. We will first show that regular convex cones admit
canonical Hessian structures. The study of regular convex cones is the ori-
gin of the geometry of Hessian structures. I.I. Pyateckii-Shapiro studied
realizations of homogeneous bounded domains by considering Siegel do-
mains in connection with automorphic forms [Pyatetskii-Shapiro (1969)].
For a problem proposed by [Cartan (1935)] he constructed a 4-dimensional
non-symmetric affine homogeneous Siegel domain which is an example of a
non-symmetric homogeneous bounded domain [Pyatetskii-Shapiro (1959)].
Regular convex cones are used to define Siegel domains. In section 4.1 we
define a characteristic function v of a regular convex cone €2, and show that
g = Ddlog 1) is a Hessian metric on €2 invariant under affine automorphisms
of Q. The Hessian metric ¢ = Ddlog1 is called the canonical Hessian met-
ric on €. In section 4.2 we prove that if € is a homogeneous self dual cone,
then the gradient mapping is a symmetry with respect to the canonical
Hessian metric, and €2 is a symmetric homogeneous Riemannian manifold.
Furthermore, we give a bijective correspondence between homogeneous self
dual cones and compact Jordan algebras [Koecher (1962)][Vinberg (1960)].

4.1 Regular convex cones
In this section we outline the fundamental theoretical results for regular

convex cones, such as dual cones, characteristic functions and canonical
Hessian structures.

53
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Definition 4.1.

(1) A subset S in R™ is said to be a convex set if a segment of a line
joining any two points in S is contained in S.

(2) A subset S in R” is said to be a cone with vertex 0 if, for any = in S
and any positive real number A, Az belongs to S.

Suppose that R™ is equipped with an inner product (z,y). The polar
set SO of any subset S in R" is defined by
S°={yeR"|(y,z) <1, for all x € S}.

Theorem 4.1. Suppose that S is a closed convex set containing the origin
0. Then
(§°)° = 6S.

Proof. It is clear that S is contained in (S5°)°. For the proof that S
contains (S5°)°, it suffices to show for any xg ¢ S there exists yq satisfying
(zo,y0) > 1, (z,y0) <1
for all z € S. Let &1 € S be a point realizing the minimal distance from zg

to S, then
|z = zol| = |1 — ol
for any = € S, where ||z| = (x,2)'/2. Since Az +(1—\)z; € Sforallz € S
and 0 < A <1, we have
1Az + (L= N1 —zo]|* = |21 — 2o/,

that is
Nl = a1 + 2M\(@ — 21,21 — 20) > 0,
and so
(x —z1,21 —x0) > 0.
Therefore

(z,20 — 1) < (21,20 — 21),
for all x € S, and so substituting x for 0, we have
(z1,20 —x1) > 0.
Since (xg — 1,20 — x1) > 0, there exists u such that
0<(z1,20 —21) < p < (w0, z0 — 1)-
From these inequalities we have

(w,20 — 1) < (21,20 — 21) < pt < (T0, 20 — 71),
1
for any x € S. Therefore the selection yo = — (o — 1) satisfies the required
W

condition. O
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Let C be a convex cone. Then the set
C-C={z—yl|z,yeC}
is the minimal subspace containing C. The set
cn-C
is the maximal subspace contained in C, where —C' = {—z | x € C'}. We
define
C*={y e R"| (x,y) >0, forall z € C}.
Then C* is a closed convex cone and it is straightforward to deduce that
Cct=—C°.

From this we have immediately the following corollary.

Corollary 4.1. Let C be a closed convex cone. Then
(CHF = C.
Corollary 4.2. Let C' be a closed convex cone. Then
(ct—cHt =cn-cC.

Proof. z € (C* — C*)L if and only if (z,y) = 0 for all y € C¥, which is
equivalent to x and —z € (C¥)* = C. O

Proposition 4.1. Let C be a closed convexr cone. Then
int(C*) = {y | (y,x) >0, forall x#0¢€C},

where int(C*) is the set of interior points of C*.
The following conditions are equivalent.

(1) C contains no full straight lines.
(2) Cn-C={0}D
(3) int(C*) # 0D

Proof. Put B={y| (y,z) >0, for all x #0 € C}. Then
B={y|(y,x) >0, forallz € CNS" 1},

where S"~! is the unit sphere with centre 0. Since C'N S™~! is compact,
B is an open set. Therefore B is contained in the interior of C*. Let y
be an inner point of C*. If |ju|| is small enough, then y + u € C*, and so
(x,y) + (x,u) = (x,y +u) > 0 for all x # 0 € C. Hence (z,y) > 0, and
y € B. Thus the interior of C* is contained in B. Therefore int(C*) = B.
It is obvious that (1) and (2) are equivalent. By corollary 4.2, the condition
(2) holds if and only if C* — C* = R™, which is equivalent to (3). O
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Definition 4.2.

(1) A convex domain not containing any full straight line is said to be a
regular convex domain.

(2) An open convex cone not containing any full straight line is called a
regular convex cone.

Proposition 4.2. Let Q be a reqular convex domain. Then the following
assertions hold.

(1) There exists an affine coordinate system {y',--- ,y"} on R™ such that
y'(p) >0, forallp €Q, wherei=1,---,n.

(2) The tube domain Tq = R™ + /—1Q C C™ over Q is holomorphically
isomorphic to a bounded domain in C™.

Proof. Without loss of generality, we may assume that ) contains the
origin 0. Let K be the set of all points p such that tp € € for all ¢ > 0.
Then K is a closed convex cone not containing any full straight line with
vertex o. Since, by Proposition 4.1 int(K*) = {y | (y,z) >0, 2 # 0 € K} is
a non-empty open set, we can choose a basis {vy,--- ,v,} of R" contained
in int(K*). We show that there exists a positive real number m such that
(vi,p) > —m for all p € Q. Suppose that such a positive number does not
exist, then we can find a sequence of points {p,} such that (v;,p,) — —oc0.
Let S be a small sphere centred at o such that {p,} lie outside of S, and
S C Q. Let g, be a point of intersection between S and the line segment
joining p,, and o, and let p, = Apqn, An > 0. Selecting, if necessary, a
subsequence of p,, we may assume that ¢, — go € S. Since (v;,q,) —
(vi, qo) and (vi, pn) = A\n(vi, ¢n) — —o0, it follows that A,, — oo. Suppose
that there exists a positive number tg > 0 such that toqo is contained
in the boundary of €. Since (2 is a convex set we have sqy € € for all
0 < s < ty. For a fixed t; > ty the point t1qy is an exterior point of €.
Choosing a sufficiently large n, we have A,, > t;. Since (2 is a convex set and
Andn = Pn € 8, it follows that t1q, € Q. Hence ti1qy € . However, this
contradicts that t1qo is an exterior point of Q. Thus we know tqy € Q2 for
all ¢ > 0, that is, go € K. This implies (v;, go) > 0, and so (v;, ¢g,) > 0 for a
sufficiently large n. This means (v;, pn) = An(vi, gn) > 0, which contradicts
the limiting behaviour (v;, p,) — —oc.

(1) Taking a basis {u1,--- ,u,} of R" such that (u;,v;) = d;;, we define a
function y* by 3 : p = Zpkuk — p' +m. Then {y',--- ,y"} is an affine

k
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coordinate system on R™ satisfying 3*(p) > 0 for all p € Q.

(2) We define a holomorphic coordinate system on Tg = R"™ + v/—1€ by
2t =al4/—1yt, -+, 2" = 2" +/—1y". Applying Cayley transformations
to all the components 27, mapping upper half-planes to unit disks, we derive
the result that Tq is holomorphically isomorphic to a bounded domain. [

Theorem 4.2. Let Q be a reqular convex cone and let Q be the closure of
Q. We set

Q" ={y|(y,2) >0, forall x#0¢cQ}.
Then

(1) Q* is a regular convex cone.

2) (@) =Q.

Proof. Since () is a convex set not containing any full straight line, its
closure 2 also does not contain any full straight line and

Qn-Q={0}.
By Proposition 4.1, we have Q* = int((Q)¥) # (D Since Q is an open set, by
Corollary 4.1 and 4.2 we have (Q)f N —(Q)f = ((Q)H)F — (QHH)L = (2~
Q)+ = QN—Q = {0}D Therefore Q* is a regular convex cone. Furthermore,
we have (Q*)* = int(((Q)%)) = int() = Q. O

Definition 4.3. The regular convex cone * is called the dual cone of 2
with respect to the inner product ( , ).

Let R} be the dual vector space of R™. We denote by (z,y*) the value
y*(z) of y* € R} at x € R™. If we replace the inner product (z,y) on R™
by the pairing (x, y*), by the same method as the proof of Theorem 4.2, we
can prove the following theorem.

Theorem 4.3. Let ) be a regular convex cone in R™. We define a subset
Q" of R;, by

O ={y" eR; | (z,y") >0, z#0€Q}.
Then

(1) Q* is a regular convex cone in RY.
(2) Identifying the dual space of R with R™ we have (2*)* = ).

Definition 4.4. The regular convex cone 2* is said to be the dual cone
of Qin R}.
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Let Q be a regular convex cone. We define a function ¢ on Q2 by

¢mx)=:]f*e*¢%w“dx*, (4.1)

where dz* is a D*-parallel volume element in R},. We show that the integral
defining () is convergent. For a fixed z € Q we define a hyperplane
P, in R} by P, = {z* € R} | (x,2%) = t}. Then the set P, N Q*
is bounded with respect to the Euclidean norm || - || on RY. Suppose
that the set is unbounded, then there exists a sequence of points {p}} in

P, N Q* such that lim ||p}| = oo and lim p,: = p*. Then p* # 0 € Q*
k—o0 k—oo [Pkl

and so (z,p*) > 0 since x € (2*)*. However, we also have (z,p*) =

lim (z, —£_) = lim —

k—oo " IpEll”  k—oo [Ipk

bounded, and the volume

= 0. This is a contradiction. Hence P, N Q* is

v@:/ da?
PNQ*

is finite, where dzj is the volume element on P; induced by dz*. Since
P, =tP(1), we have v(t) = t"~!v(1), and so

¢($) = / e_<1,z*>dx* = / e_t (/ dﬂfz) dt
* 0 PNQ*

=(1) /OO e "t = (n — 1)lu(1) < oco.
0

Definition 4.5. The function () is said to be the characteristic func-
tion of a regular convex cone €.

Proposition 4.3. Let x¢ be a boundary point of a regular convex cone 2.
Then

lim ¢(z) = oo.

T—x0
Proof. Let {px} be a sequence of points in ) converging to xg. Then
Fi(z*) = e~ P»7") i uniformly convergent to Fy(z*) = e~ (*®") on any
compact subset of R}. Hence

liminf ¥ (pg) = liminf Fy(z*)dx*
k—oo k—oo Jo«

2/ limiank(x*)d;v*:/ Fo(z*)dz™.

k—o0
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Since (Q*)* = €, there exists 2} # 0 € Q* such that (zg,z%) = 0. Let K
be a closed ball contained in 2%, and let

L=K+{\x;|A>0}cCQ".
We set ¢ = IIlEiI}(FO(QJ*). Then ¢ >0 and ¢ = méri Fy(z™). Therefore

Fo(x*)dz* > / Fo(x*)dz* > c/ dz* = 0.
L L

Q*
Hence
li =
i 3p(py) = oo 0
An endomorphism s of R™ preserving a regular convex cone {? is said to
be a linear automorphism of 2. The dual endomorphism s* of a linear
automorphism s of 2 is a linear automorphism of the dual cone Q*. For a
linear automorphism s of 2, changing variables to y* = s*x* we have

1/)(395):/ e~ (5w g —/ e~ (578 gp*

sy 1
= =@y T gy
/*e det s Y

Y(sz) = %, (4.2)

and the following proposition has been proved.

Thus

Proposition 4.4. Let dx be a D-parallel volume element on R™. Then
Y(x)dx is a volume element on Q invariant under linear automorphisms of

Q.

Proposition 4.5. The Hessian of log with respect to D,

Ddlog ) = Z O logy

Sridn J dzida?,

is positive definite on €.

Proof. Let z+ta be a straight line passing through = € (2 in the direction
a € R"™. Then it follows from definition (4.1) that

d .

%1&@ +ta) = —/ e~ (et (g o* ) da*,

d? .
ﬁw(x +ta)) = / e~ (zttaz ><CL, $*>2dx*.
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Put F(z*) = e {»*)/2 and G(z*) = e~ {»*7)/2(a, 2*). Then by Schwartz’s
inequality we have

2
(Ddlog®)(a,a) = el log y(x + ta))

t=0

1 d 2 1 &2
- 75 ( . t:0¢(x+ta)) ek t:O¢(x+ta(t))
_ ﬁ{/ Fde* | GPda* — (/ FGda:*)2} > 0.

Q* Q* *
0

Definition 4.6. We call the metric g = Ddlog1 and the pair (D, g) the
canonical Hessian metric and the canonical Hessian structure on a
regular convex cone ) respectively.

Let s be a linear automorphism of Q. From log(sx) = logy(x) —
log det s, it follows that
d(log® o s) = d(log v — logdet s) = dlog v,
that is, dlog is invariant under s. Therefore Ddlog is also invariant

under s. Thus we have proved the following proposition.

Proposition 4.6. The canonical Hessian metric g = Dlogi on a regular
convex cone ) is invariant under linear automorphisms of §2.

Let + be the gradient mapping for a regular convex cone (2,D,g =
Ddlog1). For a straight line x + ta passing through x € Q in direction
a € R™ we have

(@)(a) = &

V(@ + ta) :-/ 5 (0, 1" o,

t=0
and so

(d)e = — / e~ @) o gy
Hence
(dw)z B fQ* e—(z,z*>m*dx*
Olz)  fq. e @ ) dar
Using the same notation as in the proof of the convergence of ¥ (x), we have
Joe ( Jpina- x*dmf) dt
fooo et ( fPth* dﬂj‘zﬁ)d

(1) = ~(dlog ), = -

(z) =
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Applying this expression together with

t n
/ xdxy = (—) / x*dx),
PO+ n PLnQ*
t n—1
/ dzy = (—) / dz;,,
PN n P,NnQ*

we obtain
B Jo et [ g 27 da, _ Jpng- #da,
[,(33) - o —tyn—1 x dx*
n [y etttnldt [ . day, I nq- s,

and so «(z) is the center of gravity of P, N Q*. Since P, N Q* is convex we
have «(z) € P, N Q*, that is,

z) € Y, (z,u(x)) = n. (4.3)
Proposition 4.7. The gradient mapping ¢ is a bijection from € to Q*.

Proof. It suffices to show that for any z* € Q* there exists a unique
x € Q such that ¢(z) = z*. Let @ be a hyperplane defined by
Q={zeR"| (z,2%) =n}.

Suppose that there exists €  such that «(x) = 2*, then by (4.3) it follows
that € @ and

—(dlog ¥)u(z — 1) = (2 — 2,1(@)) = (z,2") —n = 0
for all z € Q. Hence v restricted on @ N attains its relative minimum at
x. Conversely, if ¢ attains its relative minimum at = on @ N €2, then

0= (dlog®)s(z — x) = (2 — x, —u(x)) = (2, —(x)) + n

= <Z7 _L('T)> + <Z,Jf*>
for all z € Q. Hence t(x) = z*. Therefore it is enough to show that v
restricted on @ N €2 has a unique minimum. The characteristic function
attains its minimum on a bounded closed set @ N Q, and, by Proposition
4.3, 1 grows without limit approaching the boundary of 2. Therefore 1
attains its minimum on Q N. If ¢ attains its minimum at different points
x1 and o € @ N €, then for the middle point z3 of the segment joining
x1 and xg, it follows from the convexity of ¢ that ¥(z3) < ¥(x1) = P (x2).
This is a contradiction. (]

Proposition 4.8. For a linear automorphism s of a regular convex cone )
we have

W(sz) = s*"Nu(z), for all x € Q,

where s* is the dual endomorphism of s.
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Proof. For a € R"™ it follows from equation (4.2) that

(a,1(sz)) = —(dlog¥) s (a) = — % . log ¥ (sz + ta)

_ % log ¥(z + ts—a) = —(dlog h)a (s~ a) = (s~ a, (x))
t=0

= {a,s* " 1u(x)). 0

A regular convex cone ) is said to be homogeneous if for any two
points « and y € € there exists a linear automorphism s such that y = sx.

Proposition 4.9. Let Q be a homogeneous regular convex cone. Then

(1) The dual cone Q* is homogeneous.

(2) Let g and g« be the characteristic functions of Q and Q* respectively.
Then Yo (x)a-(1(x)) is a constant for all x € Q.

(3) The Legendre transform of logq coincides with loga« except for a
constant.

Proof. Let 2* and y* be any two points in 2*. By Proposition 4.7 there
exist  and y € Q such that z* = «(z) and y* = ¢(y). By the homogeneity,
Q admits a linear automorphism s such that y = sz. From Proposition 4.8
we further have that o* = 1(z) = (s~ 'y) = s*1(y) = s*y*. Thus Q* is
homogeneous. For any x € ), and any linear automorphism s, we have

Ya(sz)po- (1(sz)) = Ya(st)e- (s u(z))
_ da@)vo- (1))
det sdet s*—1
= Ya(x)a- ((z)).
This implies that g (x)a- (t(x)) is a constant ¢ because €2 is homogeneous.
The Legendre transform of ¢ = log g is given by

e () = (2, u(2)) — p(x).
On the other hand from assertion (2) it follows that p(z) = logyq(z) =
—logva-(t(z)) + log c. Hence ¢* = log g+ —n — logc. d

Proposition 4.10. Let ) be a homogeneous reqular convex cone. Then the
Koszul forms « and 3 for the canonical Hessian structure (D,g = Ddy)
are expressed by

(1) a=dlog1.
(2) 8=y



Regular convex cones 63

Proof. The volume element v determined by ¢ is invariant under the
linear automorphism group G of ). Moreover, by Proposition 4.4, the
volume element v (z)dx is also G-invariant. Hence there exists a constant
¢ # 0 such that

v = cp(z)de.
Therefore we have
a(X)v = Dxv = c(dy)(X)dz = (dlogy)(X)v. 0

Let B be a strictly bounded domain in R"~! and let Qp = {(tz,t) |
r € B,t € R"} be the cone over B. If the boundary B of B is C%-class,
then it follows from [Sasaki (1985)] that the canonical Hessian metric on
Qp is complete. The author doesn’t know whether this metric is complete
on Qg with less smooth boundary.

We mention here that there is another natural projectively invariant

Hessian metric on any regular convex cone ) given by [Cheng and Yau
(1982)].

Theorem 4.4. Let Q2 be a reqular convex cone. Then there exists a convex

function ¢ satisfying
52
det [ L } = 2%,

Oxtoxd
p — 00 at 0f,

and that the Einstein-Hessian metric Ddy is complete and invariant under
linear automorphism of €.

4.2 Homogeneous self-dual cones

In this section we show that a homogeneous self-dual cone is symmetric with
respect to the canonical Hessian metric and give a bijective correspondence
between homogeneous self-dual cones and compact Jordan algebras. Let
Q be a regular convex cone in R™, and let Q* be the dual cone of Q2 with
respect to an inner product (z,y) ;

O ={yeR"|(y,2) >0, forall 2#0¢€ Q}.

Theorem 4.5. Let Q be a reqular convex cone in R™ with canonical Hes-
stan structure (D, g = Dlog)), and let Q* be the dual cone with respect to
an inner product (z,y). Identifying R with R™ by the inner product, the
gradient mapping ¢ : @ — Q* has a fixed point.
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Proof. By the identification of R}, with R™ we have

01 ;
(t(z),2) = — zz: OST%(I)ZZ, zeR™
Put S"~! = {z € R" | (z,2) = n} and suppose that log® attains its
minimum at o on a compact set S"~! N €. By Proposition 4.3 it follows
that o € S~ N Q. Identifying the tangent space of Q at o with R", the
tangent space of S"~! N at o coincides with {a € R" | (a,0) = 0}. Hence
1 .
0: Z 6705;6(0) a' = (~t(o),a)
for all @ € R™ such that (a,0) = 0. Thus ¢(0) = A o, where A € R. On the
other hand, by (4.3) we have n = (o, t(0)) = An. Hence ¢(0) = o. O

Corollary 4.3. The set QN Q* is not an empty set [Ochiai (1966)].

Definition 4.7. A regular convex cone 2 is said to be a self-dual cone if
there exists an inner product such that 2 = Q*.

Theorem 4.6. Let ) be a homogeneous self-dual regular conver cone with
canonical Hessian structure (D, g = Ddlog). Then the gradient mapping
t:Q — Q is a symmetry with respect to the canonical Hessian metric g.
That 1is,

(1) ¢ is an isometry.

(2) 12 is the identity mapping.
(3) ¢ has an isolated fized point.

Thus (0, g) is a Riemannian symmetric space.

Proof. Let Q be a self-dual cone with respect to an inner product (z,y).
Identifying R with R™ by the inner product, we have D* = D and Q* =

O = Q. Let ¢* be the Legendre transform of ¢ = logvy. Then ¢* =
@ —n —logc in the proof of Proposition 4.9. Hence

g* = D*dp* = Ddp = g.
The assertions (1) and (2) follow from the above result and Proposition 2.7.
Let o be a fixed point in Theorem 4.5. For a = (a',---,a") € R" we set

. 0
X, = Z alT. Identifying the tangent space of € at o with R"™, we have
, x*

9(Xa, Xp) = (Dx,dlog¥)(Xp) = X, ((dlog ) (Xp))
= Xo(—1,b) = —(1x(X0), b).
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Hence

go(a,b) = =((¢+)o(a), b).

o Is symmetric with respect to (x,y) and negative
t+)? is the identity mapping by (2). These results

o

This shows that (v.)
definite. Moreover (
together imply (t4), = —1I, hence o is an isolated fixed point of «. O

Remark 4.1. Let 9 be the characteristic function of € in Theorem 4.6.
For positive numbers p and v we set v = p¥. Then § = Ddlog is
positive definite. The gradient mapping ¢ for the Hessian structure (D, §)

is given by i = v¢ and is a symmetry with respect to §. Since t(ko) = —o
K

for k > 0 the isolated fixed point 6 of i is given by 6 = \/vo.

Let Q be a homogeneous regular convex cone. The set of all linear
automorphisms G(Q) of Q is a closed subgroup of GL(n,R). The iden-
tity component G of G(£2) is also a closed subgroup of GL(n,R) and acts
transitively on 2. By [Vinberg (1963)] we have:

(i) An isotropy subgroup of G at any point of  is a maximal compact
subgroup of G.

(ii) G coincides with the connected component of a certain algebraic sub-
group of GL(n,R).

For the proof see Lemma 10.1 and Proposition 10.2.

Theorem 4.7. Let Q) be a homogeneous self-dual regqular convex cone with
respect to an inner product. We denote by G the identity component of the
group of all linear automorphisms of Q, and by K the isotropy subgroup of
G at the isolated fized point o of the gradient mapping v. Then

(1) G is self-adjoint with respect to the inner product.
(2) Let g be the Lie algebra of G and let m = {X € g | 'X = X} where
tX is the adjoint endomorphism of X € g . Then the mapping

Xem— (expX)oe
s a diffeomorphism.

(3) Q=G/K is a symmetric space (Definition 9.4)D

Proof. Since Q is a self-dual cone, the adjoint linear transformation ’s
of s € G is contained in G. The mapping defined by

ois— tsT!
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is an involutive automorphism of G. By Proposition 4.8, we have (ts)(x) =
ts~Li(u(x)) = o(s)(x) for s € G and x € Q. Hence

o(s) = ust.
Let g be the Lie algebra of G and let o, be the differential of o. Then
0. (X)=-"X.

For the proof of this theorem we require the following lemma due to [Mu-
rakami (1952)].

Lemma 4.1. Let G be the identity component of an algebraic subgroup of
GL(n,R) and let g C gl(n,R) be the Lie algebra of G. Suppose that G is
self-adjoint with respect to an inner product. Then

(1) Lett={Xeg| ‘X=-X}andm={Xeg| 'X =X}. Then
g==¢t+m, (6,8 C g [t,m] C m, [m,m] C &

(2) A subgroup given by K = {s € G| 's7! = s} is a mazimal compact
subgroup of G.

(3) A mapping defined by (X, k) € m x K — (exp X)k € G is a diffeomor-
phism.

The isotropy subgroup H of G at the fixed point o of the gradient mapping
¢ of  is a maximal compact subgroup of G. By Lemma 4.1 (2) the group
K ={se G| 's7! = s} is a maximal compact subgroup of G. For s € K
we have 1(s0) = (1s1)(0) = 's~lo = so. Hence so is a fixed point of .
Since o is an isolated fixed point of ¢, we have so = o for s sufficiently near
the identity, and so s € H. Because K is generated by a neighbourhood
of the identity, we have K C H. Since H and K are both maximal com-
pact subgroups of G, we have H = K. Since any element s € G has a
unique expression s = (exp X )k (X € m, k € K) by the above lemma, and
Q = Go = (expm)o, the mapping X € m — (exp X)o € Q is a diffeomor-
phism. Assertion (3) follows from Lemma 4.1 and ¢.(X) = —'X.

U

Theorem 4.8. Let Q) be a homogeneous regular convexr cone. Then the
following conditions (1) and (2) are equivalent.

(1) Q is a self-dual cone.
(2) There exists a self-adjoint linear Lie group which acts transitively on

Q.
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Proof. By Theorem 4.7, assertion (2) follows from (1). Suppose that
admits a linear Lie group G which acts transitively on 2 and is self-adjoint
with respect to an inner product. Let Q* be the dual cone of Q with
respect to the inner product. By Corollary 4.3. there exists an element
0 € 2N Q*. Since G and ‘G act transitively on Q and Q* respectively, we
have Q = Go = 'Go = Q*. O

Example 4.1. Let V be the vector space of all real symmetric matrices
of degree n, and let €2 be the set of all positive definite matrices in V.
Then 2 is a regular convex cone in V. We define a representation f of
GL(n,R) on V by fla)(z) = ax’a where a € GL(n,R) and z € V. Then
G = f(GL(n,R)) acts transitively on Q and is self-adjoint with respect to
the inner product (z,y) = Tr xy. By Theorem 4.7 the cone Q is self-dual
with respect to the inner product. Let ¢ be the characteristic function of
Q. Then we have

_ntl
P(x) = (detz)™ = ¢(e),
where e is the unit matrix. Hence the canonical Hessian metric is given by

1
g= _n—2|— Ddlogdet x.

Example 4.2. Let us consider R™ as the space of all column vectors of
degree n. Let J be a matrix of degree n by given by

[

0 1

where I, is the unit matrix of degree n — 1. The Lorentz cone 2 in R"
is defined by

Q={z=["eR"| 'aJz >0, 2" > 0}.

/!
We denote z = [z'] € R" by z = [;Cn] where 'z' = [z1, -+, 2"~ !]. Suppose

that € contains a full straight line a 4+ sb, where a € Q and b € R".
Since a™ + sb™ > 0 for all s, it follows that b™ = 0. Hence (a + sb).J(a +
sb) = —(*'V')s? +2(*bJa)s+ aJa. However, this contradicts the inequality
t(a+sb)J(a+sb) > 0 for all s. We show the convexity of 2. Note that z € Q
if and only if (™)? > *2'2’ and 2" > 0. For any o,y € Q and 0 < A < 1 we
have {(1=\)z"+Xy"}2 > (1—-X)? L'z’ +20(1 =) (Ya' 2"ty y' )/ 2+ 02 tyly' >
HA = N2+ M/ H(1 =Nz’ + Ay}, and so (1 — Nz + Ay € Q. Thus Q
is a regular convex cone. We claim that the group RTSO(n — 1,1) acts
transitively on . Note that e, = [0,---,0,1] € Q. Let # € Q and set y =
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(‘zJx)"2z. Then (y")? — 'y'y’ = 1. There exists s’ € SO(n — 1) such that

!/
i) J , we have s € SO(n —1,1)

and sy = t[0,---,0, (*y'y")2, y"]. Introducing

oo y" ) —(ty'y')* po [In—20
~(y'y)z  y" ’ 0

we have r € SO(n—1,1) and (txe)_%rs;v =e, € Q. Thus R*SO(n—1,1)
acts transitively on €. Since the group RTSO(n — 1,1) is self-adjoint
with respect to the inner product (z,y) = tzy, by Theorem 4.7 we know
that ©Q is a self-dual cone with respect to the inner product. Let 1 be
the characteristic function of QD From (txJa:)_%rsx = e, it follows that
Vlen) = ((taJz) " 2rsz) = (‘zJx)21p(x), that is,

Y(x) = (txe)_%dJ(en).

The canonical Hessian metric is therefore expressed by

s'y' = '[0,-++,0,('y'y/)*]. Putting s = [

g= —nglog txde.

We shall now give a brief survey of Jordan algebras. For details,
the reader may refer to [Braun and Koecher (1966)][Faraut and Kordnyi
(1994)][Koecher (1962)].

Let A be an algebra over R with multiplication a * b. We set

[axbxc]=ax(bxc)— (ax*xb)xc.
Definition 4.8. A commutative algebra A over R is said to be a Jordan
algebra if it satisfies
[a® xb*a] =0,

2

where a® = a * a.

Let A be a Jordan algebra. For a,b,c,d € A and \,u € R we expand
the equation [(a+Ab+ ud)? xcx (a+ Ab+ ud)] = 0 and compare coefficients
of the term Ay to obtain

(axb)*(cxd)+ (bxd)* (cxa)+ (d*a)x(cxb)
=((axb)xc)xd+ ((bxd)*xc)xa+ ((d*a)x*c)x*b.
Denoting by L, the multiplication by a € A, the above equation is equiva-
lent to

L(a*b)*c = La*ch + Lc*aLb + Lc*bLa - LaLcLb - LchLa-
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By the same method we have
La*(b*c) = L(c*b)*a = LewpLg + Lesa Ly + LasyLe — LeLg Ly — Ly Lo L.
It follows from these formulae that
L[a*b*c] = [[Laa Lc]v Lb]-
Conversely, we have the following lemma due to [Vinberg (1960)].

Lemma 4.2. Let A be a finite-dimensional commutative algebra over R
satisfying the following conditions.

(1) The bilinear form given by (a,b) = Tr L. is non-degenerate.
(2) L[a*b*c] = [[La;Lc]aLb]-

Then A is a Jordan algebra.
Proof. By condition (2) we have
Tr Ligsbse) = 0,
for all a,b and ¢ € A. By a straightforward calculation we obtain
[a® xbxa]l xx = [(a® xb) x a* 2] + [a® b * (a* x)] — [a* * (b* a) * 2]
—|—§[a*a* [b*ax*x]| — %[b*aB*x].
Hence we have
([a® x b a], ) = Tr Lig2upsajes = 0,
for all x € A. Therefore, by condition (1), we obtain

[a® % b*a] = 0.
O

Definition 4.9. A Jordan algebra A is said to be semisimple (resp. com-
pact semisimple) if the bilinear form given by (a,b) = Tr Lg.p on A is
non-degenerate (resp. positive definite).

Example 4.3. Let A be an associative algebra with multiplication ab. We
define a new multiplication on A by

1
axb= §(ab+ba).

Then it is easy to see that A is a Jordan algebra with multiplication a * b.
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Example 4.4. We denote a = [al,--- ,a"] € R" by a = [d’,a"] where
a = [al, .. ’anfl]

define a multiplication on R" by

. For a real symmetric matrix S’ of degree n — 1 we

a*b=1[a"b +b"a,a"b™ + a'S" V],

where a = [a’,a"] and b = [V/,0"] € R™. Since L, = a"I + Ly o and
L2 = {(a™)? +d'S"'a} T + 2a" Liq: o) where [ is the identity mapping on
R"™, we have [Lq, L,2] = 0. Hence R™ is a Jordan algebra with respect
to this multiplication. Since Tr L, = na™ we have Tr L. = n(a™b™ +
a’S"'V’). Therefore, if S’ is positive definite, then the inner product given
by (a,b) = Tr L.y is positive definite, and so the Jordan algebra is compact
semisimple.

Now, let us return to the situation of Theorem 4.7. For X = [d}] € g
the vector field X* induced by exp(—tX) is expressed by

X* = —Zaij B
/L7J

We identify the tangent space at the fixed point o of the gradient mapping
¢ with R™. Then a mapping g : g — R”™ which assigns X € g to the value
X of X* at o is a surjective linear mapping. The kernel ¢~!(0) coincides
with the Lie algebra € of K and the restriction ¢|y, of g to m is a linear
isomorphism from m onto R™. For a € R™ we introduce

Xa=qly'(a) € m,
and define a multiplication on R"™ by
axb=—X,b. (4.4)
We may then derive the following lemma.

Lemma 4.3.

(1) axb="bxa.
(2) oxa=axo=a.
(3) [[XaaXb]aXc] = Xa*(c*b)—(a*c)*b'
Proof. We set X, = [a}] and X; = [b}]. Then we have Dx.X; =
i ik 0
ijaixk@. Hence
1,7,k
(Dx:Xp)o = (XpXa)o=b*a.
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Since [X,, Xp] € £ we have
axb—bxa=(Dx;X;)o— (Dx:Xy)o
= _[X;aXlﬂO = _[XaaXb]z =0,

*
a

which implies (1). Assertion (2) follows from a = (X
Since
[[Xa7Xb]7XC] E m7
[[Xa,Xb],XC]: - [[X(Zva]*) X:]O - [X(Zva](X:)O - XC[XZI) Xb]:
= [Xo, Xple=ax* (bxc) —bx*(c*xa),

Jo = —Xq0 = ax*o.

we obtain

[[XaaXb]aXc] = Xa*(c*b)—(a*c)*b~ 0

Lemma 4.4.

(1) (dlog),(a) =Tr X,.
(2) (Ddlog),(a,b) = —Tr Xgup-

Proof. By (4.2) together with det exp X, = exp Tr X, we have

(dlog)e(a) = (X logth)(0) = 4

7 log ¥ ((exp —tX,)o)

t=0

dt
Since dlogt is G-invariant, (dlog)(X}) is a constant. Hence, from
(Dxb*X;)o = a * b, we have
(Ddlog $)a(a,b) = (Dx; dlog ¥)(X2)(0)
— (XD)ol(dlog ¥)(X2)) — (dlog¥)o((Dx; X2)o)
= —(dlog¥),(a*b) = —=Tr Xgup-

log(det(exp tX,s)1(0)) = Tr X,.
t=0

O

Theorem 4.9. Let ) be a homogeneous self-dual regular convex cone in
R"™. We define an operation of multiplication a b on R™ by (4.4). Then
the algebra R™ with multiplication a % b is a compact semisimple Jordan
algebra, and

1

Q= {expazzma”aeR”},
n=0
n terms

—_—
where a™ =a *---*xa.



72 Geometry of Hessian Structures

Proof. By Lemmata 4.2, 4.3 and 4.4, we know that the algebra R™ with

multiplication a*xb = —X,b is a compact semisimple Jordan algebra. Since
— 1 — 1
—X,)o = —(=X,)"% = —a" = , by Th 4.7 and
(exp )o HZZO p ( )"o HZZO i expa, by Theorem an
Lemma 4.3 we have
- 1 n n
Q:{(epr)oXem}:{expa:ZOEa |a€R}. -

It is known that the converse of Theorem 4.9 also holds.

Theorem 4.10. Let A be a finite-dimensional compact semisimple Jordan
algebra over R. Then a set Q(A) defined by

- 1 n
OQA) = {expazzma |a€A}
n=0
is a homogeneous self-dual reqular convex cone in A.

For the proof of this theorem the reader may refer to [Faraut and Kordnyi
(1994)][Koecher (1962)].

Theorem 4.11. Let Q) be a homogeneous self-dual regular convex cone in
R"™. Then the multiplication of the Jordan algebra given by equation (4.4)
is expressed by

(a % Db)? Z%k k (4.5)

where 'yijk(o) are the values of the components of the difference tensor v =
V — D at the fixed point o of the gradient mapping.

Proof. We set a = [a'] and X, = [a}]. By definition we have a * b =
) D Upon setting Ax» = Lx» — Dx», where Lxx

~Xub=— Z alty (aiz

0
is the Lie derivative with respect to X}, we have Ax- 7 = —D o X =
¢ dx EEY
k
E aj—k. Hence
- ox
Ax: Xi)o ==Y _akt) 0 b.
(Ax:X7) a k). = =ax*

7.k
Since X} is a Killing vector field with respect to g, we have

o= () = Kem-o{ [ ] ) i ]
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This implies
i g 1 i i
Z%‘klajx = —5(2 apgir + Zazgik)a
i, i A

and so we have

gy = = S g = 5 (S o + St )
i,k,p oy -
=Y ak = Ax, a‘;
and
Yx: = Axx.

Finally, we have therefore

a*b—(AX*Xb)o—(’YX*Xb O_Z’Y” ab](aik)o.

g,k
b O

Theorem 4.12. Let Q be a homogeneous self-dual regular convexr cone.
Then the difference tensor v =V — D is V-parallel. In particular, the cur-
vature tensor of V is V-parallel, that is, (2, g) is a Riemannian symmetric
space.

Proof. Since X is an infinitesimal affine transformation with respect to
D and V, we have

[Lx:, Dx;l=Dry.x;o [Lxz,Vx:]= Ve x;,
and so
[Lxzvx;] = vexs x;-
Introducing A)v((f = Lx:—Vx:, wehave yx: = Vx-—Dx» = —A)Vq +Axx.

In the proof of Theorem 4.11 we showed that Ax: = vx». Hence A)v(; =0,
that is, Vx: = ,CX;, and so

[VX;;,WX;] = ['CX;a’Yle] = VLxx Xy T VWxp X

It follows from Lemma 2.2 that « is V-parallel and the curvature tensor of
V is also V-parallel. O
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Let us consider two typical examples along the lines of the above argu-
ment.

Example 4.5. Let © be the set of all positive definite real symmetric
matrices of degree n. Then, by Example 4.1, €2 is a homogeneous self-
dual regular convex cone. We employ the same notation as in this previous
example. We proved the group G = f{(GL(n,R)) is self-adjoint with respect
to the inner product (z,y) = Tray and acts transitively on €. Put 9(z) =
(det z)~1, then § = Ddlog is a G-invariant Hessian metric. Denoting by
Xi; the cofactor of the (¢, ) component of a matrix x, we have
dlog(detx)™! | —(detz) 1 Xy
ox¥ ] —2(detx) 1 Xy, i<j.

Let ¢ be the gradient mapping with respect to @[AJ Then
(i(z),a) = —(dlog ). (a)
d R
=——| (log¥)(z +ta)

dt lt=0
:—Zi(lo det z~1)a"
Dz 8
i<j
1 . . 1 .
= Xia" +2 ) Xij U}:_ Xija¥
detx{; ot ; 39 deta:izj 99

= ((detz)"'X,a) = (z71,a).
Thus
i(x) =2,
and the isolated fixed point of 7 is the unit matrix e. Let f be the differential
of f, then
K ={f(a) | a € SO(n)},
t={f(4)] "A=-4, Acgl(n,R)},
m={f(4)| ‘A=A, Aegl(nR)},
and
Q= (expm)e =exp V.
For a € V, the vector field X, induced by flexp(—ta)) is
Xo =3 fa)
Hence the multiplication of the corresponding Jordan algebra is given by

1
axb= §(ab+ba).
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Example 4.6. We consider the Lorentz cone ) of Example 4.2, and will
employ the same notation as in this previous example. We proved that the
group G = RTSO(n—1,1) is self-adjoint with respect to the inner product

1
(z,y) = tzy and acts transitively on Q. Set ¢(z) = —§1og tzJx. Then

(D, g = Ddp) is a Hessian structure on €. The gradient mapping ¢ for the
Hessian structure is given by

1
1:(33) = txjx t[_mlv" L, amn]v

and its fixed point is 6 = *[0,---,0,1]. Let g be the Lie algebra of G =
R*SO(n — 1,1), in which case we have

. {A +plh1 q]
‘¢ p

Putt={Xeg| 'X=-X}andm={Xeg| ‘X =X}. Then

_ pln—l q n—1
m—{[ » p]‘peR, g€ R }

I
ForX:{pt 1q}emwehawe
qa p

tA=—A, peR, qg¢ R"_l}.

n—1 n—1
S 9 o o
X* — _ 1 1.1 N 7.1 n .
;(Px +qx)8m1 (;qx + px )8x”
Since
n—1
* 7 (9 (9 n—
X5 = —Zq (6xi)a_p(%)a == lat ")
for a = t[a', - ,a"] € R™ we have
al,_1 a
X, =— .
|: ta/ CLn:|
Hence

a a”

a™I,_1 a v a™b + b"a’
a*b:—Xab:{ . }{b”]:{ tab .
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It is known [Faraut and Kordnyi (1994)][Koecher (1962)] that a finite-
dimensional compact semisimple Jordan algebra A can be decomposed into
a direct sum;

A=A+ +Ay

where A1, .-+, Ay are compact simple Jordan algebras. Therefore, by The-
orem 4.10, the homogeneous self-dual regular convex cone (A correspond-
ing to the Jordan algebra A may be decomposed in such a way;

Q(A) = QA1) + -+ Q(Ag).

Thus the classification of self-dual homogeneous convex regular cones is
reduced to that of compact simple Jordan algebras.

The classification of compact simple Jordan algebras is given by the
following theorem [Faraut and Kordnyi (1994)][Koecher (1962)].

Theorem 4.13. A finite-dimensional compact simple Jordan algebra over
R is isomorphic to one of the followings.

(1) The algebra of all real symmetric matrices of degree n.

(2) The algebra of all Hermitian matrices of degree n.

(3) The algebra of all quaternion Hermitian matrices of degree n.
(4) The algebra of all Cayley Hermitian matrices of degree 3.
The multiplications of the above Jordan algebras are given by

1
axb= §(ab+ba),

where the operations of the right of the equation are ordinary matrix
operations.
(5) The algebra R™ with multiplication

a*b=[a"b +b"d, a'd],
where a = [a’,a™ ] and b= [V/,b""'] € R™ (cf. Example 4.6).



Chapter 5

Hessian structures and affine
differential geometry

The approach of using the concept of affine immersions to study affine dif-
ferential geometry was proposed by K. Nomizu [Nomizu and Sasaki (1994)].
In section 5.1, we give a brief survey of affine immersions. In section 5.2,
applying Nomizu’s method, we consider level surfaces of the potential func-
tion ¢ of a Hessian domain (£, D, g = Ddyp) in R"*!. That is, we develop
affine differential geometry of level surfaces by using the gradient vector
field E of ¢ as a transversal vector field. We give a characterization of the
potential function ¢ in terms of affine fundamental forms, shape operators
and transversal connection forms for the foliation of ¢. In section 5.3 we
study the relations between affine differential geometries induced by the
gradient vector field E' and three connections; D, the Levi-Civita connec-
tion V of g, and the dual flat connection D’. We investigate the Laplacian
of the gradient mapping and show that an analogy of the affine Bernstein
problem proposed by S.S. Chern can be proved.

5.1 Affine hypersurfaces

In this section we give a brief survey of the affine differential geometry of
affine hypersurfaces which will be needed in this chapter, for further details
the interested reader may refer to [Nomizu and Sasaki (1994)].

Let M be an n-dimensional manifold. A smooth mapping

¢: M — R
is said to be a (hypersurface) immersion of M if the differential ¢., of ¢
at any point p € M is injective.

A vector field £ : p € M — &, is said to be transversal with respect

7
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to an immersion ¢ : M — R T if it satisfies
Ty R = bup(T,M) + RE,.

A pair (¢, €) of an immersion ¢ : M — R"™*! and a transversal vector
field £ is said to be an affine immersion of M.

For an immersion ¢ : M — R™1, if a vector field ¢ assigning each
point p € M to the position vector ¢(p) is transversal, then the affine
immersion (¢, —¢) is said to be a central affine immersion.

Let (¢,€) be an affine immersion of M, and let D be the standard flat
connection on R"*1. We denote by

the covariant derivative along ¢ induced by D where X and Y € X(M).
We decompose Dx ¢.(Y) into a tangential component to ¢(M) and a com-
ponent in the direction of ¢, and define a torsion-free affine connection DM
and a symmetric bilinear form h on M by

Dx¢.(Y) = ¢ (DXY) + h(X,Y)¢.  (Gauss formula) (5.1)

The connection DM and the form h are said to be the induced connection
and the affine fundamental form induced by an affine immersion (¢, )
respectively.

We decompose Dx¢ into a tangential component to ¢(M) and a com-
ponent in the direction &, and define a (1, 1)-tensor field S and a 1-form 7
by

Dx¢=—¢.(SX)+7(X)€ (Weingarten formula) (5.2)

S and 7 are called the affine shape operator and the transversal con-
nection form induced by an affine immersion (¢, £) respectively.

Definition 5.1. An affine immersion (¢, £) is said to be non-degenerate
if the affine fundamental form h is non-degenerate.

We take a fixed D-parallel volume element w on R"*!. For an affine
immersion (¢, ) we define a volume element 6 on M by

(X1, Xn) = w(du(X1), -+, 04(X0), &),

and call it the induced volume element for (¢, ). Then
Do =7(X)6.

Definition 5.2. If 7 = 0, that is, DM§ = 0, then (¢,¢) is called an
equiaffine immersion.
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Proposition 5.1. Let (¢,€) be an equiaffine immersion of M. Then

(1) The curvature tensor Rpm of DM is expressed by
Rpu (X, Y)Z =W(Y,Z)SX — h(X, Z)SY. (Gauss equation)

(2) (D¥h)(Y,Z) = (DMh)(X, Z). (Codazzi equation for h)

(3) (DY S)(Y) = (DMS)(X). (Codazzi equation for S)

(4) h(X,S8Y)=h(SX,Y). (Ricci equation)

Theorem 5.1. Let (¢,£') be a non-degenerate affine immersion. Then

there ezists a non-degenerate affine immersion (¢,§) satisfying the following
conditions.

(1) The transversal connection form T vanishes.
(2) The induced volume element 6 coincides with the volume element for
the affine fundamental form h.

The transversal vector field £ satisfying these conditions is unique up to its
stgn.

Proof. Let I/, 7/ and ¢’ be the affine fundamental form, the transversal
connection form and the induced volume element for (¢, ") respectively.
Choose a basis X7, --, X/ such that

(X1, Xp) =1,
and define a function f’ by
I = detl! (X}, X)) 7.
Let Z’ be a vector field on M determined by
W(z', )= —f'7" —df'".
Then a vector ¢ given by
E=fe+2
satisfies the conditions (1) and (2). O

Definition 5.3. A non-degenerate affine immersion (¢, &) satisfying the
conditions (1) and (2) of Theorem 5.1 is said to be the Blaschke immer-
sion, and ¢ is called the affine normal.
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Let (¢,¢) be a non-degenerate affine immersion. We denote by VM the
Levi-Civita connection of the affine fundamental form h, and by v the
difference tensor between VM and D™,

W =Y DY
We are now in a position to introduce the following proposition.
Proposition 5.2.
(1) WY =9/ X.
(2) h(WXY.Z) = MY, X' Z).
1
(3) h(¥X'Y, Z2) = 5(DX h)(Y, Z).
Proof. Assertion (1) follows from the vanishing of the torsion tensors of
VM and DM. By assertion (1) and VMh = 0, we obtain
h(v2'Y, X) = —(vy h)(Y, X) = h(Y, 7} X)
= (D W)Y, X) = MY, 7¥ Z).
Using this result together with Proposition 5.1 (2), we have
0=h(v3'Y,X) — h(1y' Z,X)
— (DYR)(Y, X) = (DY h)(Z,X) = h(Y.A ¥ 2) + h(Z, 7)Y )
=h(WWY, Z) = h(Y,7X 2),
which implies (2). Assertion (3) follows from

(DY R)(Y, X) = h(+}Y, X) + h(Y, 7} X) = 2h(v}1Y, X).

O
Proposition 5.3. Let (¢,£) be a Blaschke immersion. Then
Tr v = 0. (apolarity condition)
Proof. 0=D¥0=(—¥ +V¥)0=—-¥0=—(Trv¥)6D O

Let (¢,&) be an equiaffine immersion. For each point p € M we define
vp € Ry 4y by

vp(¢«Xp) =0, Xp € T, M,
vp(&p) = 1.
Then a mapping defined by
vipe M — vy €Ryyy — {0}
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is said to be the conormal mapping. This mapping is an affine immersion.
A vector field which assigns each p € M to a vector v, is transversal to
v(M). Hence the pair (v, —v) of the affine immersion v:p e M — v, €

»+1—10} and the transversal vector field —v is a central affine immersion.
We denote by D* the standard flat connection on R}, ;. Let

Dyv.(Y) = v (DYY) + h(X,Y)(~)
be the Gauss formula for the central affine immersion (v, —v). Then we

may derive the following proposition.

Proposition 5.4. For a non-degenerate equiaffine immersion we have

(1) h(X,Y)=h(SX,Y).
(2) The connections D™ and DM are dual with respect to the affine fun-
damental form h (cf. Definition 2.8), that s,

Xn(Y,Z) = hDYY,Z)+ hY, DX 2).
Proof. We first show v, (Y)(§) = 0 and v, (Y)(¢(Z2)) = —h(Y, Z). Dif-
ferentiating v(§) = 1 by Y we have
0= Y(1(€)) = (Dy1)(€) + v(Dy€) = ma(Y)(€) + v(—5Y)
—n(Y)(6).
While, differentiating v(¢.(Z)) = 0 by Y we obtain
0=Yw(¢:(2))) = (Dyv)(¢«(2)) + v(Dy ¢.(2))
= vu(Y)(0+(2)) + h(Y, Z).
Therefore, differentiating v, (Y")(€) =0 by X, we obtain
0= X (0 (Y)(€)) = (Dira(Y))(E) + v (V) (D)
= {1(DxY) = M(X,Y)}(€) + vu(Y)(—6:(SX))
= —h(X,Y)+h(Y,5X).
The proof of assertion (1) is complete. Differentiating v.(Y)(¢.(Z)) =
—h(Y,Z) by X we have
Xh(Y, Z) = —X(1.(Y)(6(2))
—(Dxv(Y))(9+(2)) = vu(Y)(Dx 64(2))
= —{v(DYY) + WX, Y)(-2)}(¢+(2))
~v(Y)(9:(DX Z) + h(X, Z)¢)
= W(DYY, Z) + h(Y, DX 7),

and so the proof of assertion (2) is also complete. |
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Definition 5.4. For a non-degenerate affine immersion (¢, £) the Laplacian
Amp,pyp of ¢: M — R™ ™! with respect to h and D is by definition

An,pyd = Z hij{Da/ami% (%) — bx (Vé%ri 8;;) },
Y

where {z!,--- 2"} is a local coordinate system on M.

Theorem 5.2. Let (¢,€) be a Blaschke immersion. Then the Laplacian of
the conormal mapping v : M — R, | with respect to h and D* is given

by
A(h,D*)V = -TrS.

Proof. Since V¥ = D¥ — 4% by Proposition 5.4 and Lemma 2.3, it
follows that

0 0 0
= (S50 g57)v + v (for 57

N 9
By the apolarity condition Z h* 'yg/fawi 97 0 we have
— X
i,

Appy =D hij{Dg/aﬂV* (%) T (Va%ri %)}

i,J

= —(TrS)v.

5.2 Level surfaces of potential functions

Let (Q,D,g = Ddy) be a Hessian domain in R"*!. In this section we
assume that the Hessian metric ¢ = Ddy is non-degenerate unless otherwise
specified.

A non-empty set M given by

M={zeQ|p@) =)

is said to be a level surface of . A level surface M is an n-dimensional
submanifold of R"*? if and only if for all z € M

dpy # 0.
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A vector field F defined by
9(X, E) = dp(X)

is said to be the gradient vector field of ¢ with respect to g. The gradient
vector field E is transversal to M if and only if for all z € M

dp(B)(x) # 0.
Henceforth in this chapter we will assume
(A1) dp, £0,
(A.2) dp(E)(z) #£0, for all z € .

Using the standard flat connection D on R"*! and the gradient vector field
E, we define the induced connection DM, the affine fundamental form h,
the shape operator S and the transversal connection form 7 by

DxY = DY¥Y + h(X,Y)E, (Gauss formula)
DxE=-S(X)+7(X)E. (Weingarten formula)
Note that a vector field X along M is tangential to M if and only if
dp(X) =0.
Lemma 5.1.

1
(1) h= —Wg-

(2) 7 = dlog|dp(E)|D
Proof. The assertions follow from
9(X,Y) = (Dxdp)(Y) = X((dp)(Y)) — dp(DxY)
= —dp(DXY + MX,Y)E) = —(dp(E))MX,Y),
0= (dp)(X) = g(X, E) = (Dxd)(E)
= X(dp(E)) — dp(Dx E) = X (dp(E)) — 7(X)dp(E),
for X and Y € X(M). O

This lemma implies that level surfaces of the potential function ¢ are non-
degenerate hypersurfaces in the sense of Definition 5.1.

Lemma 5.2. The following conditions (1) and (2) are equivalent.

(1) 7=0.
(2) DpE = AE.
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Under the above conditions we have
d(dp(E)) = (A +1)de.
In particular, dp(FE) is a constant on ) if and only if A = —1.

Proof. For X € X(M) we have
(Deg)(E, X) = E(9(E, X)) — g(DpE, X) — g(E, D X)
=—9(DpE, X) — dp(DpX)
= —9(DpE, X) = {E(dp(X)) — (Drdp)(X)}
= —g(DpE, X).

Alternatively, by the Codazzi equation for (D, g) (Proposition 2.1(2)) and
Lemma 5.1 we obtain

(Deg)(E, X) = (Dxg)(E, E) = X(9(E, E)) - 29(Dx E, E)
= X(dp(E)) = 27(X)dp(E) = =7(X)dp(E).
These results together yield g(DgFE, X) = 7(X)dp(E), which implies that
assertions (1) and (2) are equivalent. For the case 7 = 0, we have for
X e X(M)
(d(dp(E)))(X) = ((dp(E))T)(X) =0,
(d(dp(E)))(E) = E(dp(E)) = (Dpdp)(E) + dp(DpE)
= (A +1)dp)(E).
Hence we obtain d(dp(E)) = (A + 1)deD O

Example 5.1. We denote by gas the restriction of ¢ to M. Suppose that
7 = 0 and S = kI where I is the identity mapping on X(M) and k is
a constant. Then by Lemma 5.1 dp(F) is a constant. It follows from
Proposition 5.1 (1) and (2) and Lemma 5.1 (1) that the pair (DM, gys) is
the Codazzi structure of constant curvature —k/do(FE).

Theorem 5.3. Let M be a level surface of ¢ and let € be the affine normal
with respect to the D-parallel volume element w = dxz*A- - -Adx™ ! on R 1.
We decompose & into the tangential component Z to M and a component
in the direction of F,

E=7Z+uk.
Then
p = | detlgi;]/(dp(EB))™+ |7,
9(X,Z) = (d(udp(E)))(X) for X € X(M),
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and

dlog | pdip(E) |= ——— (7 + 20),

where « is the first Koszul form for (D, g).

Proof. According to the procedure in the proof of Theorem 5.1, we shall
find the affine normal £. We choose X1, -+, X,, € X(M) such that
(dz' A~ Ada™ ) (X, -, X, BE) = 1.
Putting w; = ¢g(X;, ), the volume element v, determined by g is given by
_ w1 A Awp Adp
" (de(B)) detlg(X:, X

However, v, may be alternatively expressed

vg = |det[g¢j]|%dx1 Ao Ad™ T
hence
wi A Awp Adp
|(de(E)) det[g(X;, X;)] det[g;;]| 2

dz* A Ada" T =

)

and so
=(dz' Ao Adz"TY (X, -, X, EB)

_ (de(E)) detg(X;, X;)]
|(dp(E)) det[g( Xy, X;)] det(gi;]| 2

)

and we have
| det[g(Xi, X;)]| = |(dp(E)) ™" det]gi]]|-
It follows from the procedure in the proof of Theorem 5.1 that
p = | det[h(X;, X,)]| 7 = | det[(dp(E)) " g(Xi, X;)]|7+2
= [(dp(E)) ™" det]gi;]| 7=,
h(X,Z) = —pr(X) — (du)(X)
= —p(dlog |udp(E)|)(X).
Thus
9(X, Z) = (d(pdp(E)))(X).
Since |udyp(E)| = |(dp(E)) det[gi;]| 7=, we have

dlog |pdp(F)| = (T4 20).

n—+ 2
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Corollary 5.1. The gradient vector field E is parallel to the affine normal
& if and only if
1
o=—=T.

2

Let us now consider characterizations of potential functions in terms of
shape operators, transversal connection forms and so on.
Theorem 5.4. For all level surfaces of ¢, the conditions
S=—-1 , 7=0, A=1, DMp=0o,
hold if and only if v is a polynomial of degree 2, where I is the identity
mapping.

0
Proof. We identify a vector field A = Za Ere on ) with a column

vector [a’] and a non-degenerate metric g = Z gijdz'dr? with a matrix
2%
[g”] Then
-1
gi1 -+ Gin+1 dp/0xt
E— . . .

In+11 - Int1n+1 O[Oz +!
Suppose that ¢ is a polynomial of degree 2. Choosing an appropriate affine
coordinate system {xl <o+, 2" 1Y we have

= S @ = @ @

where k is a constant. Denoting by I, the unit matrix of degree r we have

lgi5] = [Ip 0 } ,

0 _Infp+1
xl xl
B 1, 0 aP I L i 0
0 _I7L—p+1 p+1 $p+1 - ot )
n+1 n+1

szaz 2(p — k),

D3E =X for X € X(Q).
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Together these imply

By Lemma 5.1 we have
(DX W)Y, Z) = —(DX{(Bp) 'g(Y. 2) = —(Bp) (DY 9)(Y. 2)
= —(By)"'(Dxg)(Y, 2) =0,
for X,Y and Z € X(M).
Conversely, suppose that
S=-I, 7=0, A=1, DMh=0
hold for all level surfaces. Since D ¢ E = X for X € 2(Q), we have
X = (dp)(X) = 9(X, E) = (Ddy)(E) = X (dp(E)) — dp(D 3 E)
— X (dg(E)) - Xe.
Hence Ep — 2y is a constant on 2. We claim
(a) Dpg =0,
(b) (Dxg)(Y,Z)=0 for X,Y and Z € X(M).
Assertion (a) follows from the following equations,
(Dpg)(E,E) = E(9(E, E)) — 29(DpE, E) = E(Ep — 2¢) = 0,
(Deg)(E, X) = (Dxg)(E, E) = X(9(E, E)) — 29(Dx E, E)

= X(Ep) = (Ep)7(X) =0,

= X(9(E,Y)) —g(DxE,Y) — g(E, DxY)

= —9(X,Y) — h(X,Y)dp(E) =0,
for X and Y € X(M). Assertion (b) follows as a consequence of

(Dxg)(Y, Z) = (DX 9)(Y, Z) = —(DX{(Bp)h})(Y. Z)
= —(Bp)(r(X)h + DX h)(Y, Z) = 0.
It follows from (a), (b) and the Codazzi equation (Proposition 2.1(2)) for
(D, g) that
(Dxg)(Y,2) =0
for all X, Y and Z € X(2). Therefore
Po
Oxidridzk

This implies that ¢ is a polynomial of degree 2. (I
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Example 5.2. (Quadratic Hypersurfaces) Let f be a polynomial of
degree 2 given by

p n+l—p
fo=5{ L= 3 @)

and let M = f~1(c). Then ¢g° = Ddf is a non-degenerate Hessian metric
on R, We denote by g9, the restriction of ¢g° on M and by VoM the
Levi-Civita connection of ¢%,. Since

p ' n+1l-p 4
= (da')? = Y (daPP)?,
i=1 j=1

the Levi-Civita connection V° of ¢g" coincides with D. Hence

= (Vkg")(Y.2) = X(¢°(Y, 2)) = g°(VkY, Z) - (Y, VX Z)
= X(9% (Y, 2)) — g8(DXY, Z) = g°(Y, DX Z)
= (DX 93)(Y, 2),
for all X,Y and Z € X(M), and so we have V'™ = DMD Since E =
in%, det[g;;] = (=1)""'"P and E¢p = 2c, by Theorem 5.3 the affine

nt1 .0
1€ is gi by & = (2¢)™ »+2 t—.
normal £ is given by £ = (2¢) Zm py

It follows from dp(E) = 2¢, S = —I and Example 5.1 that the pair
1
(VOM %) is the Codazzi structure of constant curvature % Since the
c
signature of ¢° is (p,n + 1 — p) and ¢°(E, F) = 2¢, ¢%, is positive definite
only when p=n+1and ¢ > 0, or p = n and ¢ < 0. Hence the pair (M, ¢%,)

1
is a Riemannian manifold of constant curvature % if and only if
c

(i) In case of ¢ > 0, M is a sphere defined by

n+1

Z(xl)z = 2c.

i=1
(ii) In case of ¢ < 0, M is a level surface of the Lorentz cone defined by

n

(2771 = 3 (@) = 2.
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’F
Let F(z',---,2™) be a smooth function on R™ such that | ———| # 0
Ox'0xI
and let Q be a domain lying above the graph z"*! = F(z!, ...  a2");
Q= {('731) e 7xn7xn+1) € Rn+1 | xn—!—l > F(mlv e 73;”)}
We set f = 2"t — F(z!,--- 2") and ¢ = —log f. Let us consider the
Hessian g = Ddp. Putting
OF/0x! 92
8F: : 82F: e re—
: ’ [Bzﬁax]} ’
OF/0x™
we have
1 fO?F + OF Y(OF) —0F
[9:5] = 7 ;

—t(OF) 1

det [gij] = f_n_Q det 82F,

(82F)~ (62F)19F
[gij]_l = f ’
H@PF)1OF} fdet [I,++(0*F)0F '(0F)]
(62F) 1 (62F)19F OF
E=

H(O2F)LOF}  fdet [In—i—%(éﬁF)*laF t(aF)} -1

0 0
- %)=
These expressions imply that ¢ = Ddy is non-degenerate and
0 0
DxE = —(Xf)W = (dw)(X)fW =0 for X € X(M),
¢

Ecp:—faxwrl =1

Thus we have

S=0, 7=0, A=-1
Conversely, suppose that Ddy is non-degenerate and the above equations
hold for all level surfaces of ¢. Then we have



90 Geometry of Hessian Structures
(a) DxE =0 for X € (M),
(b) DgE = —FE.

By Lemma 5.2 and (b) above we know that dp(F) is a constant k # 0. Put
A= —efE. Tt follows from (a) and (b) that

DxA=—(k'et Xp)E —efDxE=0 for X € X(M),
D;iA=e¥(eFE+efDRE) =0.

Thus A is a D-parallel vector field on € . Hence we can choose an affine

coordinate system {x!,--- 2"*1} on R"*! such that
i-0
Since ST (z"*! — e~ %) = 0 we have
Ry F(at, - 2™,
and hence

¢ = —klog (z"™' — F(z',--- ,2")).
In summary, we have the following theorem.
Theorem 5.5. For all level surfaces of ¢ the conditions
S=0, 7=0 Ax=-1

hold if and only if, choosing a suitable affine coordinate system
{zt, -+ 2"}, © can be expressed by

¢ = klog(z"*" — F(z',--- ,2™))
2F

where k # 0 is a constant and det {7} #£0

Oxt0xd
Corollary 5.2. Let F(z',--- ,2™) be a smooth convexr function on R™.
For a level surface of the function ¢ = log(z"*t!t — F(z!,---,2™)) on the

domain x" 1 > F(z!,---2m), the gradient vector field E is parallel to the
affine normal € if and only if F is a polynomial of degree 2.

Proof. From the proof of Theorem 5.5 we have

2

0°F
= 2a = dlogdet | =——— 2)dep.
T=0, o ogde [ax@xﬂ]—'_(n—'_ )dp
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Suppose that the gradient vector field E is parallel to the affine normal &.
By Corollary 5.1 we obtain
2

Oz OzI

2
on a level surface. Hence det [ -
oxt0xI

fore by Theorem 8.6 due to [Cheng and Yau (1986)][Pogorelov (1978)] we
know that F'is a polynomial of degree 2. Conversely, assume that I is a

dlogdet{ ] =200—(n+2)dp=0

is a positive constant on R™. There-

’r
convex polynomial of degree 2. Then det [m} is a positive constant
' 0T
2
and o = %dgo. Again by Corollary 5.1 F is parallel to the affine normal
3 O

For a fixed point p € R"*!, and a positive constant ¢, an affine trans-
formation of R"*! defined by * — c(z — p) + p is said to be a dilation
at p. Let H be a vector field H induced by a l-parameter transformation
group of dilations x — e’(z — p) + p. Then

H = Za:—a: 5(;9101

Theorem 5.6. For all level surfaces of ¢ the conditions

S=1I, 7=0, A=-1

hold if and only if dp is invariant under a 1-parameter transformation group
of dilations.

Proof. Suppose that the conditions S = I, 7 = 0 and A = —1 hold for
all level surfaces. Then

DyE = —X,
;0
for X € X(Q2). Introducing K = ; xl%, we have

Dx(E+ K)=0,
and E + K is therefore a D-parallel vector field, and so

E+K = Zp 8‘91,

where p' are constants. Let H be the vector field induced by the 1-
parameter transformation group of dilations at the point p = [p] and let
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L be the Lie differentiation by H. It follows from Lemma 5.2 and H = — F
that

Lyde =—Lrdp = —(dig + tgd)de = —d(de(FE)) =0,

where ¢p is the interior product operator by E. Therefore dy is invariant
by the 1-parameter group of dilations at p. Conversely, suppose that dy is
invariant under a 1-parameter group of dilations at p. Let H be the vector
field induced by the 1-parameter group. Then

0= Lude = (deg + tad)dp = d(dp(H)),
which implies that dp(H) is a constant. Therefore
9(X, —H) = —(Dxdp)(H) = =X (dp(H)) + (dp)(Dx H)

= (dp)(X)
for X € X(£2), which gives us that
E=-H,

DxE=-DxH =-X.

Hence

O

Corollary 5.3. Let Q) be a regular convex cone and let v be the character-
istic function of Q). Then for all level surfaces of ¢ = log, we have

S=1I, 7=0, A=-L

Example 5.3. Let J be a matrix of degree n + 1 given by

—1I 0
J = P ,
{ 0 Ian]

where 0 < p < n and I, is the unit matrix of degree r. We denote by € the
connected component of the set

{zr e R"™| tzJz > 0}

containing e, 41 = *[0,---,0,1]. Then € is a cone with vertex 0. For any
xr € Q we set g = (txe)_%x. Since txoJzg = leny1Jeny: = 1, by
Witt’s theorem there exists s € SO(p,n + 1 — p) such that szyg = ep41.
Hence (txJa:)_%sa: = eny1. This means that RTSO(p,n + 1 — p) acts

transitively on 2. We set f(z) = —% txJx and ¢(x) = log(—f(x)). Then
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2 1"
det [ 851' (;’; j] = ( Fn +)1 . Hence g = Ddp is non-degenerate. It follows from

p(etx) = p(x) — 2t that dyp is invariant under a 1-parameter transformation
group of dilations e'I,, 1. Hence, by Theorem 5.6, for a level surface M of
 we have

S=I1, 7=0, A=-1
. 0
In the proof of Theorem 5.6 we proved £ = —H = — Z x'—, and so we
- ox*

have dp(E) = —2. Using this result, together with the relation S = I and
Example 5.1, we have that (DM, gy) is a Codazzi structure of constant

1
curvature 3 (cf. Example 5.2).

5.3 Laplacians of gradient mappings

In this section we study the Laplacian of a gradient mapping, and prove a
certain analogy to the affine Bernstein problem proposed by [Chern (1978)].
Let ¢ be the gradient mapping from a Hessian domain (2, D, g = Ddyp) of
R™*! into (R}, 1, D*). The Laplacian of ¢ with respect to (g, D*) is given
by (cf. Definition 5.4)

A(g,D*)L = Zgij{Dg/arw* (3;2]) — Ly (Va/ari %) }
]

A vector field X} = Zﬁ:(ﬁ)( 8*

) along ¢ is identified with a 1-form

Zﬁl dz’. Since 1, (X Zgljﬁ 8 ; for X = Zﬁ -, by the above

1den‘c1ﬁca‘mon7 the vector ﬁeld L*( X) along L is conbldered as a 1-formG
w(X) = —g(X, ).
By Theorem 2.2 and Proposition 3.4 we have

Ay, D+ )L—L*{Zgw a/azz%}
{Zg” (V- D)a/amt—} (Zg”’y”axk)

5,J

:L*(Xk: k@ik) —Xi:(aioa_l)ai:,
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and so we have proved the following proposition.

Proposition 5.5. The Laplacian of the gradient mapping ¢ with respect to
(g, D*) is expressed by

A(Q)D*)L = —Q.

By Proposition 3.4 and Theorem 8.6 due to [Cheng and Yau (1986)]
[Pogorelov (1978)] we also have the following corollary.

Corollary 5.4. Let ¢ be a convex function on R"T1. Then the following
conditions (1)-(3) are equivalent.

(1) ¢ is harmonic ; Ay p+yt = 0.
(2) a=0.
(3) ¢ is a polynomial of degrre 2.

In the previous section 5.2 we studied affine differential geometry of
level surfaces of ¢ using a pair (D, E) of the flat connection D and the
gradient vector field E. In this section we study level surfaces using pairs
(D', E) and (V, E) where D’ and V are the flat dual connection of D and
the Levi-Civita connection of g respectively.

We denote by D'™, h’, S’ and 7' the induced connection, the affine
fundamental form, the shape operator and the transversal connection form
with respect to (D', —F) respectively, and have the following relations

DY = DYY + 1(X,Y)(-E),
Dy (~E) =-S5 (X)+ 7 (X)(—E).

This immersion coincides with the central affine immersion (¢, —t) from M
to Ry, ;. In fact, by Theorem 2.2 we have

DxuY) = ta(DxY) = t.{DR'Y + 1'(X,Y)(-E)}
= 1.(DVY) + (X, Y )1 (—E)
= 1.(DY) + (X, Y) ().
Lemma 5.3.

(1) K(X,Y) = h(S(X),Y).
2) §' =1.
(3) 7 =0.



Hessian structures and affine differential geometry 95

Proof. By Theorem 2.2 and Lemma 5.1 we have

0=Xg(E,Y)=g(DxE,Y)+g(E,D\Y)
= {h(S(X),Y) = K (X,Y)}dp(E),
0=Xg(Y,E) = g(DxY,E) + g(Y, D\ E)
= —9(X,Y) +g(5'(X),Y),
for X, Y € X(M). These expressions prove assertions (1) and (2). Assertion
(3) follows from
1
dp(E)

1 ;o /
= 7@ {9(DxE,E) + g(E,DxE)} = 7(X) + 7 (X). ]

7(X) = (dlog|de(E)[)(X) = Xy(E, E)

We denote by VM, hy, Sy and 7y the induced connection, the affine
fundamental form, the shape operator and the transversal connection form
with respect to (V, E) respectively, and have the following relations

Vi = VY + ho(X,V)E,
VxE = —Sv(X) -I—Tv(X)E

Since g(VxY,Z) = g(V¥Y,Z) for X, Y and Z € X(M), the induced
connection VM is the Levi-Civita connection of the restriction gas of g on

1
M. From V = i(D + D’) and Lemma 5.3 we obtain the following lemma.

Lemma 5.4.
1
(1) VM = 5(DM + D'M).

2) Sy = %(5_1).
(3) ho(X,Y) = —h(SeX,Y).
1

4) v = 37

Proposition 5.6. Let v =V — D be the difference tensor. Then we have
1

(1) Tryg = §(TrS —A+n+1).

(2) If =0, then

X = %(X +S(X)) for X € X(M),  ywE = %(1 ~)NE.
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Proof. By Proposition 2.2 and Lemmata 5.2 and 5.4 we have
’}/EX = ’yxE = (VX — Dx)E

=(=Sv+9X)+ (v —T)(X)E

= L1+ 8)(X) - 5r(X)E,

908 B, B) = 5(Dug)(E, B) = 5{4(E, E) - ¢(DgF, E)}

= 4(;(1- N, B)
9(VvEE, X) = g(E,veX) = g(E,7xE)
_ —%T(X)dgp(E).

These expressions together prove assertions (1) and (2). O
Corollary 5.5.

(1) TrS =2a(E) —n—1+ A,

(2) Tr Sy = a(E) ~n + 5(A 1),

Proof. The assertions follow from Proposition 3.4, 5.6 and Lemma 5.4. [

Theorem 5.7. Let vpy and gpr be the restriction of + and g to M re-
spectively.  We denote by Ay, p-ytm the Laplacian of iy with respect
to (ga, D*). Then we have

(1) Aggp,poyem(X) = —(a + %T) (X) for X € X(M).
(2) Ay, poytm(E) =-TrS.

Proof. Let {X1,---,X,} be locally independent vector fields on M.
Then

A(gM D*)tM = Z gM{DX LM*(X ) — LM*(VX )}7
1,5=1

where [¢%] = [gar(Xi, X;)] 7. By Theorem 2.2 and Lemma 5.4 we obtain

Atgur,ooyins = {3 (D, X, — VX))

i5=1
:L*{Zg;@( X, +Zg h Xl,X)E}
i,j=1 i,j=1

n

= L*{ Z g%]’yxin +% Z g}&h(Xi - SXian)E}'

4,j=1 4,j=1
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n+1

We set vx, X; = Z’ykink where X,, 41 = E. By Lemma 5.1 and Propo-
k=1
sition 5.6, we have for 1 <i,j5 < n,

9(vx, X, E) = 9(X;,7x,E) = 9(X;, 7 Xi)
1 1
= g(Xj, 5 (X + SX,) - 5T()Q)E)

1
and so

1
Sl —5{h(Xi, X;) + h(S Xy, X))}

j
This implies

> aXs= 3 aih(30 0%+ v B)
i,j=1 i,j=1 k=1
LI 1( = i
= > g Xe+ 5{ > gih(—Xi - SXian)}E'
i,4,k=1 1,5=1

Hence

n n
A(gar.D)iM = L*{ Z gij’Ykink - Z gijh(SXi,Xj)E}
i,5,k=1 i,j=1
- Tr S
:L*{ Z g’L],_yk” k"’d (E) }
i,5,k=1
— LX),
where
n
~ - Tr S
X = Uk X
29y  TolE)
i,7,k=1
The first term of the right side of the above equation may be reduced as
n n n+1
Z g”“Ykink _ Z { Z QU“Ykij _ 9n+1n+1’7kn+1n+1}xk
i,5,k=1 k=1 4,j=1
n n
=Y " X =g Ak X
k=1 k=1
n+1
_ aka _ anJrlE _ gn+1n+l(’YEE _ ’ynntrlanrlE)
k=1
n+1 1
k n+1 n+1
= Xy — ——veF (— — )E
« k dQD(E) YE + dQO(E) Y n+ln+1 «

>
Il
—
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Thus
n+1 1 .
- * Y n+1 _n+l
e ; A Ty P {dw(E) (T S+ ) =" L E.

By Proposition 5.6 we have
g(X,Y) =a(Y) + %T(Y) for'Y € X(M),
and
g(X,E)=TrS.
These together imply (1) and (2). O
Corollary 5.6. The following conditions (1)-(3) are equivalent.

(1) tar is harmonic withlrespect to (g, D*); Aggp, 0oyt = 0.
(2) TrS =0 and a = —57
(3) Tr'S =0 and E is parallel to the affine normal.

Proof. Tt follows from Corollary 5.1 and Theorem 5.7 that (1), (2) and
(3) are equivalent. O

The trace of the shape operator of the Blaschke immersion is said to
be the affine mean curvature. An affine hypersurface is called affine
minimal if the affine mean curvature vanishes identically. It follows from
Theorem 5.2 that an affine hypersurface is affine minimal if and only if the
conormal mapping is harmonic.

S.S.Chern proposed the following problem analogous to the Bernstein
problem in Euclidean geometry [Chern (1978)].

Affine Bernstein Problem If the graph
anrl _ F((El, . ’xn)

of a convex function F(z!,---,xz") on R" is affine minimal, that is, in
other words, if the conormal mapping is harmonic, then is the graph an
elliptic paraboloid?

This conjecture has been confirmed when n = 2 by [Trudinger and Wang
(2000)].

If we replace the affine normal £ by the gradient vector field E, the
conormal mapping v is replaced by the gradient mapping ¢p;. Then the
analogous problem as above can be proved as follows.
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Corollary 5.7. Let F(z',--- ,2™) be a convex function on R"™ and let Q
be a domain in R"T1 defined by
Q={(z-- 2" 2" e R" | 2" > P2t 2™))
We set
(p(mlv e amna mn+1) = lOg(In+1 - F(mla e 7xn))

Then (D, g = Ddy) is a Hessian structure on 2 (Theorem 5.5). For a level
surface M of ¢ the following conditions are equivalent.
(1) The gradient mapping tpr is harmonic with respect to (gar, D*).

(2) M is an elliptic paraboloid.
Proof. 1If M is an elliptic paraboloid, then F' is a convex polynomial of
degree 2. It follows from the proof of Theorem 5.5 and Corollary 5.2 that

n -+ 2
2

de = 0.

Hence we have Ay, p+)ytar = 0 by Theorem 5.7. Conversely, suppose
Agrr,04)tm = 0. Then
1

a(X) = —§T(X) =0,

for all X € X(M). We obtained in the proof of Corollary 5.2
0’F
dlog det {&claﬂ} a—(n+2)dp =0,
2

Ozt oI
Hence, by Theorem 8.6, F' is a polynomial of degree 2. O

on X(M). This implies that det is a positive constant on R".

Let V* be the Levi-Civita connection of the Hessian metric g* = D*dp*
on Q% = () (cf. Proposition 2.7).

Theorem 5.8. The Laplacian Ay, v+ytar of tar with respect to (gar, V*)
is given by

Tr Sy L TrS—nL
de(E)  2dp(E)

Agas,vr)im =
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Proof. Let {X1,---,X,} belocally independent vector fields on M and
let [¢"] be the inverse matrix of [g(X;, X;)]. Since ¢ : (Q,g) — (2%, g%) is
an isometry (cf. Proposition 2.7), by Lemmata 5.1 and 5.4 we have
Agarvyint = D 09V, (X)) — (VY X;)}
i,J
= 970 (Vx, X; = VY X)) = g7 ho(Xi, Xj)e.(E)
4,5 ,J
1 i
= {dSD—E Zg JQ(SVXhXj)}L
0.
Tr Sv
T ()" O

Corollary 5.8. Suppose that dy is invariant under a 1-parameter group of
dilations. Then we have

A(QM,V*)LM =0.

Proof. By Theorem 5.6 we have S = [ and so Tr S = n. Hence our
assertion follows from Theorem 5.8. (]

Corollary 5.9. Suppose that a Hessian metric g on a Hessian domain
(Q,D,g = Ddyp) is positive definite and that do is invariant under a 1-
parameter group of dilations. Then each level surface is a minimal surface
of the Riemannian manifold (£, g).

Corollary 5.10. Let Q be a regular convex cone and let g = Ddlog be
the canonical Hessian metric. Then each level surface of the characteristic
function v is a minimal surface of the Riemannian manifold (2, g).

Example 5.4. Let 2 be a regular convex cone consisting of all positive
definite symmetric matrices of degree n. Then (D,g = —Ddlogdet z) is a
Hessian structure on  (cf. Example 4.1), and each level surface of det z is
a minimal surface of the Riemannian manifold (2, g = —Ddlogdet z).

Example 5.5. Let (Q,D,g = Ddyp) be a Hessian domain in R"*!. The
Laplacian Agp of the potential ¢ : 2 — R with respect to g is given by

Bov = Zg”{aii (5 (55)) = o+ (Vo 5) }
_Z ”( xlaxﬂ Z k”%)

:n+1—a(E).
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In the case of € being a regular convex cone with canonical Hessian metric
1

g = Ddlog 1), we have a(E) = i(Tr S — A+ n+ 1) by Proposition 5.6 and

S =1, A= —1 by Corollary 5.3, and so a(E) = n + 1. This proves that

the function log is harmonic,

Aglogy = 0.
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Chapter 6

Hessian structures and information
geometry

Let P = {p(x;\) | A € A} be a smooth family of probability distributions
parametrized by A € A. Then P, identified with a domain A, admits
a Riemannian metric given by the Fisher information matrix and a pair
of dual connections with respect to the metric. S. Amari, H. Nagaoka
among others proposed Information Geometry, which aims to study smooth
families of probability distributions from the viewpoint of dual connections
[Amari and Nagaoka (2000)]. In the case when a pair of dual connections
is flat, the structures considered by this subject are Hessian structures. It
is known that many important smooth families of probability distributions,
for example normal distributions, admit Hessian structures. In the manner
of [Amari and Nagaoka (2000)], in section 6.1 we introduce the idea of
Information Geometry and prove that exponential families of probability
distributions carry Hessian structures. In section 6.2 we study a family of
probability distributions induced by a linear mapping from a domain in a
vector space into the set of all real symmetric positive definite matrices of
degree n.

6.1 Dual connections on smooth families of probability dis-
tributions

In this section we give a brief survey of dual connections on smooth families
of probability distributions. We will give particular attention to flat dual
connections on exponential families. For details the reader may refer to
[Amari and Nagaoka (2000)].

Definition 6.1. Let X be a discrete set (countable set) or R™. A function
p(z) on X is said to be a probability distribution if it satisfies the

103
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following conditions (1) and (2).

(1) p(x) >0 forxzeX.
(2) Z p(z) =1, in case X is a discrete set,
TeEX
/ p(x)dr =1, in case X = R™.
X

To simplify the notation, the symbol Z is also denoted by / .
zeX x

The expectation of a function f(z) on X with respect to a probability
distribution p(z) is defined by

] = /X F(@)p(e)de

In this chapter all the families of probability distributions we consider,
P = {p(x;\) | A € A} on X parametrized by A = [A!,--- | A"] € A, satisfy
the following conditions.

(P1) A is a domain in R".

(P2) p(z; ) is a smooth function with respect to A.

(P3) The operations of integration with respect to = and differentiation
with respect to A? are commutative.

Definition 6.2. Let P = {p(z;\) | A € A} be a family of probability
distributions. We set Iy = l(x;\) = logp(x;\) and denote by E) the
expectation with respect to py = p(x;A). Then a matrix g = [g;;(N)]
defined by

950 =Ex | o5 o
l(; \) Ol (z; \)

ON 8/\J

[81,\ 81,\}

p(z; N)dx
is called the Fisher information matrix.

Differentiating both sides of / p(x; \)dr =1 by A\* and M we have
x

0 d 9
0= W/Xp(x,)\)dx = /X Wp(a:,/\)dx = /. Wl(m,)\)p(x,)\)dm,

[ PN Ol(z; N) Ol(x; )
0= . Wp(x, /\)d:c—&-/x N BN p(z; N)de.
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Therefore
Ol
EA [W:| — O7
%1y
9i5(%) = ~E {amam}

Note that the Fisher information matrix g = [g;; ()] is positive semi-definite
on A because

Zgij Nc'dd = /X { Z ¢ 3léa;\;i/\) }2p(x; Adz > 0.

The following condition concerning the families of probability functions
considered here is therefore a natural assumption, and will henceforth be
adopted throughout this chapter.

(P4) The Fisher information matrix g = [g;;(\)] for a family of proba-
bility distributions P = {p(z;A) | A € A} is positive definite on A.

By this condition, we may regard the Fisher information matrix g = [g;;]
as a Riemannian metric on A, and we call it the Fisher information
metric. Let I ;1 be the Christoffel symbol of the Levi-Civita connection

of g, and let I'y;; = ngpfpij. Then

P
1/0gik  Ogjr  0gij
- p _ L ik  99ij
Peiy = D gmpl"y; = 2(am‘ * N axk)'
P

Differentiating g;; by A*, we obtain
. 2 2
0gij B [ 04l 3l>\] N [3l>\ 0%l ] o [51)\ ol 6l>\] ’

ONF ONFONE ON AN ONKONI AN ON ONE
and so
by [P0 O] L [0 O O
g EA NN ONF | T 27N [ ONON ONF |
1 aly dly Ol
Let E]k = §E)\ {8)\1 WW] and let

T()kij = Thij — tThi, T = > 9T (t)pji-
P

Since Tjj is a symmetric tensor, I'(t)° ;i defines a torsion-free connection
V(t), and we have
391‘;‘
ONF

=T(t) ki + T(—t)inj,
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that is,
Xg(Y,2) = g(V()xY, Z) + g(Y, V(~t)x Z).
This means that V(t) and V(—t) are dual connections with respect to the

Fisher information metric g (Definition 2.8).

Definition 6.3. A family of probability distributions P = {p(x;6) |
6 € O} is said to be an exponential family if there exist functions
C(z), Fi(x), -+, Fo(z) on X, and a function ¢(6) on O, such that

n

p(z;0) = exp {C(z) + Z Fi(z)0" — o(0)}.

Let {p(z;0) | 0 € O} be an exponential family. Then

ol(z;0) (z) — Ay 021(x;0) _ 0%
T 00'005  06°007
and these expressions imply
3219 819 3290 819
P(Dwig = Bo [WW} = ~geoa - {w] =0

Therefore V(1) is a flat connection and {#%} is an affine coordinate system
with respect to V(1). Furthermore, we have
021y 0%
Jis . 960ar P\ 01T = Fog;

82
thus (V(l)7 g= {89%;091'] ) is a Hessian structure on ©. It is known that

many important smooth families of probability distributions are exponen-
tial families.

Example 6.1. 1-dimensional normal distributions are defined by
(z — p)?
exp{ 202 }’

forx e ¥ =Rand A € A ={[u,0] | p € R, 0 € R"}, where u is the mean
and o is the standard deviation.
Put

p(x;\) =

To

Fl(x):—ac2, Fy(z) =z, ot — — 1 92:ﬁ’
(o

2 92)2
LR T _( ) 1 s
w(0) = 552 + log V2mo = + 21 ( )
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Then for r € Rand § € © = {0 = [91,6%] | 01 € R*,6? € R} we have
pla;0) = exp{Fi(2)0" + Fa(2)0” — p(6)}.

Hence the family of 1-dimensional normal distributions is an exponential

family. The Fisher information matrix is given by

2e]- {(—)——]

o097 — 201 | © e
91
Since
1/6%\2 1

9¢ :__(_) L

06" 4\61 201

9o _ 0 _

02 ~ 201 1"
the divergence for the Hessian structure (D, g = Ddyp) is expressed by

2
Dip.q) = 3 (0(0) ~ () o (4) + (p) — o(a)

=1

=§(a53——i?)vwmf—omﬁ>+(“@L—‘“ﬂ)mw

q)? o(p

+ p)” +log V27o(p) — pla)” —log V2mo(q)

20(p)* 20(q)*
Ly (ulp) = p(@)* | (o(e)? o(p)?
=i+ (G ) e gge

Example 6.2. We set

X={1,2,--- ,n+1},
n+1

A= {[/\17... ] € (R } Z/\k _ 1}.
k=1

Forz € X and A\ = [)\1, e ,)\"“] € A we define a probability distribution
by

p(z; A) = A*.
The members of the family of probability distributions {p(z; ) | A € A}
are called multinomial distributions. Let F;(j) = 0;; where d;; is the
Kronecker’s delta. Then

p(z; ) = M F(2) + -+ A"F(2), + A" E ()41
=exp {F1(z)log \' + - + F, () log A" 4 Fy,41(z) log A" 1}
= exp { Fi(z)(log A\' —log A" ) + -
+F,(x)(log \" — log )\”Jrl) +log A" ! }.
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Introducing
0* —log(/\i\il), 1<i<n,
©(f) = —log \" ! =log (1 + 2”: exp Gi),
i=1
we have

p(x;0) = exp { ZFl(x)Hl - <p(t9)}, e =R"

Hence the family of multinomial distributions is an exponential family.

0 .
Since i = )\, the divergence for the Hessian structure is given by

00!

Dip.q) = Y (0'(0) - 9%@)2;’1( )~ (pl0) — £(p))

=1

A ;
= Z ( )\n+1 - 1Og )\nJr(lp(;) ))\Z (Q)

+ log AL () —log AT (p)
n+1 i )

_Z/\Z W)

(cf. Examples 2.2 (4), 2.8, 2.11 and Proposition 3.9).

Example 6.3. Probability distributions given by

x

p(x; A) = reX=1{0,1,2---}, ‘e A=RT,

T
are called the Poissonx;iistributions. Introducing
C(x) = —logz!, F(z)==z, 6=Ilog,
o) =¢’, OcR,
we have
p(z;0) = exp{C(z) + F(x)0 — o(0)}, 0€cR.

Hence the family of Poisson distributions is also an exponential family.

Example 6.4. Let €2 be a regular convex cone and let Q* be the dual cone
of 2. We denote by () the characteristic function on Q*G

¥ (0) :/Qe_@mdx.
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For x € Q and 0 € Q* we define

€—<I79>

W = exp{—(z,0) — log ¥(6)}.

Then {p(x;0) | 6 € 2*} is an exponential family of probability distributions
on () parametrized by 8 € Q*. The Fisher information metric coincides with
the canonical Hessian metric on Q* (cf. Chapter 4).

p(x;0) =

Example 6.5. A family of probability distributions P = {p(z;\) | A € A}
on X is called a mixture family if it is expressed by

A) = i Npi(z) + (1 - XR: /\i)pn+1(l’)

where Z M <1, 0 < A < 1, and each p;(x) is a probability distribution
i=1
on X. Since

Pl NN
ONON DN ON
we obtain
[(=1)ijx = Tijrx + Tij
[Zh 0] 4 b, [2.00 O]
MLaxigxi oxkl T T LN oxd oAk
= O7
and so the connection V(—1) is flat and {\!,--- ;| A"} is an affine coordinate

system with respect to V(—1).

The family of multinomial distributions introduced in Example 6.2 is a
mixture family, and the Fisher information metric is given by

Z p1 pn+1 ) Dbj (x) - pn+1(m)p(3}; /\)

9 () p(z; A)

i ik — Ony1k)(0jk — Ony1k)
b
k=1

1

= F(S” =+ —)\n+l .

The potential function with respect to V(—1) is expressed by
n+1

=) MlogX,
=1

(cf. Example 2.8).
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6.2 Hessian structures induced by normal distributions

Let S,, be the set of all real symmetric matrices of degree n and let S be
the subset of S,, consisting of all positive-definite symmetric matrices. For
n column vectors € R™ we define a probability distribution p(z; u, o) on

R” by
o 1 _
(e ) = (27) % (det o)~ exp { — —~E T T ZI0
where 4 € R" and ¢ € S;. Then {p(z;p,0) | (n,0) € R" x S[} is a
family of probability distributions on R"™ parametrized by (u, o), and is

called a family of n-dimensional normal distributions.
Let © be a domain in a finite-dimensional real vector space V', and let
p be an injective linear mapping from €2 into S,, satisfying

(C1) p(w) €S} forallwe Q.

We put
() = (2m) 75 (det ple) b exp { — ~E IR

Then {p(x;u,w) | (p,w) € R™ x Q} is a family of probability distribu-
tions on R™ parametrized by (u,w) € R™ x Q, and is called a family of
probability distributions induced by p.

Proposition 6.1. Let {p(z; p,w) | (1, w) € R™ x Q} be a family of proba-
bility distributions induced by p. Then the family is an exponential family
parametrized by 6 = p(w)p € R™ and w € Q. The Fisher information
metric is a Hessian metric on R™ x Q with potential function

o(0,w) = %{ '9p(w) 10 — log det p(w) }.

Proof. Let {v!,--- ,v™} be a basis of V. For z = [z'] and p = [f] € R",
and w = Zwavo‘ € Q, we put

[0}

Then we have
p(; p,w) = p(; 6, w)
= exp { zj:Hja:j + Xa:waFo‘(x) — (0, w) — g 10g27r}.
This means that {p(x;6,w)} is an exponential family on R™ parametrized

by (6,w) € R™ x Q, and that the Fisher information metric is the Hessian
of (0, w) with respect to the flat connection on R™ x V. O
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A straightforward calculation shows

o0 4 -1
96, ~ e'plw) 0,

dp

2 L p0) )05 T ) 07},

3280 _ -1

82@ ot -1 /.« -1
D000 e'pw)” p(v®)p(w) 0,

awigwﬁ = "Op(w) " p(v™)p(w) " p(v?)p(w) 10

+%Trp(w)‘lp(vo‘)p(w)‘lﬂ(vﬁ)-

where e is a vector in R™ whose j-th component is Kronecker’s delta Oij-
The Legendre transform ¢’ of ¢ is given by

1
= 3 log det p(w) — g

Proposition 6.2. Let {p(z; p,w) | (u,w) € R™ x Q} be a family of proba-
bility distributions induced by p. Then the divergence is given by

D(p,q) = %{ “(ulp) — (@) p(w(p)) (u(p) — 1(q)) + Tr (p(w(p)p(w(q)) ™)
~ log det(p(w(p))plw(@)) ) —n}.

Proof. Using the above equations we have

n

Dip.a) = D (00) ) o 0) + D () — walp)) 52 (4) ~ (pla) — £(p))
i=1 ¢ a=1 «
= { 0()p(w(@) " 0(a) — "0p)p(w(@) " 0(a)}

—5{ "0@)p(w(a) 0(a) ~ log det p(w(q))

~0(p)p(w(p) () + logdet plw(p)) }
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{ "(1(p) = 1(0)p(w (D)) (1lp) = 1(@) + Tr (p(w(p))p(w(@) ")

—logdet(p(w(p))plw(a) ) — n}. O

1
2

Example 6.6. Let Q = S} and let p: @ — S,;, be the inclusion mapping.
The probability distributions {p(z; u,w)} induced by p is a family of an
n-dimensional normal distributions. Then we have

1
o0, w) = 5( Ow™'0 — log det w).
For 0 = [0;] € R", w = [w;;] € Q and [w¥] = [w;;]~! we put

. a(p £ i1 .. a(p .. 1 . .
i — _ i 0 (/R RN ¥ | Znind.
891 ew ’ 6 8w¢j w +27777

Then
0 ij 11‘3‘71 ij 11’3‘71
——[6 —57777} N, W= [6 —57777} :
The image of the Hessian domain (R™ x Q, D, g = Ddyp) by the gradient
mapping is a real Siegel domain (cf. Definition 10.4)

(0,6) ER" xS, | €~ 2y tn>0).
2

The Legendre transform ¢’ of ¢ is given by

1 1 n

/ _ _ - _—,t _ 7

¢'(n,§) = —5 logdet (5 57 77) 5"
Example 6.7. Let p : Rt — S,, be a mapping defined by p(w) = wil,
where I, is the unit matrix of degree n. By Proposition 6.1, the potential
function for the family of probability distributions induced by p is given by

1/1
w(0,w) = 5(; 00 — nlogw).

Put

i Op b  dp 1,00 n
00, W’ &= 8w_2(w2+w)'
Then

0= —gn(f—% tnn)il, w = g(f— % tnn)il-

This means that the image of the Hessian domain (R™ x R*, D, g = Ddyp)
by the gradient mapping is given by a domain over an elliptic paraboloid,

{6 eR xR | &~ L >0},
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The Legendre transform ¢’ of ¢ is expressed by

/ __n _1y ) Mo 2 1
¢'(n,§) = 210g(£ 5 M)+ glogs — 5
By Proposition 3.8 the Hessian sectional curvature of the dual Hessian

2
structure (D', g = D'dy’) is a constant with value —.
n

Suppose that there exist a Lie subgroup G of GL(V') acting transitively
on (2, and a matrix representation fof G satisfying

(C2) p(sw)=1f(s)p(w)if(s) forseGandwe V.

Then G acts on R" xQ by s(6,w) = (f(s)0, sw). Since p(f(s)0, sw)—¢(0,w)
is a constant, the Hessian metric ¢ = Ddyp is invariant under G.

The following theorem is due to [Rothaus (1960)].

Theorem 6.1. Let Q2 be a regular convexr cone admitting a transitive Lie
group G and let p be a mapping satisfying the conditions (C1) and (Ca).
Then

{(£,6,w) ERXR" x Q| &~ "Op(w)~'0 >0}

is a homogeneous regular convex cone. Conversely, any homogeneous reg-
ular convex cone is obtained in this way from a lower-dimensional homo-
geneous regular convex cone £ and p satisfying the conditions (C1) and

(C2).

For a classification of p for self-dual homogeneous regular convex cones
satisfying the conditions (C;) and (Cs), the interested reader may refer to
[Satake (1972)].

Example 6.8. Let M (n,R) be the set of all real matrices of degree n and
let End(M(n,R)) be the set of all endomorphisms of M(n,R). Define
p:S, — End(M(n,R)) by

plw)r =wzr+2w for weS, and x € M(n,R).

Then p(w) is symmetric with respect to an inner product (z,y) = Trtzy
and is positive definite for w € S;7. Define a matrix representation f of the
orthogonal group O(n) on the space M (n,R) by

f(s)xr = sa’s.
Then
fs)x = Tsws,  p(f(s)w) = fls)p(w) fs).



114 Geometry of Hessian Structures

Introducing A,, = {z € M(n,R) | 'z = —x}, we have
M(n,R) =S, + A,
p(w)S, CS,, plwA, CA,.

Thus p induces equivariant linear mappings p+ and p~ from S, into
End(S,) and End(A,) respectively. The Hessian structure on A, x ST
induced by p~ is deeply related to the theory of stable feedback systems
[Ohara and Amari (1994)].

Example 6.9. Let © be a homogeneous self-dual regular convex cone with
vertex 0 in a real vector space V. Since the linear automorpism group G of
Q is self-dual by Theorem 4.7, it is completely reducible and so reductive.
Thus G admits a discrete subgroup I' such that the quotient space I'\Q
is a compact flat manifold. By the study of [Satake (1972)] there exists a
linear mapping p from V into S,, satisfying the conditions (C;) and (Cs).
Let E(T'\, p) be the vector bundle over I'\§2 associated with the universal
covering m : @ — T'\Q and p. Since the Hessian structure (D, g = Ddy)
on R™ x Q is T-invariant, it induces a Hessian structure on E(I'\(, p).



Chapter 7

Cohomology on flat manifolds

In this chapter we study cohomology on flat manifolds. Using a flat connec-
tion we define a certain cohomology similar to the Dolbeault cohomology.
The cohomology theory plays an important role in the study of flat mani-
folds. In section 7.1 we prove fundamental identities of the exterior product
operator, the interior product operator and the star operator on the space
AP+ consisting of all (p, g)-forms. Using a flat connection, in section 7.2
we construct a cochain complex {>_  AP9, 0} similar to the Dolbeault com-
plex. We define a Laplacian with respect to the coboundary operator 0,
and prove a duality theorem which corresponds to Kodaira-Serre’s duality
theorem. In section 7.3 we generalize Koszul’s vanishing theorem, and also
demonstrate as an application that an affine Hopf manifold does not ad-
mit any Hessian metric. We proceed to prove in section 7.4 a vanishing
theorem similar to Kodaira-Nakano’s vanishing theorem. In section 7.5,
taking an appropriate flat line bundle L over a Hessian manifold, we obtain
basic identities on the space of L-valued (p, ¢)-forms, which are similar to
the Kéahlerian identities. In section 7.6 we define affine Chern classes for
a flat vector bundle over a flat manifold. The first affine Chern class for a
Hessian manifold is represented by the second Koszul form.

7.1 (p,q)-forms on flat manifolds

Throughout sections 7.1-7.5 we will always assume that a flat manifold
(M, D) is compact and oriented. Let T* be the cotangent bundle over M.

We denote by (/}i T*)@(?\ T*) the tensor product of vector bundles A T

and A T*, and by AP-? the space of all smooth sections of (71 T*)®(/q\ ).
An element in AP is called a (p, ¢)-form. Using an affine coordinate system

115
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a (p,q)-form w is expressed by
w= Zwil---iphmiq (dz A -+ A da'®)@(dait A - A dale)
= Zwlp’jqda:IP@dxj‘?,
where
Wi Jy = Wiyeipfie g daxle = da A - A date, dz’s = dzi A A dade.

Let § be the set of all smooth functions on M and let X be the set of all
smooth vector fields on M. A (p, ¢)-form w is identified with a F-multilinear
mapping

p terms q terms

Wi XX XXEXXX-- XX —3F,

such that w(Xq,---,Xp;Y1,---,Y,) is skew symmetric with respect to
{X1,---,Xp} and {Y3,---,Y,} respectively.

Definition 7.1. For w € AP? and ny € A™*® we define the exterior product
wAn € APTHITS By

(W/\T])(Xla' o 7XP+T;1/17" : 7Y7q+s)

1

= plrlgls! Y coerw(Xoqy, s Xow)i Yrays s Yoig)

Xn(Xo(p+1)7 T 7X<7(p+r); Yf(q+1)a t 7Y‘r(q+s))a

where ¢ (resp. 7) is a permutation on p 4+ r (resp. ¢ + s) letters, and ¢,
(resp. €.) is the sign of o (resp. 7).

For w = Zwlp’jqulp ®@dz’s and 1 = ZnKT’EdeKT‘@)d;EES we have

wAn =Y wy 5, i, (da" AdeE)@(de?n A date),

where the symbols A of the right-hand side represent the ordinary exterior
product.

Definition 7.2. For w € A™*® we define an exterior product operator by

e(w) :w e AP —s w Ap € APTITS,

Definition 7.3. For X& X we define interior product operators by
i(X): AP — AP (X w=w(X, ),
i(X) AP — AP {(X)w = w(- 5 X, ).
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As for the case of the ordinary interior product operator, it is straightfor-
ward to see that

(X)wAn+ (—1)Pw A i(X)n,

=1
i =i(X)wAn+ (-D)wAi(X)n, for we A9 (7.1)

We select a Riemannian metric g on M. The volume element v deter-
mined by g is expressed by
v = (det[gij])%dxl A--o Nda™.
We identify v with v®1 € A™Y and set v = 1Qv € A",
Definition 7.4. We define the star operator x : AP? — A""P"~4 by

(*w)(le T 7Xn7p; Yl; ce 7Yn7q)U AV
—wAIXD)GA - A Xn_p)g Ni(YD)gA - Ni(Yn_g)g.

Then

*(vAT) =1, *1=0vAD, (7.2)
(*w)(Xla to 7X’I’L7p;Y17 T 7Y’I’L7q)
=x(wAUXD)GA - ANi(Xnp)g Ni(Y1)g A Ni(Ya—g)g),

for w € AP9.

Lemma 7.1. The following identities hold on the space AP1.

(1) i(X)x = (1P xe(i(X)g),  i(X)x=(=1)*e(i(X)g).
' (X)g)x,  *i(X) = (=1)7"e(i(X)g)x.

Proof. From equation (7.3) we obtain

(((X) *w) (X1, Xpp—15 Y1, -+, Yig)
= (*w)()gxl, - ,Xn—p—l;Y1, . ’yn_q)
:*(wAi(X)gM(Xl)gA---M(Xn_,,_l)gm(yl)gA---M(Yn_q)g)
= (=17 % (G(X)ghw AI(X1)g A+ A i(Xnop-1)g A i(Vi)g
Ao A i(Yn_q)g)

= (=17 ¥ (X)) ) (X1, + s Xyt Vi Yoy,
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(*i(X)w)(Xh te 7Xn—p+1; Yl; e ;}/n—q)
*(z’(X)w ANAXD)GA - ANi(Xnopi1)g Ai(YI)g A~ A i(Yn_q)g)

- *{ nijl(—l)p“w ANi(XD)gA - AKX A N i(Xn—pi1)g
) Ni(YD) A+ A i(Yag)g |
= (—1>Pn§1(—1>f(z‘<x>g) (X3)# (0 AT(X1)g A A E(Ki)g A
: Ni(Xn-pr2)g Ai(Y2)g Ao Ni(Yag)g)
= (—1)1’"5(—1)1‘(@@)9) (X2)

X(*w)(Xla o 7Xia o aXTL—p-i-l;)/lv o 7Yn—q)
= (_1)P+1 (;(X)g A *(U) (X17 e 7Xn7p+1; Yla e 7Yn7q)a
where the symbol ~ indicates that this term is omitted. O
Lemma 7.2. For w € AP? we have
*x W = (_1)(p+q)(n+1)w.
Proof. By (7.2), (7.3) and Lemma 7.1 we obtain
(**(U)(Xl," : 7Xp;Y17" : 7}/:1)

*(*w ANIXD)gA - Ni(Xp) Ai(Y1)g A M(i@)g)

_ (—n)ramTy (*g(yq) )i, - -i(Xl)w)

= (—1)PFDOHED (X XY, YY), -

Let {E1,---,E,} be an orthonormal frame field with respect to the
Riemannian metric g; g(E;, E;) = §;5. Considering ¢ as an element in A!
we set

¢/ =i(E;)g € AMO, 07 =i(E;)g € A%
It follows from Lemma 7.1 that the following identities hold on AP:9,
i(B) = (1P (@), () = (~1)T (@),
e(0;) = (—=1)P x 1 i(E;)x, e(0;) = (1) 1i(E;) . (7.4)
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For simplicity we use the following notation,

I:(ih...,ip)’ i1<"'<ip,
I”*p = (ierlv T 7in)7 ip+1 << in,
where (Ip,I,—p) = (i1, - ,ip,ipt1, - - ,in) is & permutation of (1,--- ,n).

Using the orthonormal frame w € AP'? is expressed as
W= Y Wiy g g0 A NOT AT A NG

= Z w]quGIp N 9‘]‘7,
IP?‘]LI
where I, = (i1, ,ip), Jg= (1, " ,jq) and 0fr = g1 A~ A Qi §T0 =
@it A ... A GIa.
We then have

*W = Z WIp7Jq€([p7[n7p)€(L]q,Jniq)aln_p A @I, (7.5)
Ip,Jy
For w = Z WIP’JQHIP A 674 and n = Z mp,Jq0IP A 6071 e AP we put
Ip,J, Ip,Jg

<w7 77> = Z Wiy, Jq My, Jg s
IP Jq
and define an inner product (w,n) on AP? by

(w, n) = / (w, nv.
M
From equation (7.5) we obtain the following lemma.

Lemma 7.3. For w and n € AP? we have
WA*n=nA*w = (w, N)vAT.
Let K and K* be line bundles over M defined by
K=AT* K*=AT,
where T' (resp. T*) is the tangent (resp. cotangent) bundle over M. We

denote by AP-2(K*) the space of all smooth sections of (/}i T*)®(;1\ T*)QK™,
and define isomorphisms x : A?? — APY(K*) and C : AP"(K*) — AP
by

K(w) =w v, C((n®v) @ v*) =1,

where v* is the dual section of v,
9 a a2
Ox! oz )

v* = (det[gy;])~
Definition 7.5. We denote by * the composition of the mappings x and *

F= kot APy AP (CR),

Nl=
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Lemma 7.4. We have

(%nr1LCWAM»

Proof. By Lemma 7.3 we obtain
ClwAxn) =ClwA (xnev*)) =C((wA*n) @v")
= C((w, nv®v ® v") = (w,n)v. 0
Lemma 7.5. Let p € A%, The adjoint operator i(p) of e(p) is given by
i(p) = (—1)PT %" Le(p)x on APY,

Proof. It follows from Lemmata 7.2 and 7.3 that

wAxe(p)n = e(p)n Axw = (=1)PTIp A%+~ 1

e(p) xw. ]
We denote by II, ; the projection from Z A" to AP9, and define an

.8

1= Z(n —p—Il, ,.
P.q

operator

Proposition 7.1. The following equations hold.

(1) e(g) =) e(67)e(d).

(2) ilg) = 32 UEI(E))
(3) [Le(g)] = —2e(g), [Li(g)] = 2i(g),  [i(g),e(g)] =1L

Proof.  Assertion (1) follows from g = }_, 67 A 67. By Lemma 7.5 and
(7.4) we obtain

i(g) = (=1)PTx"te(g) %
= Z{(—l)pﬂ K e(07 ) H(=1) T+ e(67)x)
= Zi(EJ)E(Ej)-
Since Y_; e(07)i(E;) = p and Y e(67)i(E;) = q on AP, we have
i(g)eg) =Y i(B;)e(0")i(E;)e(8")
Jik
=D {0} — e(6")i(E)) Hay — e()i(E;)}

jk

=n—p—q+e(g)i(g).
This implies [i(g), e(g)] = II. O
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7.2 Laplacians on flat manifolds

In this section we construct a certain cochain complex on a flat manifold
(M, D) analogous to the Dolbeault complex on a complex manifold, and
prove a duality theorem similar to the Kodaira-Serre’s duality theorem on
a complex manifold. We first define two coboundary operators d and 9 by
using the flat connection.

Definition 7.6. We define 9 : AP —s APT19 and 9 : AP7 — AP9TL by
0= Z e(d(ﬁi)Da/awi, 5 = Z e(dj’El)Da/awi,

where dzt is identified with dz‘®1 € AV, and dz’ = 1®dzt € A%1.

Then it is easy to see that
20=0, 09=0.
Thus the pairs { >, AP, 9} and { Do AP, d} are cochain complexes with
coboundary operators 0 and 0 respectively. These complexes correspond to
the Dolbeault complex on a complex manifold [Kobayashi (1987)][Kodaira
(1986)][Morrow and Kodaira (1971)] [Wells (1979)].
Let F be a flat vector bundle over M and let AP9(F') be the space of

all smooth sections of (X T*)@(;}\ T*) ® F. We extend the coboundary
operators 0 and 0 to the space AP9(F) as follows. Since the vector bundle
F is flat, we choose local frame fields such that the transition functions
are constants. Let s = {s1,---,s,} be such a local frame field of F'. For
Y, wi®s; € APY(F) where w' € AP we define 9 and 0 by

) w@si) =) (0w') @s; € APTHI(F),

2

I w@si) =Y (w')®s; € APIT(F).
Then the pairs { Y. AP(F),d} and { Y AP9(F),d} are cochain com-

plexes.

Definition 7.7. Let F* be the dual bundle of F'. For a local frame field
{s1,-++, 8.} as above we denote by {s*!,--- s*"} the dual frame field of
{s1,-+,8r}. Choosing a fiber metric a on F, we define an isomorphism
*p : APY(F) — AP 9(F* @ K*) by

;F(Zwi ® Si) = Z{(G*%a”)(,@j) ®s*i} ® (% Ao A %)
where a; = a(si, s;) agzi G = det|g;;].
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Forw=)> w'®s; € API(F)andn=>3,1m ® s* € A™(K* @ F*) we set
WA= Zwi/\ni c .AerT’qus(K*),

Definition 7.8. We define an inner product on AP?(F") by
(. 0) = [ Clonen)
M

Proposition 7.2. Let §p and §p be the adjoint operators of 0 and O with
respect to the above inner product respectively. On the space AP1(F) we
have

op = (—1)P %' 0 *r, op = (—1)9 55" 0 *p.

Proof. Since C9 = dC on AP"(K™*), we have for w € AP(F) and n €
APLA(F)

(6rw, n):/Mc(ZaniA(;Fw)i)
:/Mdc(;niA(;Fw)i) +(_1)p/Mc(nA;F;;1a;Fw)

= ((=1)P*p' Oxpw, n). O
Definition 7.9. We define the Laplacians [ and O with respect to 0
and O by

p=00p +0p0, |jF=(§SF+SF(§.
For a trivial line bundle the Laplacians will be denoted by O and 0.
Let us choose a fiber metric b on F* ® K* by
b(s*z ® ’U*,S*j ® U*) _ aij
where a* is the (i, j)-component of the inverse matrix of [a;;]. Identifying
(F*® K*)* @ K* with F and using the fiber metric b we obtain

;F*®K*{Zni® (S*i® (%/\/\%))}
_Z(Z det[gr])2a" x1; ) ® si,

and so
;F*®K* ;F = (_1)(p+q)(n+l) on Ap7q(F),

;F;F*(@K* = (_1)(p+Q)(n+1) on A;mq(F* ® K*)
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Theorem 7.1.
(1) DF*@K* *p = *p Up.
Proof. By Proposition 7.2 we have
8;}7 = (—l)p;F 0F on Ap’q(F).
Again by Proposition 7.2, we obtain
Sprgice xp = (—1)" P Rpl g o 0% prgice X
= (=1)P" %0 on API(F).
Hence it follows that
Op-ek+ *r = (00p-gK+ + 6p-gi~0) *F
= (_1)p+1 8;F 3 + (_].)p (5F*®K* ;F 5F
=%p0p O+ *p0dp
=*pUp.
Assertion (2) is a consequence of substituting F* ® K* for F in (1). O
Definition 7.10. A form w € A(F)P? is said to be Op-harmonic if
Dpw = O
We denote by Hf? the set of all Op-harmonic forms in A(F)P4.

By Theorem 7.1 we obtain the following duality theorem. This is similar
to the Kodaira-Serre’s duality theorem for a complex manifold [Kobayashi
(1997, 1998)][Morrow and Kodaira (1971)][Wells (1979)].

Theorem 7.2 (Duality Theorem). The mapping *xp induces an isomor-
phism from HY! to H&;f;;q.

Let us denote by HY?(F) the p-th cohomology group of the cochain
complex { Z AP9(F),0}. A form w € AP? is called D-parallel if Dw = 0.
P

Let PL(F) be a sheaf of germs of F-valued D-parallel g-forms, and let
HP?(P%,(F)) be the p-th cohomology group with coefficients in P, (F).

Theorem 7.3. We have the following canonical isomorphisms.

HE? = HYU(F) = HP(Ph(F)).



124 Geometry of Hessian Structures

Proof. It follows from harmonic theory [Kobayashi (1997, 1998)][Kodaira
(1986)] that

HEY = HYI(F).

Let AP9(F') be a sheaf of germs of smooth sections of (/}i T)YQ(ANT*)QF.
Then

0 — PY(F) — A%(F) L Ab(F) -L A29(F) -2

is a fine resolution of PY(F) [Kobayashi (1997, 1998)][Kodaira (1986)].
Hence

HZ(F) = HP(PL,(F)).

7.3 Koszul’s vanishing theorem

J.L. Koszul proved a vanishing theorem for a hyperbolic flat manifold,
and applied the result to study deformations of hyperbolic flat connec-
tions [Koszul (1968a)][Koszul (1968b)]. In this section we state Koszul’s
vanishing theorem in a generalized form and prove, as an application, that
an affine Hopf manifold cannot admit any Hessian metric.

Theorem 7.4. Let (M, D) be a compact flat manifold and let F' be a flat
vector bundle over M. Suppose that M admits a Riemannian metric g, a
Killing vector field H and a fiber metric a on F satisfying the following
conditions.

(1) DxH=X for X €XD
(2) Choosing frame fields on F' whose transition functions are all constants,
there exists a constant ¢ # 0 such that

Haf(si, sj) = ca(si, sj),
for each such frame field {s1, - , s, }.
Then we have
HYO(F) = {0} for p>1.
Proof. We denote by L Lie differentiation with respect to H. We claim

Lo = Dygo+po for o€ APC. (7.6)



Cohomology on flat manifolds 125

Since [H, X;] = Dy X; — Dx,H = Dy X; — X;, we obtain
(‘CHU)(le"' 7XP)
= H(o(Xy,--- 7Xp))_ZG(X17"' JH, X, X))

= H(o(Xy,--- 7Xp))_zg(_)(lj... DX, Xp) +po(X1,--, X))

— (DHG)(Xla 7Xp)+pU(X17"' 7Xp)'
Let w= Y w's; and n = >, n's; € AP°(F). Then

w.n) = [ cwnzen) = [ G

where v is the volume element of g, and (w, 7) =}, ; g(wi,n?)a(s;, s;). It
follows from the above condition (2), (7.6) and Lz g = 0 that

LH<wv 77>
= S (Eagle P alsisss) + X gl ) Enalsis)

= Z{Q(CHwi, )+ gw', Lan?)ya(si, s;) + CZ g(w',1")a(si, s;)
— (Dyw, m) + . Dan) + 2+, m).

By Stokes’ theorem and Lgv = 0 we have

/MwH«u, ) = /M Car((w, n)v)
- / (di(H) + i(H)d)(w, 7)v)
M
- / di(H)((w, n)v) = 0.
M

With these expressions we obtain

(Duw, n) + (w, Dan) + (2p +¢)(w, 1) = 0. (7.7)
Since 9i(H) +i(H)0 = Ly on AP it follows from (7.6) that
(0i(H)+i(H)0)w = Dgw + pw, (7.8)

SO
Oi(H)0w = 9(0i(H) +i(H)0)w = 0D gw + pow,
Qi(H)Ow = (9i(H) + i(H)9)0w = Dy dw + (p + 1)0w.
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Hence
(0D — Dp0)w = Ow. (7.9)
Note that w is Op-harmonic if and only if
Ow=0, dpw=0.
Let w € HI%’S. By (7.9) we have
ODgw = (Dyd + d)w = 0.
It follows from equations (7.7) and (7.9) that, for n € AP~1O0(F),
(0pDgw, 1) = (Dgw, In)
= —(w, Dudn) = (2p +c)(w, on)
= —(w, ODun) + (v, 9n) — (2p +¢)(w, In)
= (6w, =Dpn—(2p+c—1)n) =0,
and so
orDgw = 0.
Hence
Dpw € HE.
Since 0i(H)w = (0i(H) +i(H)0)w = Dgw + pw by equation (7.8), we have
0i(H)w € HE?.
This implies
(0i(H)w, 0i(H)w) = (0p0i(H)w, i(H)w) = 0.
Therefore
Dyw = —pw. (7.10)
If we put 7 = w, from equation (7.10) the equality (7.7) may be reduced to
c(w, w) =0.
Hence w = 0 and
HE® = {0}.
This result, together with Theorem 7.3, implies
Hy"(F) = {0}.
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Remark 7.1. A vector field H on a flat manifold (M, D) is called a radiant
vector fiels if it satisfies the condition (1) of Theorem 7.4. A flat manifold
admitting such an H is said to be radiant [Fried, Goldman and Hirsch
(1981)].

Suppose we have a Riemannian metric g and a vector field H satisfying
condition (1) of Theorem 7.4. Then

Hij = Hg(ail aij)

=o([ 5] 525) + 9 [ 5])
0 g 0 0 0 0
=9(Pngr — 50 50) T 9(55 P ~ 5
= —2gy.
Hence

Hgi; = —2gi, Hg"7 =2g". (7.11)

Let T = (é T)® (é) T*) be a tensor bundle over M of contravariant degree
r and covariant degree s. Then T7, is a flat vector bundle and admits a fiber
metric induced by g,

Jid li-ls ) Jily Jsls
g(shide sl Y = giky o Gik, g g0,

Ji-- Js 8

P . ,
where {sl =—®  Q—0d"® - ® dx]S} is a local frame
1 i 6:5“

field of T7. It follows from relations (7.11) that
Ho(s3 s ) = 25 — (sl s ).
Corollary 7.1. Let (M, D) be a compact flat manifold admitting a Rieman-

nian metric g and a vector field H satisfying the condition (1) of Theorem
7.4. Then we have

Hg’O(TZ) ={0} forr#sandp>1.

Let Q be a regular convex cone in R” with vertex 0 and let (D, j) be
the canonical Hessian structure on 2. A 1-parameter transformation group
x — etz of  induces a vector field H ;

Z 8331 ’

where {Z!,--- 2"} is an affine local coordinate system on €. Hence

Do H = X.
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Since the l-parameter transformation group leaves § invariant, H is a
Killing vector field with respect to g. Suppose further that 2 admits a
discrete subgroup I' of the linear automorphism group of €2 acting properly
discontinuously and freely on 2, and that the quotient space T'\2 is com-
pact. Then D induces a flat connection D on I'\Q. Because H is invariant
by the linear automorphism group of €2, there exists a vector field H on
'\ such that
Hy ) = ma(Hz),

where 7 is the projection from  onto T'\{. Since g is [-invariant, there
exists a Riemannian metric g on T'\Q such that

*

g=T7"g.
Then H is a Killing vector field with respect to g and satisfies

DxH =X.

Corollary 7.2. Let Q be a regular conver cone in R™ with vertex 0. Sup-
pose that Q admits a discrete subgroup I' of the linear automorphism group
of Q acting properly discontinuously and freely on €, and that the quotient
space T\ is compact. For a tensor bundle T% on T\, we have

Hg’O(TZ) ={0} forr#sandp>1.

We set R™ = R™—{0}. Let I'* be the group generated by R™* 3> = —
2z € R™. Then I'* acts on R™ properly discontinuously and freely, and
the quotient space I'*\R™* is a compact flat manifold and is called an affine

~ .0
Hopf manifold. Let H = Zjla—~ Then, as above, a flat connection
- x!

D and a vector field H on I'*\R™ are induced by the flat connection D
and the vector field H on R"”, and satisfy

DxH =X.

Let ¢* be a Riemannian metric on R™ defined by
1 .
g = SN~ (72 (di')?.
25 (@) Z

Then

Lig" =0.
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In fact, putting f* = ﬁ, it follows from H f* 4+ 2f* = 0 that
(@
o/ 0 0
(Lag )(agﬁi’@)

=15 () = ([ 3 ) = (g [ 5]

= Hg}; +2g;; = (Hf* +2f%)0;; = 0.

This implies, in particular, that ¢* is I'*-invariant. Hence I'*\R"™* admits
a Riemannian metric g such that the pullback on R™* of g coincides with
g* and the vector field H is a Killing vector field with respect to g. Hence
we have the following corollary.

Corollary 7.3. Let T7, be a tensor bundle over an affine Hopf manifold.
Then we have

HYO(T?) = {0} forr+#sandp>1.
Corollary 7.4. An affine Hopf manifold cannot admit any Hessian metric.

Proof. Suppose that an affine Hopf manifold I'*\R"™* admits a Hessian
metric g. Considering g as an element in A“°(T;) = Ab!) we know
dg = 0 by Lemma 7.6. Since Hé’O(Tl) = {0} by Corollary 7.3, there
exists w = Zw;dwg € A%(T;) = A%! such that ¢ = dw. Then w is a
closed 1-form because g is a covariant symmetric tensor of degree 2. The
relation ¢ = Jw is equivalent to ¢ = Dw. Hence, by Corollary 8.3 and
Theorem 8.3, the universal covering manifold is a regular convex cone. On
the other hand, R™ contains straight lines and is not a convex set. This

is a contradiction.
O

Corollary 7.4 also follows immediately from Theorem 8.2.

7.4 Laplacians on Hessian manifolds

In this section we consider the Laplacian determined by a Hessian structure,
and prove a certain vanishing theorem for a Hessian manifold similar to that
of Kodaira-Nakano’s theorem for a Kéhlerian manifold.

Let (M, D) be a flat manifold and let T and T be tensor bundles over M.
We denote by T'(T)CI'(T) and I'(T®T) the spaces of all smooth sections
of TCT and T®T respectively. Let g be a Riemannian metric on M and
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let V be the Levi-Civita connection for g. Using D and V, we define two
connections on T®T.

Definition 7.11. We define two connections ® and ® on T®T by

Dxo = (27X®j+ Dx)O',

Dxo = (I®2yx + Dx)o for o € T(T®T),
where I and I are the identity mappings on I'(T) and I'(T) respectively,
and X = VX — Dx.

Lemma 7.6. Let us consider g as an element in A% = T(T*®T*). Then
the following conditions are equivalent.

(1) g is a Hessian metric.
(2) 99 =0 (9g =0).
(3) ng =0 ( ng = 0).

The Hessian structure (D, g) is of Koszul type (cf. Definition 2.2) if and
only if g is exact with respect to 0.

Proof. The equivalence of (1)-(3) follows from Proposition 2.1 and the
following equalities

dg;

% = 8(; gida' ©da’) = kzu e(da®) 695’: dr'@dx?
= (X (5 - T )@t nash) o
Jjo k<i

®xg)(YV;2) = Xg(Y;Z) —g(2vxY + DxY;Z) — g(Y; Dx 2)
=9(VxY;2)+9(Y;VxZ) - g2vxY + DxY;Z) — g(Y; Dx Z)

=—9(«xY;2)+ 9(Y;yx Z). 0

Henceforth in this section we assume that g is a Hessian metric.
Proposition 7.3. For the connections ® and ® we have
1 _
(1) Vx = 5(@){ —l—@x).
(2) The curvature tensors Rp of ® and Rg of ® vanish,

R@(X, Y) = @X@Y — DY@X - D[X,Y] = 07
R@(X, Y) = 35)(353/ - Bjyst - @[X,Y] =0.
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(3) Let v be the volume element of g. We identify v with v®1 € A™° and
set v = 1®v € A%". Then v Av = v®@v € A™", and

Dx(vAD) =0, Dx(vAD)=0.
Proof. By the definition of ® and ©, and by Theorem 2.2, we have
Dx (fuew) = f{(Dxu)®@w +uk(Dxw)} + (X flukw, (7.12)
Dx (fuew) = fF{(Dxu)@w + u@(Dyw)} + (X fucw,

for u € T'(T) and w € I'(T) and a function f on M. This proves assertion
(1). Using this assertion, together with the fact that the curvature tensors
Rp of D and Rp: of D’ vanish, we obtain

Ro (X, Y)(fuew) = f(Rp/(X,Y)u)@w + fu®(Rp(X,Y)w) =0
Ry (X,Y)(fuew) = f(Rp(X,Y)u)@w + fu®(Rp/(X,Y)w) = 0.
By the definition of o we have
Dx(vAD) = (27x®j+ Dx)(v®w)
= (2yx0)®v + (Dxv)®@v + v@Dxv
= (—2a(X)v)®v + (X )v@v + v@a(X)v = 0.
We note here that for w € AP7 = I‘((ﬁ T") ® (/q\ T*)) we have

(DXW)(YD"' 7Yp;Zla"' an) (713)
:Xw(yla 7Yp;Z17"' 7Zq)

_Zw(yh...7D/Xyi’...7yp;le...7zq)
i=1

M-

w(}/l; 71/;0;21;"' 7DXZj7"an)7
1

(ﬁxw)(ylv"' 7Yp;Zla"' an) (714)
:Xw()/l’ ;Yp;Zla"' ;Zq)

<.
Il

p
—Zw(Yh"',DXK',"',Y};;Zl,“',Zq)

q
—Z“’(Yh"' Yo Zv, oo D Zjy o Zy).
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Lemma 7.7. Considering g as an element in A" we obtain

(1) Dxi(Y)g=1i(DxY)g, Dxi(Y)g
(2) Dxi(Y)g =i(DxY)g, Dxi(Y)yg

(DxY)g.
(D Y)g.

=i
=i
Proof. We have

(Dxi(Y)g)(Z) = X ((i(Y)g)(2)) — (i(Y)g)(Dx Z)
=Xg(Y:2) - g(Y;DxZ) = g(DyY; Z)
= (i(DxY)g)(Z).
The same approach also proves the other equalities. O

Let us express the coboundary operators and the dual operators using
D and . Let {Ey,---, E,} be an orthonormal frame field with respect to
g, and set ¢/ = i(E;)g € AM? and 07 =i(E;)g € A%L.

Proposition 7.4. The coboundary operators O and O are expressed by

8:Ze(9j)®Ej, 5=Z€(éj)©Ej.

Proof. For a p-form w we have
ZW ANDpw = Zd;vj A Dgjogiw = dw = ZW ANVEg,w,
and so
ZW ANDpw = Z@j A Digw.

Put dp = 3, ¢(07)Dg;. Let f be a function and let u and w be be a p-form
and a g-form respectively. With expressions (7.12) we obtain

Do (fucw) =Y e(0))Dg, (fuow)
=Y e(0)(Dpu)ew+ [ e(t?)(u@Dg,w) + Y e(67)(E; f)(ucw)
= O e(@)Dpw)@w+ [ e(0?)(u@Dp;w) + > e(0?)(E; f)(uew)
= e(@){(fDgu)@w + fu®Dp,w + (E; fluew}

= e(6?) D, (fuvw) = > e(da?) Dy, g, (fudw)
= 0(fuw).

Thus the first assertion is proved. The second assertion may be proved by
using the same method. O
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Proposition 7.5. We have
:Dx* = *@)(.
Proof. Let w € AP9. By equation (7.3) and Lemma 7.7 we have

Dx(WAUX)GA - ANi(Xn—p)g Ni(Y1)g A+ Ai(Yn—q)9)
=DxwAI(X)GA - ANi(Xn—p)g Ni(Y1)g A Ni(Y—g)g

+ZwA% (X)gA - ANi(DYX)g A Ni(Xn_p)g ANi(Y1)g A---

+Zw/\z (X1)g ANi(Xp_p)g Ni(Y1)g A - ANi(DxYi)g A

= (*’wa)(Xl,--- X Vi, Yo JUAT
+Z(*w)(X17"' 7DfXXj7"' 7Xn—p;Yla"' 7Yn—q)v/\5

+Z*w Xla o n ;Dayla"'7DXYk7"'7Yn—q)U/\17~
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A i(Yn—q)g

A Z.(Yn—q)g

Using the fact Dx = Dx on A™", Lemma 7.6 (3), and equations (7.3),

(7.13), we obtain

Dx(wAUX1)gA - /\E(anp)g Ni(YD)g A - Ni(Yng)g)
=Dx(wAi(
=D x{(xw)(X1, - s Xn—p; Y1, -+, Y_g)v AT}
= Dx{(xw) (X, -, X Y1, Yo g) U A D
=@Ox *w)( X1, -, Xn_p; Y1, , Yo gJUATD

) W)Xy, D Xy, Xnpi Vi, Yo gJu A D

S ) (X1se - Ky Visee o, Dx Ve o Yo Ju A D,

The above equations imply *® xw = D x * w.
Proposition 7.6. The dual operator § of O is expressed by

6= — ZZ(EJ)@EJ + i(Xa)a

J

X1)g Ao A g(Xn—p)g Ni(Y1)g A= A i(Yn—q)g)

where X, is a vector field determined by o(Y) = g(Xa,Y) for the first

Koszul form a.
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Proof. Let w € AP9. Tt follows from (7.4) and Propositions 7.2, 7.4 and
7.5 that

dw = (—1)PF 1 0%w, = (—1)P 71 \/@8(\/—% *w)

= (=1)Px! {6*w + \/53(%) /\*w}

p{Z*_l (0)Dp, xw —*~ aA*w}

J

p{Z* e(0?) *Dp,w —*~ 1e(a)*w}

J

= { - 2 iE)De, +iXa) o

O
Corollary 7.5. The following relations hold.
(1) 69 = 1®a.
(2) Og = 5.
Proof. It follows from Proposition 7.6 and Lemma 7.6 that
0g=1i(Xa)g =9(Xa; ) = 1Qa.

Hence

Og = (06 +60)g = 00g = 0(1®a) = . -

Lemma 7.8. We have
Se(g) +e(g9)d = —0 + e(1®a).
Proof. By Propositions 7.4 and 7.6 we have
de(g) = —Z i(Ej)Dp,e(g) +i(Xa)e(g)
=— Z (9)DE, +e(10a) — e(g)i(Xa)
—_ Z )+ e(0)DE, + e(10a) — e(g)i(Xa)

=— ( )0 — 0+ e(1®a).
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Let F' be a flat line bundle over M with a fiber metric a. Choosing
frame fields of F' such that the transition functions are constant, we define
a closed 1-form A and a symmetric bilinear form B by

A= —dloga(s,s),
B = —Ddlogaf(s,s),
where s is such a frame of F'. The forms A and B are called the first

Koszul form and the second Koszul form with respect to the fiber
metric a, respectively.
n

Let K =/ T* be the canonical line bundle over M. For an affine
coordinate system {z, -, 2%} on M we set
sy =dxy A Adzl.
Then

Sy = JA#S)\,

n
where Jy, are non-zero constants. Thus K =A T* is a flat line bundle.
Suppose that M admits a Hessian structure (D, g). Expressing the volume
element v of g by v = vys), we have
1
—g(v,v).
vig( )
Since g(v,v) is a positive constant, the Koszul forms with respect to the
fiber metric g on K are given by

A= 2a, B =20.

g(S)\, SA) =

Definition 7.12. A flat line bundle F is said to be positive (resp. negative)
if it admits a fiber metric such that the corresponding second Koszul form
B is positive definite (resp. negative definite).

Lemma 7.9. The adjoint operator dp of O is expressed as

where X 4 is a vector field given by A(Y) = g(X4,Y).

Proof. 1t follows from Propostion 7.2 and relations (7.4) that on the
space AP9(F') we have

(— )P*F a*F (=1)Pa" 157 10(a%)
(—1)P «"Le(—A) x +(—=1)P% 9%
= Z(XA) + 4. 0



136 Geometry of Hessian Structures

Proposition 7.7. We have
(1) [Br,e(g)] =e(B+0).
(2) [Br,i(g)] = —i(B+3).
Proof. It follows from Lemmata 7.8 and 7.9 that
Ore(g) = 0(0 +i(Xa))e(g) + (0 +i(Xa))de(g)
= 0de(g) — de(9)0 + di(Xa)e(g) +i(Xa)0e(g)
= 0(—e(9)d — 0+ e(1®a)) + (e(9)d + 0 — e(1®a))d
+0i(Xa)e(g) +i(Xa)de(g)
=¢(9)(0d + 60) — 00 + 00 + de(1®ar) — e(1®a)0
+0i(Xa)e(g) —i(Xa)e(g)0.
Using the following relations,
90 — 00 =0, de(1ea) — e(1oa)d = e(B),
di(Xa)e(g) —i(Xa)e(g)o
= 0(e(104) — e(g)i(Xa)) — (e(10A) — e(g)i(Xa))0
= e(B) + ¢(9)(0i(Xa) +i(X4)0),
we obtain
Orpe(g) = e(g)0r + e(B + ).
Assertion (2) follows from (1) by taking the adjoint operators.

Proposition 7.8. For w € HY! we have

(1) (e(B+ Bli(g)w,w) < 0.

(2) (i(g)e(B + Blw,w) = 0.

3) ([i(9), e(B + B)lw,w) = 0.
Proof. By Proposition 7.7 we have

Ore(g)w =e(B+ B)w, Opi(g)w=—i(B+ B)w,

hence
0 < (Bre(g)w, e(g)w) = (e(B + Blw, e(g)w)
= (i(g9)e(B + Pw,w),
0<( ) = (=i(B + B)w,i(g)w)

Assertion (3) follows from assertions (1) and (2).
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The vanishing theorem due to Kodaira-Nakano plays an important role
in the theory of complex manifolds. For example, it is used to prove
that a Hodge manifold is algebraic [Kobayashi (1987)][Morrow and Ko-
daira (1971)][Wells (1979)]. The following is a vanishing theorem for a flat
manifold similar to that of Kodaira-Nakano.

Theorem 7.5 (Vanishing Theorem). Let (M, D) be an oriented com-

pact flat manifold and let K =A T* be the canonical line bundle over M.
For a line bundle F' over M we have

(1) If the line bundle 2F + K is positive, then HE? =0 for p+q > n.
(2) If the line bundle 2F + K is negative, then Hfy! =0 for p+q < n.

Proof. Suppose that 2F + K is negative. Then 2F + K admits a fiber
metric a such that the corresponding second Koszul form B is negative
definite. Put g = —B. Then (D, g) is a Hessian structure. Denoting by
0 the second Koszul form of (D, g), we can choose a fiber metric @ on F
satisfying 2(B+ ) = B, where B is the second Koszul form for a. It follows
from Proposition 7.8 that for w € Hj5?

([i(9), e(9)lw, w) = ([ig), —2e(B + f)|w, w) <0.
Hence by Proposition 7.1 we have
(TL a2 Q)(w’ w) <0.

This shows that if n—p—g¢ > 0, then H5? = 0. Thus the proof of assertion
(2) is complete. Assertion (1) follows from (2) and Theorem 7.2. O

Expressions in affine coordinate systems

Using an affine coordinate system {z!,--- 2"} we give here local ex-
pressions of covariant differentials of ©, © and the coboundary operator
OC the dual operator ¢ and the Laplacian .

Let we An = F((ﬁ T*)®(;}\ T*)) and let the local expression be given by
w = Zwil»»»ipj’l...j’q (dgyil A A dxip)®(d‘rjl An dxj,q).
Put

i1ipd1edg

eipiidy = (D0/0arW)inipdi
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Then
Ow; . ~ -
o i-vipditfq l ) -
Okisipfiondy = gk 2D Tk Wi ripfio i
A
Ow; . ~ - .
- . — _WrWItde E L o
OpWiy iy fijy = Ok 2) i Dpda
n

Digij =0, Dpg'l =
Drgij = 0, Drg =
Qiaj = 6137 1Ozj ,@J.
Diay = B5, Diad = .
Dy, Df|w

i1 ...ipj’l...ﬁl

_2ZQ Kliy Wiz (m)x--ipf1-g 22lekju i

o Z A1 . o
(8w)i1"'ip+1j1”']q = ( ) szw“ Aiph1d1dq
A
_ STy
(6w)i1---ip_1j1“'jq - g D’rwszl ’Lp 1]1 jq + a w

From the above expressions we may further obtain

Oy iy
ST /XY s
= —9g @f@swil..@pﬁ...j} + ’Dswi

vipdi

Z:DJl (m)u“'fq :

TRERY P2

~9" D 100 Drlwiy(s)x iy sy T D B Wi (rini e
A

A
= _gSfé’Q CU' i T 7 +OzS© CU' 'Lpﬂrl ]:1

B Z 1,\w11 (5)>\ ijl Jq + 2 ZQtS MJ!L

7.5 Laplacian (g,

dpgre(B)peedg

In the theory of K&hlerian manifolds, it is essential that the K&hlerian forms
are harmonic and the exterior product operators by the Kéhlerian forms
are commutative with the Laplacians [Kobayashi (1997, 1998)][Morrow and
Kodaira (1971)][Wells (1979)]. However, for a Hessian manifold (M, D, g),
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we know by Corollary 7.5 and Proposition 7.7 that
Og =5, [0, e(9)] = e(B).

Hence the Hessian metric g is not always harmonic with respect to the
Laplacian OCand the exterior operator e(g) is not necessarily commutative
with 0. We cannot therefore expect simple identities on Hessian manifolds
in the manner of the Kahlerian identities.

Let (M, D, g) be an oriented Hessian manifold and let v be the volume
element of g. For each affine coordinate system {z%, -, 2%} we define a
positive function G by

v= (GA)%dxi Ao ANdahy.
We introduce
G\ 3
Ky, = (—) :
Ap Gp,

Then {K,,} form transition functions on the flat line bundle K =A T*.
Let L be a flat line bundle with transition functions {(K AH)*%} and a
fiber metric {(G)z}. We shall show that g is (z-harmonic and e(g) is
commutative with [y, and prove simple identities similar to the Kahlerian
identities.

Proposition 7.9. The adjoint operators of O and 0 are given by

(1) 0r = =3, i(E;))DE;-
(2) 6 = — % i(E;)D,.

Proof. By Propositions 7.2, 7.4, 7.5 and relations (7.4) we obtain
Op = (—1)PF; 0k =) (—1)P%; e(0?)x L3, ' Dp,F1L
J

=—> i(E;)Dp,.

By Proposition 7.9 and Lemma 7.6 we have the following corollary.

Corollary 7.6. The Hessian metric g is harmonic with respect to O and
O, that is,

(1) |;|Lg = 07

(2) Urg=0.
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Proposition 7.10.

(1) dre(g) +e(g)dr = —0.
(2) dre(g) +el9)dr = —0.

Proof. It follows from Lemma 7.6 and Propositions 7.4 and 7.9 that

dre(g) = =) i(Ej)Dp,elg) = - Zi(Ej)e(g)@Ej

=— Z{Z(Ej)g ADE, — g Ni(Ej)DE,}

=— Z e(0))Dg, +elg) Z i(B))DE,

J

=—0—e(g)dr.
Thus assertion (1) is proved. Assertion (2) may be proved similarly. O
Lemma 7.10.
(1) 901, = 4..0.
(2) 801, = 610.

Proof. By Proposition 7.10 we obtain
9dr, = —(Ore(g) +e(9)01)dr = —dre(9)dr
= 61(=dre(g) —e(g)dr) = d..0. 0

Theorem 7.6. We have the following identities for the Laplacians.
(1) O, =0;.
(2) Op is commutative with the following operators
*r, elg), i(g), 9, 9, oL, Or.
Proof. Let K* and L* be the dual line bundles of K and L respectively.
Identifying L* ® K* with L, by Theorem 7.1 we obtain
Opxr =+ 0.
It follows form Proposition 7.10 that
Or =001 + 6.0
= —(dre(g) +e(9)dr)dr — 6 (dre(g) + e(g)dr)
60(0pe(g) +9) + (e(9)dr + 0)dr — e(9)d.0L, — 68Le(g)
061, + 610 + (01,0 — 01.01)e(g) +e(9)(6Lér — 6L6L)

L.

Il
[l
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Again by Proposition 7.10 we have
Ore(g) = (961 +6r0)e(g) = 0(~ — e(g)dr) — dre(g)d
= —00 + e(9)01, + (e(9)dr, + 0)0 = e(g)(d61, + 61.0)
=e(g)0.
By Lemma 7.10 we obtain
DLg = (65L + 5L8)5 = 655L + 5L(§8 = 585[, + 55[,8 = 5|:|L-
The other cases are straightforward. O
By Theorem 7.2 we also have the following corollary.
Corollary 7.7 (Duality Theorem for Hessian Manifolds).
(1) The mapping %1, induces a linear isomorphism from HE? to HE P17
(2) Let h? = dim H(L). Then
B = B = P
It is known that the space of harmonic forms on a compact Kéhlerian

manifold admits the Lefschetz decomposition [Wells (1979)]. We state
here without proof that similar results hold for Hessian manifolds.

Theorem 7.7. The space H%’z is decomposed into the direct sum

= Y elo) B
S

where

H%’Lq,o ={we HE! |i(g)w = 0}.

7.6 Affine Chern classes of flat manifolds

Using an analogous method of [Bott and Chern (1965)] we define affine
Chern classes of flat vector bundles. This notion is similar to that
of Chern classes of complex manifolds [Kobayashi and Nomizu (1963,
1969)][Kobayashi (1997, 1998)][Wells (1979)].

Let F' be a flat vector bundle of rank m over a flat manifold (M, D) and
let F'* be the dual bundle of F. An element ¢ € AP4(F ® F*) is identified
with a matrix [go;] of degree m whose (7, j) component goé- is an element in
AP4. For ¢ = [p}] € APY(F @ F*) and ¢ = [¢f] € A™*(F ® F*) we define
o, 9] € APTHITE(F @ F) by

[ ] = A= (D)"Y A,
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where the (4, j) component of [¢, )] is given by
[0, )5 =D ok Al — (=1)P > "yl Ak
k i

Lemma 7.11. Let f(Xi,---,Xk) be a GL(m,R)-invariant symmetric
multilinear form on gl(m,R). Let ¢; € AP»%(F @ F*) (1 < i < k)
and ¢ € A»(F Q@ F*). Then

Z(_l)(171Jr"'Jr;Di)PJr(thJr"'Jrqri)q']l'(le7 e, [(Pia d]]’ .. aSDk) =0.

Proof. It is enough to show the equality for ¢; = w; X; and ¢ = WY
where w; € AP9% w € AP9 and X;,Y € gl(m,R). Since

[wiXi, wY] = (wi VAN w)XiY - (_1)p¢p+qiq(w AN wi)YXi
we obtain

Z(—l)(pl+m+pi)p+(ql+"'+qi)qf(w1X1, s JwiX, WY wkX)
— Z(_1)(:01+~~~+;Di):l7+(¢11+---+qz’)q

X(wi Ao A(wi Aw) A Awe) f(Xa, -+, XiY, - X))

— Z(_l)(pl+'"+Pi—l)p+(q1+'“+¢h’—l)q

X(Wl/\"'/\(W/\Wi)/\"'/\wk)f(Xl,"' JYX,, - ,Xk)

=(w/\w1/\---/\qu)Z{f(X1,---,XiY,--- ,X3)

CH(Xy, e Y X ,Xk)}
=AW A Awe) Y f(X e (XY X
=0.
Let h be a fiber metric on F. Choosing local frames of F' so that the
transition functions are constants, we define a matrix H(s) = [h(s;, s;)] for

each such frame s = {s1,---,8,,}. Then H(s)"10H(s) is an element in
ALO(F @ F*) independent of the choice of {s}, and is denoted by A;,G

A = H(s)"'0H(s).
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We define an element Bj, € A (F @ F*) by
By = 5Ah.

Lemma 7.12. We have

(1) 0AR = —Ap N Ay
(2) 0By, = —[Bh, Ah].

Proof. Since OH(s)™! = —H(s)~ ( H(s))H(s)™!, we have
OA, =0H(s)™' A 8H(s) H(s) ' (0H(s))H(s)"* ANOH(s)
= —H(s)"'0H(s) N H(s) '0H(s) = —Ap A Ap,
whereupon we may obtain
OB, = 00A, = 0(—An N Ap) = —(0AL AN Ay + Ay NOAR)
—(Br AN Ap + Ap A Br) = —[Bp, Ap). 0

Let f(Xy,- -+, Xk) be a GL(m, R)-invariant symmetric multilinear form

on gl(m,R). We define f(B,) € AF by
f(Br) = f(Bn,--, Bn).
We then have the following lemma.
Lemma 7.13. We have
df(Bn) =0,  Of(By)=0.
Proof. Denoting by X} the (i, j)-component of X € gl(m, R), we express
[ by
FXas Xp) =Y el (X5 - (Xt
Then
= 2l (B A A (B
Since OBy, = 5(8Ah) = 0 we have
0F(Br) = > L ehiify 2N (B Ao ADBT Ao A (B =0,
By Lemmata 7.11 and 7 12 we obtain
Of (Bi) =Y ' Z —1)"(Bp) A+ NO(BR) A+ A (By)

—Z Z I (BR)E A A (= [Bh, AnlT) A A (Ba)

:_Z Bh7 a[Bh;Ah]a"'vBh)
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Let {h:} be a family of fiber metrics on F parametrized by t. For the
sake of clarity we set

Ay = Ay, B; = By,.
Putting H(s) = [he(ss, s5)], we define L, € F ® F* by
d
Ly = Hy(s)™ ldth( s),
and f*(By; L) € AF=LE=1 by
“(Bi; Ly) = Zf By, Lo+, By).
By Lemma 7.11 and 0B; = —[Bt, A¢] we obtain
Of*(Bu; Lt)
J 1 ’ i
_ZZ f(- 0By, Ly, ---)
i j<i
i J
+Z Z 1f 78Lt7 +ZZ J 2f "'7aBt7"'
i J>i
J i
_Z{Z o BoAd e Lay--)
% i<i
. J
DT L AL, DR CI it s, [Bry Ay,
>

—Z 1 1f Lt,At +Z 1 1f 78iLt,-..)

—Z D f(Byy - 0Ly — (Lo, A, By).

We have
OL, = 8(Ht(s) %Ht( ))
= Hy(s) " (OH(5)) His) ™ Huls) + Hils) 05 Fi(s)

dt
:—AtLt—i—jt( t(s)*laﬂt(s))JrHt(s) (dt Hy(s ))Ht(s)’lé)Ht(s)

=—AL + EAt + LAy

d
- [Lt,At] + EAt
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Hence
8 (B 1) = ) B Gy B
Since 0B; = 0, we obtain
9Of*(By; Ly)
:Z( le 1771 (- 73_]Bt7...’%At’...)+zf(...75%At7...
i j<i i

+Z( zlz 1I72f(-- d ” ..’éth...)
4 J>1

di
:;f(Bta"'agBta'“ 7Bt)

d
= %f(Bta 7Bt)-

Hence we have the following lemma.

Lemma 7.14.
1
f(B1) — f(Bo) = 58/ f*(By; Ly)dt.
0

Definition 7.13. We define a cohomology group H*(M) of M by
H:k(M) = {w c ARk | Ow =0, Ow = 0}/8§Ak717k71'

Let fr(X) be a GL(m, R)-invariant homogeneous polynomial of degree
k on gl(m,R) determined by

det(I — tX) Ztkfk

where [ is the unit matrix of degree m. We define ci(F, h) € APF by
ck(F,h) = fe(B).-
Then, by Lemma 7.13,
Ock(F,h) =0, dey(F,h) =0,
and so, by Lemma 7.14, we have the following theorem.

Theorem 7.8. The element in If’“(M) represented by ci(F, h) is indepen-
dent of the choice of a fiber metric h.
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Definition 7.14. We denote by & (F) the element in H* (M) represented
by ci(F,h), and call it the k-th affine Chern class of F. The k-th affine
Chern class of the tangent bundle T" of M is said to be the k-th affine Chern
class of M and is denoted by éx(M).

Proposition 7.11. The first affine Chern class é1(M) of a Hessian man-
ifold (M, D, g) is represented by —23 where (3 is the second Koszul form of
(D, g).

Proof. By Proposition 2.2 and Definition 3.1 we have
P ,
il J
A—2E ]ld;v (a.®d;v),
Jl 9 J
B, =23 (&de ©di*) ® (5 @ do)

=23 (Q' pyda’ @ da*) @ (% ® da:j)
=20,

where @ is the Hessian curvature tensor (cf. Definition 3.1). Hence

(_2)k J1Jk )il
Ck(T, g) = fk(2Q) = k' 511’% 71 ARERIAN ija

where Q% = 37 Qijmdacl ® dz*, and
a(T,g) —2ZQ1lkldx ® da* —20. -

Proposition 7.12. Let (M, D, g) be an n-dimensional Hessian manifold.

n—2 terms

For the sake of clarity, we set ¢y, = cx(T,g) and g" 2> =GN ---Ag. Then
we have

(1) e2=2(BAB-Q;AQ])C

(2) (1 Aer) Ag™™ 2—471— 2)H{(Tx ) —TrB2}U®UC

(3) cang"?=2(n—2)!{(Tr )2—2Tr ﬂ2—|—TrQ2}v®v

where (3 is a tensor field of type (1,1) defined by ﬁ; = ¢'*By; and Qisa
linear mapping given in Definition 3.4.

Proof. From the proof of Proposition 7.11 and Proposition 3.4 (3) we
have

e =2(QIAQ—QiNQ)) =2(BAB-QinQ]).
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Thus the proof of assertion (1) is completed. Let 61, .- 6™ be an orthonor-
mal frame of T*M; g = Y 6' ® 6, and let 8 = Y ;0" © 6. Then we
i i,j
have
(BAB)Ng"?

= BiriiBinga (07 AOZ NG A AOT) @ (670 NG AOEA - AGT)
= Z(ﬂiﬂlﬁiziz - ﬂiﬂ'zﬁizil)(eil ARRERA gln) ® (9i1 AREERA gln)
:(n—2)'{2ﬂ“ﬂjj—z %}’U@’U

i#j i#j
=(n—2)! {(Trﬁ)z — TrﬁQ}v ® v.

The above expression, together with the relation ¢; = —20, imply (2). We
have

QiNQINg"?
_ ZQijmqujiqu (9q1 ABO2 AGPEA .- A gpn) ® (91)1 AOP2 AGP3 A ... A gpn)
- Z (Qijmm jSpwz o Qijmpz jSp2pl)(6p1 A ANOPT) @ (07 A - A OP)
= (n—-2)! Z {Qipp@igg = @jpa Q@ jap fr @ v
p#q
=(n—2)! {626& - ijlejilk}U (2
=n-2){Tr 3 —Tr QQ}’U ® v.
From the above expression, together with assertions (1) and (2) we obtain
assertion (3). O

The notion of Einstein-Hessian metrics was first produced by [Cheng
and Yau (1982)]. The following proposition is an anlogy of the Miyaoka-
Yau inequality for Einstein-Kéhler manifolds, which was first proved in
[Miyaoka (1977)] for the case n = 2, and the general case was obtained by
combining the results of [Chen and Ogiue (1975)] and [Yau (1977)].

Proposition 7.13. Let (M, D, g) be an n-dimensional Hessian manifold.
An element w = f(v ®@v) € A™™ is said to be non-negative w > 0, if f is
non-negative f > 0. Suppose that the Hessian structure (D, g) is Finstein-
Hessian. Then

{ —n(er Aer) +2(n+ 1)62} AghT2>0.

The equality holds if and only if the Hessian sectional curvature of (D, g)
15 a constant.
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Proof. Since (D, g) is Einstein-Hessian it follows that
Bl = %5;1 Tr 3.
and so
T = 5] = (T )
By Proposition 7.12 we have
@ he) Ag"? = — 2 {2 p o,

n —

2 . R
o ANgn2 = 2(n—2)!{ (Tr 3)? +TYQ2}U®U.
From the above equations we further have
{—nlcaAcr)+2(n+1)ea} Ag"?

—4(n+1)((n—2)!) {Tr O? — e

Applying Theorem 3.3 to the above formula we obtain the desired result.

(Tr B)Q}U ® v.



Chapter 8

Compact Hessian manifolds

In section 8.1 we survey affine developments, exponential mappings and
universal coverings for flat manifolds by using Koszul’s method. Applying
these results, we prove in section 8.2 the convexity and the hyperbolicity
of Hessian manifolds. In section 8.3 we restate a theorem due to [Cheng
and Yau (1986)] [Pogorelov (1978)] and Calabi’s theorem [Calabi (1958)] as
follows: If the first Koszul form « on a Hessian manifold (M, D, g) vanishes,
then the Levi-Civita connection V for g coincides with D. For a compact
Hessian manifold we show an integral formula of the second Koszul form
B, and prove that 3 cannot be negative definite and that 8 = 0 if and
only if V. = D. [Delanoe (1989)] and [Cheng and Yau (1982)] proved a
certain problem, which is analogous to the Calabi conjecture for Kéhlerian
manifolds and concerned with the first affine Chern class ¢ (M).

8.1 Affine developments and exponential mappings for flat
manifolds

Following Koszul’s method we define the affine development of a flat man-
ifold, and study the relation between the affine development and the expo-
nential mapping [Koszul (1965)].

Let (M, D) be a connected simply connected flat manifold. Recall that
(M, D) is flat means that D has both zero curvature and zero torsion. We
select a point o € M. Since the curvature of D is vanishes and M is simply
connected, for each u € T,M there exists a unique D-parallel vector field
P, on M such that the value of P, at o coincides with u. We define a
T,M-valued 1-form w on M by

w(Py) =u for u e T,M.

149
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Since (Dxw)(P,) = Xw(P,) —w(DxP,) =0, w is D-parallel and so, since
D is torsion-free, dw = 0. Because 7 (t)(w(5(t))) = w(Ds)d(t)), a smooth
curve o(t) on M is a geodesic if and only if w(d(t)) is a constant vector
Let C be a curve on M from o to a. Since M is simply connected and
dw = 0, by Stokes’s theorem, the value / w does not depend on the choice

c
of curve C joining o and a, but depends only on a. We can therefore denote

the value by
F(a) = / w.

We shall show that the mapping F': M > a — F(a) € T,M is an affine
mapping. Let o(t) be a geodesic on (M, D). Then

me):ldmw+L:?w=Ldmw+Aixumﬁ

o(0)
:/‘ w + tw(e(d),

and w(d(t)) is a constant vector. Thus F'(o(t)) is a line on T, M. Hence
F: M — T,M is an affine mapping. Since dF' = w, the rank of F' is equal

to dim M at any point of M. Thus F is an affine immersion from M into
T,M.

Definition 8.1. The affine immersion F': M — T, M is called the affine
development of (M, D).

We denote by G the group of all affine transformations of (M, D). Let
s € Gandu € T,M. Since s, P, is D-parallel, there exists a unique element
f(s)u € ToM such that

S*Pu = Pf(s)u'

Then u — f(s)u is a linear transformation of T,M, and s — f(s) is a
linear representation of G on T, M.

Let s € G and a € M. We denote by C, and Cy, curves from o to a
and from o to so respectively. Since a curve Cy, + sCa joining Cs, and sC,
is a curve from o to sa, and given also that s*w = f(s)w, we have

], o] o]

= F(so) + /C s*w
= F(so0) + f(s)F(a).
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We define a mapping q: G — T,M by ¢q(s) = F(so). Then

F(sa) = f(s)F(a) + q(s),
q(rs) = f(r)q(s) + q(r).
)

This means that s — a(s) = (f(s), g(s)) is an affine representation of G
on T,M (cf. section 1.1) and

F(sa) = a(s)F(a).

Therefore (F,a) is an equivariant affine immersion from (M,G) into
(TobM,A(T,M)) where A(T,M) is the group of all affine transformations
of T,M.

Definition 8.2. We denote by exp’ the exponential mapping at o € M,
and by &, the domain of definition for exp?.

Theorem 8.1. Let (M, D) be a connected simply connected flat manifold.
Then

(1) exp? : & — M is an affine mapping, and F o exp? is the identity
mapping on E,. In particular, exp? is injective.
(2) If &, is convez, then exp? is an affine isomorphism.

Proof. Let o(t) = expl tu where u € &,. Then

F(exp?u):/:(l)w:/Olw(c}(t))dt:/()ludt:u.

Hence F o exp? is the identity mapping on &,, and exp? is injective. Let
7(t) = u + tv be an arbitrary geodesic on &,. Differentiating both sides of
7(t) = (F o exp?)(7(t)) by t, we have v = 7(t) = w((exp?).(7(t)). Thus
exp? 7(t) is a geodesic on M. This shows that exp? : & — M is an affine
mapping. Suppose that &, is convex. We shall show that eXpD E, — M
is surjective. Let a be an arbltrary point of the closure of exp? &, and let
u = F(a). Then since F o exp? is the identity mapping on &,, u is an
element of the closure of £,. Since &, is convex, we know tu € &, for all
0 <t < 1. Since the rank of F' at a is equal to dim M, we can choose
a sufficiently small neighourhood W of v and a mapping h : W — M
such that F o h is the identity mapping on W and h(u) = a. Because the
point a is contained in the closure of exp? &,, the set h(W) Nexp? &, is a
non-empty open set and F'(h(W)Nexp? £,) € WNE,. For any element v €
F(h(W)NexpP &,), we have exp? v € h(W) and F(expl v) = v = F(h(v)).
Since F is injective on h(W), we obtain h(v) = exp? v, and so h and exp?
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coincide on F(h(W) Nexp? &,). On the other hand, h and exp? are both
affine mappings from W N &, to M, and coincide on F(h(W) N expo &o)-
They therefore also coincide on W NE,. Hence, if t — 1 then expo tu —
h(u) = a. This implies u € &, and a = h(u) = exp? u € exp? &,, and so
expl &, is a closed set. Therefore exp? &, is a non-empty open and closed
subset of M, and so M = exp? &,. g

Corollary 8.1. Let (M, D) be a connected flat manifold. Then

(1) exp? : &, — M is an affine mapping and the rank is equal to dim M
at each point.
(2) If &, is conver, then exp? : &, — M is the universal covering of M.

Proof. Assertion (1) follows from Theorem 8.1 (1). Suppose that & is
convex. Let m : M — M be the universal covering of M, and let D be the
flat connection oan induced by D. Choosing a point 6 such that 7(6) = o
we denote by expo the exponential mapping at 6, and by &s the domain of
definition for exp®. Since 7, : TsM — T, M is a linear isomorphism and
w*0(§~) = &,, it follows that & is convex. Moreover, by Theorem 8.1 (2 )

exp? : &5 — M is is an affine isomorphism. Since exp? om,; = 7o eXpO ,
we know that exp? om,; : Es — M is the universal covering of M, and so

exp? : £, — M is also the universal covering of M. This proves (2). O

Proof of Proposition 1.1. The assertion (2) is obvious. We shall prove
the assertion (1). Let D be a flat connection on a manifold M. By Corollary
8.1 (1), for any point o € M there exists a neighbourhood U of 0 € £, such
that the restriction exp? |7 of exp? to U is a diffeomorphism from U to
exp?(U). For an affine coordinate system {y!,--- ,y"} on T,M we set
a' =y’ oexpy |

Then {z',---,2"} is a local coordinate system around o satisfying
Dy /3118/814 = 0. It is easy to see that the changes between such local
coordinate systems are affine transformations. Thus the asserton (1) is
proved. O

8.2 Convexity of Hessian manifolds

In this section we prove that the universal covering of a quasi-compact
Hessian manifold is isomorphic to a convex domain in R".

A diffeomorphism s of a manifold M is called an automorphism of a
flat manifold (M, D) if it leaves the flat connection D invariant. The set



Compact Hessian manifolds 153

of all automorphisms of (M, D) forms a Lie group (cf. [Kobayashi (1972)])
and is denoted by Aut(M,D). A diffeomorphism s of M is said to be
an automorphism of a Hessian manifold (M, D, g) if it preserves both D
and g. The set of all automorphisms of (M, D, g) forms a Lie subgroup of
Aut(M, D) and is denoted by Aut(M, D, g).

Definition 8.3. Let G be a subgroup of Aut(M,D). If there exists a
compact subset C' of M such that M = GC, then G\M is said to be
quasi-compact.

Theorem 8.2. Let (M, D, g) be an n-dimensional connected Hessian man-
ifold. Suppose that Aut(M, D, g) contains a subgroup G such that G\M is
quasi-compact. Then the universal covering of M is isomorphic to a convex
domain in R™.

Corollary 8.2. Suppose that an n-dimensional Hessian manifold (M, D, g)
is compact, or M admits a transitive subgroup of Aut(M,D,g). Then the
universal covering of M is isomorphic to a conver domain in R™.

In order to prove Theorem 8.2, we shall first prepare some lemmata.

Lemma 8.1. Let (Q,D,g = Ddy) be a Hessian domain in R™. Suppose
that the potential ¢ satisfies

liI{l pla+th) = o0
t—1—

for all a and b € R™ such that a+tb € Q for 0 <t <1 anda+b ¢ Q.
Then § is isomorphic to a convexr domain.

Proof. For points ai,---,a, in R™ we denote by env(ai,--- ,a,) the
minimum convex subset of R" containing aq,--- ,a,. Since any two points
in Q are joined by continuous segments of lines, to prove the convexity
of Q1 it is sufficient to prove: If env(a,b) C Q and env(a,c) C £, then
env(a,b,c) C Q. Without loss of generality we may assume that a is the
origin 0. Put I = {¢t € R | env(0,b,tc) C Q}. Then I is an open interval
containing 0. Let 7 € I and e € env(0,b, 7¢). Since ¢ is a convex function,
we know

p(e) < max(p(0), (), p(7c)).

If 0 < 7 <1, then ¢ € env(0, ¢), so ¢(7¢) < max(¢(0), ¢(c)), and hence

p(e) < max(p(0), p(b), p(c))-
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Put v = sup I and suppose v < 1. Then there exists a point d contained
in env(0,b,vc) but not in 2. Let 0 < 6 < 1. Then v < 1, v € I and
0d € env(0,b,0vc) C 2, and we have

¢(0d) < max(p(0), ¢(b), ¢(c)).
Alternatively, it follows from the condition for ¢ that
li 0d) =
Jm ¢(8d) = o,

which is a contradiction. Hence v = supl > 1. Thus we have 1 € I and
env(0,b,¢) C Q. O

Let TM be the tangent bundle over a Hessian manifold (M, D, g) with
projection m : TM — M. We denote by exp” the exponential mapping
given by D, and by £ the domain of definition for exp?. For y € TM we
denote by |y| the length of the tangent vector, and set

Ay) =sup{t € R [ty € £},
Iy) ={te R| -A(~y) <t < A(y)}.

There then exists a parametrized family of functions {¢, 4 | t € I(y)} such
that

(i) ©(y,t) is a potential defined on a neighbourhood of a point ¢, (t).
(ii) If ¢ and ¢’ are sufficiently near, then ¢, and ¢, ) coincide on a
small neighbourhood of ¢, (t).

Such a family {¢, ) |t € I(y)} is called the family of potentials along
the geodesic ¢, (t) = exp” ty. We introduce

hy(t) = @(y,0) (cy (1)) = ©(y,0)(¢y(0)) = (Y (y,0))t-
Then hy(t) is a function of ¢ depending only on y not on the choice of
potentials along ¢,. In fact, choosing another family of potentials {p(, 4 |
t € I(y)} along a geodesic ¢, we put

hy(8) = Gy, (cy (1) = B,0) (¢4 (0)) = (¥Piy,0))t-
Then h,(t) — hy(t) is a polynomial in ¢ of degree at most 1, and takes the
value 0 in a neighbourhood of t = 0. Hence hy(t) coincides with h,(¢). The
function hy(t) restricted to (0, A(y)) satisfies the following equalities,
d? . .
Cahu(t) = 9(é(1),6(1)) > 0.

d . .
%hy(t) = Cy(t)sp(y,t) - C(O)(P(y,O) >0,

hy(t) > 0.
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Let s € Aut(M, D, g). Since sc, = cq,y, if {4 [t € I(y)} is a family of
potentials along a geodesic ¢, then {¢, +) o st | teI(y)} is a family of
potentials along sc, = ¢, ,. Hence

sy () = () © 5 ) €y () = (0.0 © 5 (€s.y(0))
—((5+y)((y0y 0 s~
= 0y, (cy(t)) = @(y,0)(cy(0)) = (Yp(y,0))t
= hy().

Since G\ M is quasi-compact, there exists a compact subset C' of M such
that M = GC. Then we can choose a positive number € so that if y € TM
is in 771C and the length |y| of y satisfies |y| < ¢, so y € £. Given also
that M = GC, if y € TM and |y| < e then y € £&. We set A = {y €
TM | |y| = €}. Denoting by Ac the set of all elements in A such that
the origins are contained in C, we have A = GA¢. A function defined by
&>y — hy(l) € RT is G-invariant. Since A¢ is compact, hy (1) attains
a positive minimum r on A¢. Furthermore, given that h, (1) is G-invariant
and A = GAg, for all y € A we have

hy(1) > 7> 0.

Lemma 8.2. lim hy(t) = oco.
t—A(y)

Proof. Let ty € (0,A(y)). Then

Cuéy(to) (t) = Cy (/Lt + tO)v

where p is sufficiently near 0. Put z = ¢y(to). Then —z € A C £ and

c.(t) = ¢y(to +t). Hence to + — € I(y). Let {cp(y)t)} be a family of

potentials along c,, then {¢(. ;) = (y,to+t)} is a family of potentials along
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c,. Hence

hy (to + i)

K

= Plutots) (Cy (to + a)) — 2.0 (¢(0)) = (e (.0) (to + i)

|2
€ €
=P (Cz(m)) — P(z,0) (c2(0)) — (Z<P(z,0))m
F0(y,t0) ey (t0)) — V1,0 (¢4 (0)) = (@ (y,0))t0

. . €
+(Ey(t0)0(y.to) — Cy(O)SD(y,O))m

=n(5) o)+ (4 )
= Iy (to) + = (1) + ( % B y(t))é.

Therefore
€

hy (to + m) > hy(t()) +r,
which implies
lim hy(t) = oc.
i y(t) =00 0
Since exp? : £, — M is an affine mapping by Corollary 8.1, the
induced metric
= (expg)"g
is a Hessian metric on &£,. By the same argument as in the proof of Propo-
sition 2.1, we obtain the following lemma.

Lemma 8.3. There exists a potential ¢ of § on &,.

Lemma 8.4. Let y € T,M. If A(y) < oo, then
lim ¢(ty) = co.
i ¢(ty)
Proof. Let {¢(,} be a family of potentials of g along the geodesic
cy(t). Put @y 1) = @y.0) 0 exp’’. Then {¢(, 4} is a potential of § along the
geodesic ty (0 <t < A(y)), and a(t) = ¢(ty) — Py, (ty) is a polynomial of
t with degree 1. By Lemma 8.2 we have

li D = i
tii?y)cp(ty) tjir(ly)(ﬂw)(cy(t)) +a(t))

B tiiirgy){hy(t) + (4,0 (¢y(0)) + (Yp(y,0))t + al(t)}

= 0. 0O
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Proof of Theorem 8.2. By Lemmata 8.1 and 8.4 the domain &, is
convex and by Corollary 8.1 exp? : £, — M is the universal covering of
M. O

Inspired by the work [Kaup (1968)], J. Vey introduced the notion of
hyperbolicity for flat manifolds [Vey (1968)]. For flat manifolds M and N,
we denote by Aff(N, M) the space of all affine mappings from N to M with
compact open topology.

Definition 8.4. A flat manifold M is said to be hyperbolic if, for any
flat manifold IV, the natural mapping given by

(f,z) € AfAN,M) x N — (f(z),x) € M x N
is proper.
The following Theorem 8.3 is due to [Vey (1968)].

Theorem 8.3. A flat manifold M is hyperbolic if and only if the universal
covering of M is isomorphic to a regular convexr domain.

Theorem 8.4. A hyperbolic flat manifold (M, D) admits a Hessian metric
g = Dw of Koszul type (cf. Definition 2.2).

Proof. By Theorem 8.3, the universal covering 2 of a hyperbolic flat
manifold (M, D) is a regular convex domain in R"™. Hence, by Proposition
4.2, there exists an affine coordinate system {y!,---,y"} such that y* > 0
on Q for all 4, and the tube domain 7 = R" + /—1Q over € is holomor-
phically isomorphic to a bounded domain in C”. Therefore TQ2 admits the
Bergmann volume element v”, and the Bergmann metric g7,

vl = (VD) Kdz* A ANdz" NdEEA - A dE,

2
g =S I K
— 021077 ’
i\j
where 2 = z° + v/—1y" and {a',--- ,2"} is an affine coordinate system
on R™. Since v is invariant under parallel translations z* — 2z + a’
(a* € R), the function K depends only on variables {y!,---,y"}. Since

M is a quotient space T'\Q of Q by a discrete subgroup I' of the affine
automorphism group of 2, each s € I" induces a holomorphic automorphism
of T which leaves v” invariant. Hence a volume element on € defined by

v=VEKdy' A--- Ady"
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is s invariant. The first Koszul form « and the second Koszul form (§ with
respect to v are therefore given by

1 OlogK |,
a=- ,
24~ Oy ’
1 PlogK ;. .
- = 761 Zd j.
g 2 v Oyt oy’ vy

Thus § coincides with the restriction of 2g7 on v/—1€, and hence 3 is pos-
itive definite on . Since « is I'-invariant closed 1-form on €2, M carries
a closed 1-form w such that the pull back by the projection 7 from €2 to
M =T\Q coincides with «, that is, 7*w = a. Since 7*(Dw) = 3, we know
that ¢ = Dw is positive definite, and so is a Hessian metric of Koszul type.

|

Theorem 8.5. Let (M, D) be a connected flat manifold with a Lie subgroup
G of Aut(M, D) such that G\M is quasi-compact. Suppose that M admits

a Hessian metric g = Dw of Koszul type where w is G-invariant. Then
(M, D) is hyperbolic.

Corollary 8.3. A compact connected flat manifold (M, D) is hyperbolic if
and only if (M, D) admits a Hessian metric g = Dw of Koszul type.

For the proof of Theorem 8.5, we require the following Lemma.

Lemma 8.5. Under the same assumption of Theorem 8.5, if w(y) > 0 for
y#0e€TM, then \(y) < co.

Proof. There exists a family of potentials {¢,+) |t € I(y)} of g = Dw
along a geodesic ¢, (t) = exp? ty such that

W = d‘p(y,t)-

Since %hy(t) = w(¢éy(t)) —w(e(0)) > 0 for ¢ € (0, M(y)), it follows that

w(éy(1)) >w(y), yel.
We set B ={y € TM | |y| = e,w(y) > 0} and denote by B¢ the set of
all elements in B whose origins are contained in C. Then B = GB¢ C €.
Let L and N be the maximum values of G-invariant functions w(y) and
w(y)w(éy (1))~ on a compact set Bc. Then
w(y) < L,
wy)w(E,(1) P <N<1, yeB.



Compact Hessian manifolds 159

We define a sequence of numbers to =0 < t1 < -+ <t; <tiy1 < -+ < A(y)
by induction as follows. Supposing that t; is defined for all 7 < i we define
ti+1 by the condition (ti+1 — tz)|0y(t1)| = €. Put zZi = (ti+1 — tz)Cy(tz)
Then z; € B C € and exp? z; = Cltipr—t)ey () (1) = ¢y(tipr) = exp? tip1y,
hence ti11 < A(y)D Since ¢, (t) = cy((tig1 — ti)t + i), we have ¢é,,(t) =
(ti+1 — ti)éy((ti_H — ti)t + ti) and so ézi(l) = (ti+1 —t; ) ( H—l) Using this
and w(z;) < Nw(é,, (1)) we obtain
w(ey (1)) € Neo(ey(ti41)):
Since w(éy(t)) is monotonically increasing on (0, A(y)) we have

(e =)ol ) < [ wley )it = [l o)

i

By hy(t) = /Ot (%hy(s))ds = /Otw(éy(s))ds — w(y)t we obtain
/01 W(en, ()t = o, (1) + w(0).

Putting a; = w(éy(t;)) and denoting by R maximum of a function z —
h.(1) on B we obtain

(tiJrl — ti)ai <R+ L,
a; < Najq1.

This implies
1
tiv1 —t1 < a—(R + L)(]. - N)_l.
1

1
By t1|y| = ¢ and by t1a1 = tlw(c'y(tl)) Z tl/ w(éy(tlt))dt =
0
1
/ Wty (B)dt = hary (1) + wltry) > r we have
0

1
tii1 < {1 + SR+ L)(1— N)—l}i.
r lyl
Alternatively, since

hy(tiv1) — hy(ti) =

tit1

w(éy(1)dt — (tig1 — ti)w(y)

w(es, (t)dt — (tip1 — ti)w(y)

/1
/

0

he (1) +w(zi) — (tig1 — ti)w(y)
hzl(l) (tivr — i) (w(ey(ti)) — w(cy(0)))

\ \/
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it follows that
Hence lim ¢; = A(y) and

1 _1) €

Ap) < {1+~ (R+ D) - N}
T vl g
Proof of Theorem 8.5. Suppose that there exists a Hessian metric

g = Dw of Koszul type such that w is G-invariant. By the proof of Theorem
8.2, we know that exp? : £ — M is the universal covering of M, and &,
is a convex domain. It follows from Lemma 8.5 that M does not admit a
geodesic ¢, (t) such that y # 0 and I(y) = (—o0,00). Thus & is a regular
convex domain, and so the flat manifold (M, D) is hyperbolic. O

8.3 Koszul forms on Hessian manifolds

In this section we shall describe an important role of the Koszul forms
on Hessian manifolds. Let 8 be the the second Koszul form of a Hessian
manifold (M, D, g). Then the first affine Chern class é;(M) of (M, D, g)
is represented by —20 (cf. Proposition 7.11). Cheng-Yau and Delanoé
proved a certain problem related to the first affine Chern class é;(M) and
the second Koszul form 3, which is similar to the Calabi conjecture for
Kéhlerian manifolds [Delanoe (1989)][Cheng and Yau (1982)].

We note here that a theorem due to Cheng-Yau and Pogorelov may be
restated in terms of the first Koszul form a as follows.

Theorem 8.6. Let (R™,D,g = Ddyp) be a Hessian domain. If the first
Koszul form « vanishes identically, then ¢ is a polynomial of degree 2 and
the Levi-Civita connection V of g coincides with D.

This theorem was first proved by [Jorgens (1954)] in the case n = 2
using complex anlytic techniques. In the cases n = 3,4,5 it was proved in
[Calabi (1958)] using affine differential techniques. The general case was
proved independently by [Cheng and Yau (1986)] and [Pogorelov (1978)].

A theorem of [Calabi (1958)] is restated as follows

Theorem 8.7. Let (2, D,g = Ddy) be a Hessian domain. Suppose that
g is complete and the first Koszul form o wvanishes identically. Then the
Lewi-Civita connection V of g coincides with D.
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The following Theorem 8.8 and Corollary 8.4 suggest that the second
Koszul form (8 plays an important role for the theory of compact Hessian
manifolds.

Theorem 8.8. Let (M, D, g) be a compact oriented Hessian manifold and
let a and 3 be the first and the second Koszul forms respectively. Then we
obtain

/ B U—/ a;atv >0,
where v is the volume element determined by g.

(2) If | B";v =0, then the Levi-Civita connection V of g coincides with
M

Corollary 8.4. Let (M,D,qg) be a compact oriented Hessian manifold.
Then we have

(1) B cannot be negative definite.
(2) If B is negative semi-definite, then the Levi-Ciwita connection V of g
coincides with D.

Proof of Theorem 8.8. By Proposition 3.4, «; is given by

a'L = ’yrri. (81)
Let a;;; be the i-th component of Vy,5,5c. Then

— T i T
Oéi;j—ﬂij_ar’)/ija a;i—ﬂi_ara'

Applying Green’s theorem it follows that
/ (B —apa”)v = / o ,v=0,
M M

Suppose / B";v = 0, then by (1) we have
M

which implies (1).

a=0. (8.2)

Let R; be the component of the Ricci tensor of g. By Proposition 2.3 and
(8.2) we obtain

Rjk = B0, =737 % — Y5 = 7367 ke (8.3)
Hence the scalar curvature R is given by

R = Rkk = Y75 (8.4)
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Let us compute the Laplacian AR of the scalar curvature R. We denote by
Yijk;1 the component of Vi /9,17. Then by Proposition 2.2 we have

NMijk
Tighit = 5;1 = YrikY it = VirkY 51 — Yigr Y
1 0%g;;
) &ng(‘;;l — §" (YrjkYsit + VirkYsji + VijrVskl)-

Hence ~;jx;; is symmetric with respect to i, j, k, 1,
Yijkil = Vijk;i- (8~5)
By Proposition 2.3, relations (8.1), (8.2) and (8.5), together with the Ricci
formula we have
9" Vijkirss = 9" Vrjkiizs = 9" (Yrjhsizs — Vrikisii) T 9 Vrjkssii (8.6)
= —9" (Ve R yis + Yrok R jis + Veip RPtis) + 9" Vrsksjii
= Yoik R = Yok (Vi — Vs %)
_'Ysjp ('qui'qus - ’qus'qui) + Qi
= VP (YgsiVpjk + VspiVaki + VspkVaji)
=Y eV i ok = ViV ek i

It follows from Proposition 2.3 and relations (8.3), (8.4) and (8.6) that

1 1.

§AR - §g”R;i;j (8.7)
_ ’Yijkgrs"/ijk;r;s + ’yijk;l"/ijk;l
= 3711k7pqr7qri7pjk - 2711k7pqi7qrjryrpk + ’Ymk;lryijk?l

= Ri;RY + Rijra R + ~ijpay*
> 0.

Thus by the E. Hopf’s lemma [Kobayashi and Nomizu (1963, 1969)] R is
a constant and

AR =0.
Therefore by the relations (8.4) and (8.7) we have
Rij =0,  7ix =0.
This implies V = D. U

In the section 7.6 we defined a cohomology group H*(M) of a flat man-
ifold (M, D) by

ﬂk(M) ={we ARk | Ow = 0, 0w = 0}/85,4’“’1”“*1,
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For a volume element w on M, as in Definition 3.2, we define a closed 1-form
ay, and a symmetric bilinear form 3, by

Dxw = a,(X)w,
ﬁw = Dawa
and call these the first and the second Koszul forms with respect to the

volume element w respectively.
Consider 3, as an element in AL, Then

0B, =0, 0B, =0.
We denote by [5,] the element in H L(M) represented by f3,. Let w’ be
another volume element, then there exists a function f on M such that

W = fw.
Since
oy = a + dlog | f|
it follows that

Bur = Bu + 00log | f].
Therefore [(,/] = [8,], that is, [8,] is independent of the choice of volume
element w.

For compact Kéhlerian manifolds the following problem was prorosed
by [Calabi (1954)][Calabi (1955)].

Calabi Conjecture Let M be a compact Kéhlerian manifold with
Kéhlerian metric g and let ¢1 (M) be the first Chern class of M. For an
arbitrary closed (1,1) form p representing c¢1 (M), does there exist a unique
Kahlerian metric g such that the Ricci form of g coincides with p, and the
Kahlerian forms of g and g are cohomologous in the Dolbeault cohomology
classes ?

The complete solution of Calabi Conjecture was presented by [Yau
(1977)]

We have seen in Proposition 7.11 that the first affine Chern class ¢1 (M)
of a Hessian manifold (M, D, g) is represented by [—23]. Cheng-Yau and
Delanoé proved independently the following result analogous to the Calabi
conjecture.

Theorem 8.9. Let (M, D, g) be a compact oriented Hessian manifold. For
an arbitrary representative —20; of the first affine Chern class ¢1(M) there
exists a Hessian metric g such that the second Koszul form of g coincides
with B3, and [§) = [g] as elements in H'(M).
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Proof. For the proof the interested reader may refer to [Cheng and Yau
(1982)][Delanoe (1989)]. O

By Corollary 8.4 and Theorem 8.9 we have the following corollaries.

Corollary 8.5. Let M be a compact oriented Hessian manifold. The second
Koszul form B, for any volume element w cannot be negative definite.

Corollary 8.6. Let (M,D,qg) be a compact oriented Hessian manifold.
Suppose that M admits a D-parallel volume element. Then there exists
a Hessian metric g on (M, D) such that the Levi-Cwita connection of §
coincides with D.

The following theorem was also proved in [Cheng and Yau (1982)].

Theorem 8.10. Let (M, D, g) be a compact Hessian manifold. Suppose
that M admits a volume element w such that B, is positive definite. Then
there exists an Finstein-Hessian metric § whose second Koszul form (3
coincides with g.



Chapter 9

Symmetric spaces with invariant
Hessian structures

In this chapter we study symmetric homogeneous spaces with invariant
Hessian structures. Following Koszul’s approach, in section 9.1 we relate
invariant flat affine connections to affine representations of Lie algebras
[Koszul (1961)]. In the section 9.2 we characterize invariant Hessian met-
rics by affine representations of Lie algebras. Applying these results, we
show that a homogeneous space of a semisimple Lie group does not admit
any invariant Hessian structure. In section 9.3 we give a correspondence
between symmetric homogeneous spaces with invariant Hessian structures
and certain commutative algebras by using affine representations of Lie al-
gebras. Investigating the structure of the commutative algebra, we prove
that a simply connected symmetric homogeneous space with invariant Hes-
sian structure is a direct product of a Euclidean space and a homogeneous
self-dual regular convex cone.

9.1 Invariant flat connections and affine representations

Let G be a connected Lie group and let G/K be a homogeneous space on
which G acts effectively. In this section we give a bijective correspondence
between the set of G-invariant flat connections on G/K and the set of a
certain class of affine representations of the Lie algebra of G.

Definition 9.1. A homogeneous space G/K endowed with a G-invariant
flat connection D is called a homogeneous flat manifold and is denoted

by (G/K, D).

Theorem 9.1. Let G/K be a homogeneous space of a connected Lie group
G and let g and € be the Lie algebras of G and K respectively. Suppose that

165
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G/K is endowed with a G-invariant flat connection. Then g admits an
affine representation (f,q) on'V (cf. section 1.1) satisfying the following
conditions

(1) dimV =dimG/K,
(2) The mapping q: g — V is surjective and the kernel coincides with the
Lie algebra € of K.

Conversely, suppose that G is simply connected and that g is endowed with
an affine representation satisfying the above conditions. Then G/K admits
a G-invariant flat connection.

Proof. Suppose that G/K admits a G-invariant flat connection D. For
X € g we denote by X* the vector field on G/K induced by exp(—tX).
Then
(X, Y] = [X*,Y"].
Denoting by Lx- the Lie differentiation with respect to X, we set
AX* = Ex* — DX*.
Then by [Kobayashi and Nomizu (1963, 1969)](I, p235) we have
Ax.Y* = —Dy. X*,
AX*Y* - AY*X* = [X*,Y*],
Apxsy+ = [Ax~, Ay-].
Let V be the tangent space at o = {K}. We denote by f(X) and ¢(X)
the values of Ax+ and —X™* at o respectively, and define mappings f and
gby f: X — f(X) and ¢ : X — ¢(X) respectively. Then by the above
equations the pair (f,q) is an affine representation of g on V satisfying
conditions (1) and (2).
Conversely, suppose that g admits an affine representation (f,q) satisfying
conditions (1) and (2). Let {e1, -, e,} be a basisof V and let {z*,--- 2"}
be the affine coordinate system on V' corresponding to the basis. For X € g
we define a vector field X, on V' by

== 3 (S 0+ X)) o

where f(X )i» and ¢(X)? are given by

Zf tei,  q(X)= Zq(X)iei.
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The 1-parameter transformation group generated by X, is an affine trans-
formation group of V', with linear parts given by

exp(—tf(X)),

and translation vector parts given by

3 E 100,
n=1

n!
Then
[X7 Y]a = [Xaa Ya]a
and the set g, given by
Ja = {Xa | X e g}
is a Lie algebra. Since G acts effectively on G/ K, the mapping X — X, is
a Lie algebra isomorphism from g to g,. Let G, be the Lie group generated
by g,. An element s in G is an affine transformation of V. We denote by
f(s) and ¢(s) the linear part and the translation vector part of s respectively.
Let Q, = G,0 = G,/K, be the orbit of G, through the origin 0. Then
Q, is an open orbit because ¢(g) = V. The flat connection D given by the
restriction to €, of the standard flat connection of V' is GG,-invariant. Since
G is simply connected, there exists a covering homomorphism
p:G— G,
such that dp(X) = X,. Since K is the identity component of p~!(K,), p
induces the universal covering mapping
p:G/K — G/p  (Ko) = Go/ Ko = Q4.

The pull back of the G,-invariant flat connection D on G,/K, by p is a
G-invariant flat connection on G/K. g

Example 9.1. Let G = GL(n,R) and let K be a subgroup of G counsisting
of all elements such that

k= [IOT Zl} € GL(n,R), kieM(rn—r), keeMn—rn—r),
2

where I, is the unit matrix of degree r and M (p, q) is the set of all p x ¢
matrices. Then K is a closed subgroup of G. The homogeneous space
G/K is called the Stiefel manifold. The Lie algebra of G is given by
g=gl(n,R) = M(n,n)D For X € g we set

X1 X12:|
X = ,
[Xm X9
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where X1 € g[(T,R), X2 € M(r,n — ’I")7 Xo1 € M(TL — 7",7")7 Xog €
gl(n—r,R). The Lie algebra of K isgivenby t ={X € g| X11 =0, Xo1 =
0}. Put V. = M(n,r). For X € g we define an endomorphism f(X) :
X1 }
Xo1 |
Then (f,q) is an affine representation of g on V. It is easy to see that
dimV = dimG/K = nr and the mapping ¢ is surjective and the kernel
coincides with £. Hence by Theorem 9.1 the Stiefel manifold G/K admits
a G-invariant flat connection.

V — Vand an element ¢(X) € V by f(X)v = Xv and ¢(X) = {

Corollary 9.1. Let G be a connected Lie group with a left-invariant flat
connection. Then the Lie algebra g of G adimits an operation of multipli-
cation X -Y such that

1) X-Y-Y-X=[X,Y],
2) [X-V-Z|=[Y-X-Z], where [X-Y - Z] =X -(Y-2Z)—(X-Y)-Z.

Conwversely, suppose that the Lie algebra g of a simply connected Lie group
G is endowed with an operation of multiplication X -Y satisfying the above
conditions (1) and (2). Then G admits a left-invariant flat connection.

Proof. Suppose that G is endowed with a left-invariant flat connection.
Then there exists an affine representation (f,q) of g on V satisfying the
conditions of Theorem 9.1. In this case the mapping g : g — V is a linear
isomorphism. We define an operation of multiplication on g by
XY = ¢ (f(X)a(Y)).
Then it is easy to see that the multiplication satisfies the above conditions
(1) and (2). Conversely, suppose that g admits an operation of multiplica-
tion satisfying the above conditions (1) and (2). We put
FX)Y =XV, g(X)=X.

Then (f,q) is an affine representation of g on g satisfying the conditions
of Theorem 9.1. Hence by the theorem the simply connected Lie group G
admits a left-invariant flat connection. O

Definition 9.2. Let V be an algebra over R with multiplication = -y. We
put

[-y-2l=z-(y-2)—(x-y) 2
The algebra V is said to be left symmetric [Vinberg (1963)] if the following
condition is satisfied;

[y -zl=[y a2
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Lemma 9.1. Let V' be an algebra over R with multiplication © - y. For
x € V we denote by L, and R, the left multiplication and the right multi-
plication by x respectively. Then the following conditions (1)-(3) are equiv-
alent.

(1) V is a left symmetric algebra.
(2) [La Ly] = Lay—yaD
(3) [La, Ryl = Ryy — RyRe D

If V is a left symmetric algebra with multiplication x -y, then V is a Lie
algebra with respect to the operation of multiplication [z,y] =x -y —y - .

Proof. The proof is straightforward and will be omitted. ]

Corollary 9.2. Let G be a connected Lie group with a left-invariant flat
connection D. Using the same notation as in Corollary 9.1, the following
conditions (1) and (2) are equivalent.

(1) The left-invariant flat connection D is right-invariant.
(2) The multiplication X - Y is associativeG [X -Y - Z] = 0D
Proof. Identifying the tangent space of G at the unit element e with the
Lie algebra of G we have
X YV =(Ax(=Y")e = (Dy-X")e.
For s € G, we denote by [, and rs the left translation and the right trans-

lation by s respectively. Then [, X* = (Ad(s)X)* and 7., X* = X*. Since
D is ls-invariant we have

lsx(Dy=X") = Dad(s)v)- (Ad(s) X )",
and D is right-invariant if and only if re(Dy+«X*) = D, y+raX" =
Dy - X*. This condition is equivalent to lss7s—1,(Dy»X™*) = lg(Dy- X*) =
Dad(s)v)- (Ad(s)X)*, and hence to

Ad(s)(X - Y) = (Ad(s)X) - (Ad(s)Y).
The above equation holds if and only if
Z,X - Y]=[2X]-Y+X [ZY],
which is equivalent to
X-Y-Z|+[Z-X-Y]-[X-Z-Y]=0.
Since the algebra g with multiplication XY is left symmetric, this condition
is equivalent to

XY -Z]=0. 0
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9.2 Invariant Hessian structures and affine representations

In this section we express Hessian metrics and Koszul forms in terms of the
affine representations given in Theorem 9.1. Applying the result, we show
that a homogeneous space of a semisimple Lie group does not admit any
invariant Hessian structure.

Definition 9.3. A Hessian structure (D, g) on a homogeneous space G/ K
is said to be an invariant Hessian structure if both D and g are G-
invariant. A homogeneous space G/K with an invariant Hessian structure
(D, g) is called a homogeneous Hessian manifold and is denoted by
(G/K.D.g).

Let (D, g) be an invariant Hessian structure on G/K. Using the same
notation as in the previous section 9.1, we have
(Ax-g)(Y", 2%) = —g(Ax-Y", Z%) — g(Y", Ax-Z7).

On the other hand, X* being a Killing vector field, i.e. Lx-g = 0, we
obtain

(Ax-9)(Y", 2%) = =(Dx-g)(Y", Z7).

These facts together with the Codazzi equation (Dx«g)(Y™*,Z*) =
(Dy~g)(X*, Z*) (ct. Proposition 2.1) yield

This relation implies the following lemma.

Lemma 9.2. We denote by ( , ) the restriction of the Hessian metric g to
the origin o. We then have

(f(X)a(Y),a(2)) + (q(Y), f(X)q(2))
= (f(V)4(X),q(2)) + (¢(X), F(Y)q(Z))- (9-1)

Lemma 9.3. Suppose that the Hessian metric g is Koszul type g = Dw
where w is G-invariant. We then have

(0(X),q(Y)) = —wo(f(X)q(Y)),

where w, s the restriction of w to o.

Proof. Since w is G-invariant we have
0= (Lx-w)(Y")=X"w(Y") —w([X",Y7]),
0=dw(X*", V") = X"w(Y*) = Y'w(X™) —w([X*,Y7"]),
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which imply Y*w(X*) = 0, and so w(X™*) is a constant. Hence we obtain
g( X", V") = (Dy«w)(X") = Y'w(X") —w(Dy+X*) = w(Ax-Y™).
Taking the value of the above equation at o we obtain the required rela-

tion. O

Lemma 9.4. Let « and (8 be the first and the second Koszul forms respec-
tively. Then we have

(1) a(X*)=TrAx-,

(2) BX™, V") = aAx-Y").

Proof. Put X* = Zfzi where {z!,--- 2"} is an affine coordinate
- al’l 3 )

J )
o¢ i, we have Ax-dz* =

— Ozt OxJ
j

system. Since Ax« =—Dyjogz X* = —

9
ox?
Z %dxj. Thus for the volume element v = Fdx' A --- A dz™ of g we
oi)tain
Ax*v=FZda:1/\---/\Ax*dxi/\---/\dx"
:F(Z%)dxl Ao Ada”
= —(TrZAX*)v.
Alternatively, since the volume element v is G-invariant, we have
Ax«v = (Lx+ — Dx+)v = —=Dx»v = —a(X™)v,
and so we obtain

a(X*)=Tr Ax-.

85.. Since each ¢°
ox*

3
is a polynomial of degree 1 because of the G-invariance of D, a(X™*) is a
constant. Therefore

(Lx-a)(YT) = X" (a(Y")) = o[X7,Y7]) = —a([X, YT)
=—-Tr A[X*,Y*] = —Tr [AX*7Ay*] = 0,

Using this relationship, it follows that a(X™*) = Z

that is,
ﬁx*a =0.
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Upon applying this relation we obtain

BX™,Y") = (Dx-a)(Y") = ((Lx- — Ax+)a)(YT)
—(Ax-a)(Y*) = a(Ax-Y™).

By Lemma 9.4 we also have the following lemma.

Lemma 9.5. Let a, and 3, be the restrictions of the Koszul forms o and
B to o respectively. Then

(1) ao(q(X)) = =Tr f(X).
(2) Bo(a(X),q(Y)) = —ao(f(X)q(Y)).

Let V* be the dual space of V and let f* be the contragredient repre-
sentation of f;

(ff*(X)w")(w) = —w*(f(X)w), for X € g, weV and w* € V*.

We denote by dy- the coboundary operator for the cohomology of the Lie
algebra g with coeflicients in (V*, f*). Define a linear mapping 0 from g to
V* by

O(X)(v) = (¢(X),v), for X egandveV.
Considering 6 as a 1-dimensional (V*, f*)-cochain we have

((ds-0)(X,Y))(q(2))

(
= —(q(Y), f(X)q(Z) Z)) -
= —(q(Y), f(X)q(Z) Z))
—(f(X)q(Y),q(2)) + (f(Y)q(X),q(Z)).
Hence, by Lemma 9.2, condition (9.1) is equivalent to

g = 0. (9.2)

Theorem 9.2. Let G/K be a homogeneous space of a semisimple Lie group
G. Then G/K does not admit any G-invariant Hessian structure.

Proof. Suppose that G/K admits a G-invariant Hessian structure (D, g).
We denote by dy the coboundary operator for the cohomology of the Lie
algebra g with coefficients in (V, f). Regarding ¢ as a 1-dimensional (V, f)-
cochain we have

(drg)(X,Y) = f(X)q(Y) = f(Y)q(X) — q([X,Y]) =0,
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that is, ¢ is a (V, f)-cocycle. Since Hl(g, (V, f)) = {0} because of the
semisimplicity of g, there exists e € V' such that

q =dye.

The mapping g being surjective we can choose an element E € g such that
q(E) = e. Then

q(X) = f(X)q(E), for X €g.

Since H'(g, (V*, f*)) = {0} and ds-6 = 0 by (9.2), there exists ¢* € V*
such that

0= df*C*.

Thus we obtain

and in particular

(0(E),q(X)) = =" (f(X)q(E)) = —c*(q¢(X)).
These relationships imply

(f(B)a(X),q(Y)) + (a(X), f(E)q(Y
= (f(X)q(E),q(Y)) + (q¢(E), f(X)q(Y))
= (¢(X),q(Y)) = " (f(X)a(Y
= 2(q(X), q(Y)).

~—
Nyt

~—
~—

Therefore

F(B)+ 'f(B) =21,

where I is the identity mapping on V and !f(E) is the adjoint of f(E)
with respect to the inner product ( , ). Considering the trace of the both
sides of the above equation we obtain

Tr f(E) = dim V.

On the other hand, since g = [g, g] because of the semisimplicity of g, we
have

Tr f(E) =

This is a contradiction. Thus G/K does not admit any G-invariant Hessian
structure. O
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9.3 Symmetric spaces with invariant Hessian structures

In this section we prove that a symmetric homogeneous space with an
invariant Hessian structure essentially consists of a Euclidean space and a
homogeneous self-dual regular convex cone.

Definition 9.4. A homogeneous space G/K of a connected Lie group G is
said to be symmetric if G admits an involutive automorphism o satisfying
the following conditions.

(1) 02(s) =s, forseG,

(2) We denote by K, the closed subgroup of G consisting of all fixed points
of o, and by K? the connected component of K, containing the unit
element. Then

K’ C K C K,.

Let G/K be a symmetric homogeneous space with an involutive automor-
phism o. We denote by g the Lie algebra of G and set

E={Xcglo(X)=X}, m={Xecg|o(X)=-X},
where o, is the differential of o. Then we have
g=t+m, (9.3)
e ce [EmlCcm, [mm]CE
and £ is the Lie algebra of K. The above decomposition of g is called the
canonical decomposition for the symmetric homogeneous space G/ K.

In the remainder of this section we prove the following theorem and
corollaries.

Theorem 9.3. Let G/K be a symmetric homogeneous space with an in-
variant Hessian structure. Then we have the following decomposition

G/KZ GO/KQ X Gl/Kl X -+ X GT/KT,

where the universal covering space of Go/Ky is a Fuclidean space and the
universal covering space of G;/K; (1 < i <) is an irreducible homogeneous
self-dual reqular convex cone.

Corollary 9.3. Let G/K be a homogeneous space of a reductive Lie group
G. Suppose that G/K admits an invariant Hessian structure. Then the
universal covering space of G/K is a direct product of a Fuclidean space
and a homogeneous self-dual regular convex cone.
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Corollary 9.4. A compact homogeneous space with an invariant Hessian
structure is a Fuclidean torus.

Corollary 9.5. A homogeneous self-dual regular convex cone is charac-
terized as a simply connected symmetric homogeneous space admitting an
invariant Hessian structure with positive definite second Koszul form (3.

Let G/K be a symmetric homogeneous space with an invariant Hessian
structure (D, g). Let g be the Lie algebra of G and let

g=t+m

be the canonical decomposition of g for the symmetric homogeneous space
G/K. By Theorem 9.1, g admits an affine representation (f,q) such that
the image of the linear mapping g : ¢ — V coincides with V" and the kernel
is &. Therefore the restriction of ¢ to m is a linear isomorphism from m onto
V. Hence for each u € V there exists a unique element X,, € m such that

q(Xy) = u.
We denote by L, an endomorphism of V' given by
L, = f(Xy.), forueV,
and define a multiplication on V' by
u* v = Lywv.
Then V is a commutative algebra by (9.3).

Lemma 9.6. Let R be the curvature tensor of g and let R, be the restriction
of R too={K}. Then

Ro(u,v) = —[Ly, L.
Proof. Identifying m with V' by the mapping ¢ we have by [KN]
Ro(X,Y)Z = —[[X,Y],Z], for X, Y and Z € m.
With this result we have
Ro(u, v)w = q(Ro(Xu, Xo) Xu) = —q([[Xu, Xo], Xu])

= —f([Xu, Xv])q(Xw) + f(Xw)q([XU7XU])
= —[Ly, Ly)w.

Lemma 9.7. Let W € ¢. Then f(W) is a derivation of the algebra V.
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Proof. Since
W, X,] €m and ¢([W, X.]) = f(W)a(Xu) — f(Xu)g(W) = f(W)u,
we obtain
W, Xu] = Xpowyu-
Hence we have
(fW)u) xv = f(Xrwyu)v = fF(IW, Xu])v = [f(W), f(Xu)]v

= W) f(Xu)v = f(Xu) f(W)v
= FW)(uxv) —ux (f(W)o). 0

Let a, and (3, be the restrictions of the Koszul forms o and § to o. By
Lemma 9.5 we know
ao(u) = —Tr Ly, (9.4)
Bo(u,v) = —ao(u *v) = Tr Lyse-
Lemma 9.8. We have

(1) [[LU?LU]ﬂLw] = L[u*w*v];
where [u* w*v] = u* (w*v) — (u*w) *v.

(2) Bo(u * U, w) = ﬂo(va U * w)
Proof. By relations (9.3) we have

[ Xus Xo]s Xow] € m,
Q([[Xua Xv]a Xw]) = f([Xquv])q(Xw) - f(Xw)q([Xua Xv])

= [Ly, Ly]Jw = [u* w * v],
which yield
[[Xu; Xv]; Xw] = X[u*w*v]-
Hence
[[Lua Lv]a Lw] = f([[Xua Xv]a Xw]) = f(X[u*w*v]) = L[u*w*v]'
Using relations (9.5) together with the above result we obtain

ﬁo(u * U, U}) - 50(“7 u * U}) =Tr L(u*v)*w—v*(u*w) =-Tr L['U*’LL*'UJ]
= —Tr [[Ly, Ly, Ly] = 0.
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Lemma 9.9. We have

(1) tf(X) = f(X), for X €m,
(2) Lf(W)=—f(W), for W €€,

where b f(X) is the adjoint operator of f(X) with respect to the inner prod-
uct {, ) given in Lemma 9.2. In particular the linear Lie algebra f(g) is
self-adjoint, that is, *f(X) € f(g) for all f(X) € f(g).

Proof. By equation (9.1) we have
(f(¥)a(2),q(X)) + (a(2), f(Y)a(X))
= (f(2)q(Y),q(X)) + (a(Y), f(Z)a(X)).
For X,Y and Z € m the above formula is reduced to

(a(2), F(X)q(Y)) = (f(X)q(2),q(Y)),

because the algebra V' is commutative. This implies assertion (1). For
X, Yemand Z =W € £ we have

(FW)q(Y), a(X)) + (a(Y), f(W)q(X)) = 0.
Thus assertion (2) is also proved. O

Lemma 9.10. The kernel Ker f of f is included in m.

Proof. Let Z € Ker fNEand X € m. Since
[Z,X] em and ¢([Z,X]) = f(Z)q(X) — f(X)q(Z) =0,
it follows that [Z, X] = 0. We have [Z,W] € Ker f N ¢ for all W € ¢. Thus
Ker f Nt is an ideal of g included in €. Since G acts effectively on G/K, an
ideal of g included in £ is reduced to 0. Hence Ker f N ¢ = 0. By Lemma
9.9 we have Ker f = Ker f N €+ Ker f N m and so Ker f C mD O
Let g(m) be a Lie subalgebra of g generated by m;

g(m) = [m, m] + m.

By Lemma 9.9 the Lie algebra f(g(m)) is self-adjoint. Let G(m) be the

connected Lie subgroup of G corresponding to g(m), and put K(m) =
G(m) N K. Then

G/K = G(m)/K (m). (9.6)

Let Vo be the intersection of Ker f(X) for all X € g(m). The orthogonal
complement V' of V; is a f(g(m))-invariant subspace. Hence V' is decom-
posed into the direct sum of irreducible subspaces

V= VitV
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where V; are orthogonal to each other. The algebra V' is therefore the direct
sum of ideals,

V=Ww+WVi+. - +V, (9.7)
VixV;C Vi, V;*xV; ={0}, fori#j.

Lemma 9.11. Set m; = {X e m | ¢(X) € V;}. Then

(1) Ker f = mo,
(2) [m;,m;] ={0}, fori#j.

Proof. Let X € mp. Then f(X)q(Y) = f(Y)g(X) = 0 for all ¥ €
m. Hence X € Kerf. Conversely let X € Kerf. Then f(Y)g(X) =
f(X)g(Y) = 0 for all Y € m. Since g(m) is generated by m, we have
f¥)g(X) = 0 for all Y € g(m). Hence X € my. Thus (1) is proved.
Let X; € m; and X; € m; where ¢ # j. It follows from relation (9.7)
that f([X;, X;))v = f(Xu)f(X;)v — f(X;)f(X;)v =0 for all v € V. Thus
(X, X;] € Ker fN¢D Hence [X;, X;] =0 by Lemma 9.10. O

Lemma 9.12. Set g; = [m;, m;] + m;. Then

(1) g(m)=go+g1+- - +0r,
(2) g; is an ideal of g(m).

Proof. Assertion (1) is a consequence of [m;, m;] = {0} for ¢ # j. For
the proof of assertion (2) it suffices to show [[m;,m;],m;] C m,;. This
follows from [[ml,mz],ml] C m and q([ml,mz],ml]) = f([ml,ml])q(ml) C
flg(m))V; C Vi O

Lemma 9.13. For X € g; we denote by fi(X) the restriction of f(X) to
Vi. Then f; (1 <i<r) is a faithful irreducible representation of g; on V;.

Proof. Let X € g; such that f;(X) = 0. Since f(g;) is generated by
f(m;) and f(m;)V; = {0} (j # i), it follows that f(X)V; = 0. Hence
f(X) = 0. Given also that Ker fNg, = mgNg; = {0}, we have X = 0.
Thus f; is a faithful representation. Let U; be a subspace of V; invariant
by fi(g:). Since f(g;) (j # 1) is generated by f(mj) and f(m;)U; = {0},
we obtain f(g;)U; = {0}. Therefore U; is an f(g(m))-invariant subspace
of V;. Since V; is an irreducible subspace by f(g(m)) we have U; = {0} or
U; = V;. Hence f; is an irreducible representation. O

Proposition 9.1. If the representation f of g on V is faithful and irre-
ducible, then the algebra V is a compact simple Jordan algebra.
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Proof. We put Uy = {ug € V| Bo(ug,v) = 0, for all v € V}. Since
Bo(u * ug,v) = Bo(up,u *xv) = 0 for ug € Uy and u,v € V, we obtain
fm)Uy C Uy. For ug € Uy, v € V and W € ¢, by Lemma 9.7 and (9.5) we
have

Bo(f(W)uo,v) = Tr L(p(wyug)sv = Tt Lgw)(uorv) = TF Lugx(r(w)o)
= Tr f(X5w)(uowv)) = Tt f([W, Xugso]) = 0.

Hence f(¢)Uy C Uy, and so f(g)Up C Up. Since f is irreducible, it follows
that U() = {0} or U() =VD

Suppose Uy = V. Let e be the element in V' determined by (e, u) = a,(u).
Since

(Leu,v) = {e,uxv) = ap(uxv) = —F(u,v) =0, forall wand v €V,

we have L, = 0 and hence (e, e) = a,(e) = Tr L, = 0. This implies e = 0
and

a, = 0.

Since g admits a faithful and irreducible representation f, it is known that
the Lie algebra g is reductive and so it may be decomposed into

g=c+s,

where ¢ is the center of g and s is a semisimple subalgebra of g [Bourbaki
(1960)]. Let C € c¢nt. Then f(C)(X) = f(C)(X) — f(X)q(C) =
q([C,X]) = 0 for all X € g. Hence f(C) = 0 and so C = 0. Since
c=cNt+ cNm it follows that

cCm.

Assume that there exists C # 0 € ¢. We shall show that the minimal
polynomial P(z) of f(C) is an irreducible polynomial over R. Suppose
that P(z) = Q(z)R(x), where Q(x) and R(x) are polynomials over R
whose degrees are less than the degree of P(x). Put U = Q(f(C))V. Then
U is an f(g)-invariant subspace of V. Hence either U = {0} or U = V
because f is an irreducible representation. If U = {0} then Q(f(C)) = 0.
However, this is a contradiction because P(z) is a minimal polynomial of
f(C). ItU =V then Q(f(C)) is a linear isomorphism of V. From this result
together with Q(f(C))R(f(C)) = P(f(C)) = 01it follows that R(f(C)) =0,
which is also a contradiction. Thus P(z) is an irreducible polynomial over
R. Hence P(z) = x — XA where A € R, or P(z) = (x — p)(x — [i) where
w € Cand i # p. Since 'f(C) = f(C) by Lemma 9.9, the eigenvalues
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of f(C) are real numbers. Hence P(x) = « — A and f(C) = A. From
0 = a,(q(C)) = Tr f(C) = Adim V it follows that A = 0. Thus, because
f is faithful, C = 0. This is a contradiction. Therefore ¢ = {0} and g is
semisimple. This contradicts Theorem 9.2, and so we have Uy = {0} and
so O, is non-degenerate on V. Therefore, it follows from relations (9.4) and
(9.5) and Lemmata 4.2 and 9.8 that V' is a semisimple Jordan algebra. Since
f is irreducible, the Jordan algebra V is simple. Moreover, by Lemma 9.9
(1) and the following Lemma 9.14, we have that the simple Jordan algebra
V' is compact. O

Lemma 9.14. Let V be a Jordan algebra over R. Then the following con-
ditions are equivalent (cf. [Koecher (1962)]).

(1) The bilinear form given by (a,b) = Tr La.p is positive definite.
(2) V admits an inner product such that {(u* v, w) = (v, u * w).

Proof of Theorem 9.3. Let G; be a connected Lie subgroup of G
corresponding to g; and let K; = G; N K(m). It follows from (9.6), (9.7)
and Lemma 9.12 that

G/K = G(m)/K(m) = Go/KO X Gl/Kl X oo X GT/KT.
By Lemma 9.6 and 9.11 the universal covering space of Go/Kj is a Eu-
clidean space. We shall consider the case G;/K; where ¢ > 1. Let G’i be
the universal covering group of G; and let m : G; — G; be the covering
projection. Denote by K; the connected component of 7! (K;) containing
the unit element. Then G / K; is the universal covering space of G;/K;.
Since G; is simply connected, there exists a representation f; of G; on V;
such that the differential coincides with f;. By Proposition 9.1, V; is a com-
pact Jordan algebra. Therefore, by Lemma 9.14, the bilinear form on V;
defined by (u,v); = Tr Ly, is positive definite. Let e; be the element in V;
determined by (e;,u); = Tr L,. Since (e; * u,v); = (u*e;,v); = (e, u*v);
= Tr Lysy = (u,v);, for u, v € V;, it follows that e; * u = u * ¢; = u, that
is, e; is the unit element of V;. Hence f;(X)e; = ¢(X) for all X € m;. Let
W € ¢,. Then f;(W) is a derivation of V;, and so f;(W)e; = 0 = ¢(W).
These relations imply
fi(X)e; = q(X), for X € g,.
An open orbit ; = £,(G;)e; of f;(G;) through e; is an irreducible homoge-
neous self-dual regular convex cone [Koecher (1962)] [Vinberg (1960)]. Let
H; be the closed subgroup of G; defined by H; = {h € G; | f.(h)e; = e;}
and let h; be the Lie subalgebra of H;. Since
X €b; < fi(X)ei = q¢(X) = 0 <= X € Lie algebra of Kj,
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it follows that f(lv C IZ. We therefore obtain the canonical covering pro-
jection p; : Gi/ffz —Q; = GQ/HZ Since the domain §; is convex, the
covering projection p; is a homeomorphism, and so the irreducible homo-
geneous self-dual regular convex cone €; is the universal covering space of

Proof of Corollary 9.3. Let G/K be a homogeneous space of a re-
ductive Lie group G with an invariant Hessian structure. Let G be the
universal covering group of G and let # : G — G be the covering pro-
jection. Denote by K the connected component of 7~ (K containing the
unit element. By Theorem 8.2 the universal covering space G/K of G/K is
a homogeneous convex domain in R™. Let N be the set of all elements in
G which induce the identity transformation on G/K. Then N is a normal
subgroup of G. Put G* = G/N and K* = K/N. Then G*/K* = G/K and
G* acts effectively on G*/K*. We may consider G* as a subgroup of the
affine transformation group A(n) of R™. It is known that the Lie algebra
g of a reductive Lie group G is decomposed into

g=c+s,

where ¢ is the center of g and s is a semisimple subalgebra of g. Let C*
and S* be the connected Lie subgroups of G* corresponding to ¢ and s re-
spectively. Then S* is a closed subgroup of A(n) because S* is a connected
semisimple subgroup of A(n), and we have

G*=C"s™.

Denoting by C* the closure of C* in A(n), the group C*S* coincides with
the closure G* of G* in A(n)G

G* =C*S5*.

The group G* acts on the homogeneous convex domain G*/K* and leaves
the Hessian structure invariant. Let H} and H} be maximal compact sub-
groups of C* and S* respectively. Then the group H* = H*H is a maximal
compact subgroup of G* = C*S*. Since G*/K* is a convex domain, the
compact group H* has a fixed point in G*/K*. We assume, without loss of
generality, that the fixed point is the origin 0. The isotropy subgroup B*
of G* at the origin 0 is contained in an orthogonal group and is closed in
G*. Thus B* is a compact subgroup of G* including H*. Hence H* = B*.
Since the group G* acts effectively on G*/H* = G*/K*, the group H} is
reduced to the identity. Hence B* = H* = H}. Let g*, ¢*, s* and h} be the
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Lie algebras G*, C*, S* and H} respectively. Denote by p* the orthogonal
complement of % in s* = s with respect to the Killing form of s. Put

b* =bs, pT =7 +pL
Then
g =b"+p"
6%, 6" T Cb™,  [o%plCp’, PP ChH
Therefore G* /H*(= G*/K* = G/K) is a symmetric homogeneous domain
with an invariant Hessian structure. Hence, by Theorem 9.3, the universal

covering space G / K of G /K is a direct product of a Euclidean space and
a homogeneous self-dual regular convex cone. O

Proof of Corollary 9.4. The automorphism group G of a compact
homogeneous Hessian manifold M is compact. Hence G is a reductive Lie
group acting transitively on M. Using the same notation as in Corollary
9.3, by Weyl’s theorem, S* is a compact subgroup. Hence H* = §*. Since
S* is a normal subgroup of G* fixing the origin 0, it follows that S* C K*.
Since G* acts effectively, S* is reduced to the identity, and so G* = C*.
Hence the group G* = C* is a compact Abelian group and M is a Euclidean
torus. U

Proof of Corollary 9.5. We have proved in Theorem 4.6 and Propo-
sition 4.10 that a homogeneous self-dual regular convex cone is a simply
connected symmetric homogeneous space admitting an invariant Hessian
structure with positive definite second Koszul form. Conversely, suppose
that G/K is a simply connected symmetric homogeneous space endowed
with an invariant Hessian structure with positive definite second Koszul
form. It follows from relations (9.5) and Lemma 9.11 that V5 = {0}. Hence
Go/ K, reduces to a point. Therefore, by Theorem 9.3, G/K is a homoge-
neous self-dual regular convex cone. O



Chapter 10

Homogeneous spaces with invariant
Hessian structures

In section 4.2 we proved that a homogeneous self-dual regular convex cone
is a symmetric space with invariant canonical Hessian structure, and we
gave a correspondence between these cones and compact Jordan algebras.
In section 9.3 we proved that a simply connected symmetric space with an
invariant Hessian structure is the direct product of a Euclidean space and
a homogeneous self-dual regular convex cone. In this chapter we generalize
these results, and show that a homogeneous space with an invariant Hessian
structure essentially consists of a Fuclidean space and a homogeneous reg-
ular convex cone. In section 10.1 it is shown that a homogeneous Hessian
domain admits a simply transitive triangular group. Using an affine repre-
sentation of the Lie algebra of the triangular group, we reduce our study to
that of certain non-associative algebras. In sections 10.2 and 10.3 we state
the results of [Vinberg (1963)] which give a correspondence between homo-
geneous regular convex domains and non-associative algebras, called clans,
and a realization of a homogeneous regular convex domain as a real Siegel
domain. In section 10.4 we give a correspondence between homogeneous
Hessian domains and normal Hessian algebras and apply the structure the-
orem of normal Hessian algebras for the study of homogeneous Hessian
manifolds.

10.1 Simply transitive triangular groups

Let (G/K,D,g) be a homogeneous Hessian manifold. Using the notation
of section 8.1, it follows from Corollary 8.1 (1) that the mapping

exp? : &, — G/K

183
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is an affine mapping where o = {K}. Hence § = (exp?)*g is a Hessian
metric with respect to the standard flat connection D on &,. By Lemma
8.3, there exists a potential function @ such that g = Ddaﬁ. By Lemma 8.1
and 8.4 the domain &, is convex, and so & is the universal covering space
of G/K with covering projection exp? : & — G/K by Corollary 8.1 (2).
Thus the universal covering space of a homogeneous Hessian manifold is a
homogeneous Hessian domain. Therefore the study of homogeneous Hessian
manifolds is essentially reduced to that of homogeneous Hessian domains.
For this reason, in the present chapter the Hessian domains considered will
be homogeneous unless otherwise stated.

In this section we shall prove that a homogeneous Hessian domain ad-
mits a simply transitive triangular group. We first recall Vinberg’s theorem
on algebraic groups.

Let x;; be a function given by z;; : [si;] € GL(n,R) — s;; € R.
A subgroup G of GL(n,R) is called an algebraic group if there exist a
family of polynomials {px(---,xij, -+ )}ren of z;; such that

G = {[sij] € GL(n,R) | pa(--+ , 8ij,---) =0, forall A e A}.

A subgroup T of GL(n,R) is said to be triangular if there exists an
element s € GL(n,R) such that all elements in s~'T's are upper triangular
matrices.

The affine transformation group A(n) of R™ is naturally identified with
a subgroup of GL(n 4+ 1,R). A subgroup G of A(n) is said to be alge-
braic or triangular if, considering G as a subgroup of GL(n + 1,R) by the
above identification, G is algebraic or triangular respectively. The following
theorem is due to [Vinberg (1961)].

Theorem 10.1. Let G be the group of the connected component of an al-
gebraic group. Then there exists a triangular subgroup T and a mazimal
compact subgroup K of G such that

G=TK, TnK=/{e},

where {e} is the identity.

Let (2, D,g = Ddy) be a homogeneous Hessian domain in R" and let
Aut(2, D, g) be the group of all automorphism of (2, D, g = Ddy). In the
following we assume that Aut(€), D, g) acts transitively on €.

Lemma 10.1. Let N be the normalizer of Aut(2, D) in A(n). Then N is
an algebraic group, and the group of the connected component of N coincides
with the group of the connected component of Aut(2, D).
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Proof. For the proof the reader may refer to [Vinberg (1963)]. O
0

Lemma 10.2. Fach partial derivative G—SDJ 18 a rational function with re-
x

spect to the standard affine coordinate system {x!,--- 2"} on R™.

Proof. Let g be the Lie algebra of Aut(§2, D, g). For X € g we denote
by X* the vector field on 2 induced by exp(—tX). Let p be an arbitrary
point in Q. Then we can find X5, ---,X,, € g, and a neighbourhood W
of p, such that X7, ---, X} is a basis of the tangent space at any point of

n

W. We set % Zn;X;‘ and X[ = Zg{% Then each §f is an
% )

affine function of {z',---, 2™} because exp(—tX) € A(n). Since 7} is the

(4,4)-th component of the inverse matrix of [Sf 1, 77;» is a rational function

of {zt,---,2"}. Let X € g, then X* = ij% is a Killing vector field

J
with respect to g = Ddy and &7 is an affine function. Hence, denoting by
Lx~ the Lie derivative with respect to X*, we have

0=Lx-0) (5 55 )

, Oz’ Oz
.0 AN 0 [y O
=X w9 ) 5r) ~ (o ¥ 555 ))
e S 18 )
p

0xtOxioxP  Oxt OxPOxy  OxJ OxPOxt

2
= 90w (X7¢),

which implies that X*p is an affine function. Therefore — Z 77]X *
is a rational function. O

Proposition 10.1. The group Auto(),D,g), the identity component of
Aut(Q2, D, g), coincides with the identity component of an algebraic group.

Proof. Let f(s) = [f(s)}] and q(s) = [q(s)] be the linear part and the
translation vector part of s € A(n) respectively. An element s in Aut(Q, D)
is contained in Aut(Q2, D, g) if and only if

Zf )i (), gri(sp) = gij(p), for all p € Q.
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2
By Lemma 10.2 the component g;; = % of g is a rational function.
xt0x
Hence
H={scAn IZf )5gr(sp) = gij(p), for all p € Q}

is an algebraic subgroup of A(n) and Aut(2,D,g) = Aut(2,D) N H.
Using Lemma 10.1 and the notation therein, it follows that the group
Auto (2, D, g) coincides with the group of the connected component of the
algebraic group N N H. O

Proposition 10.2. The isotropy subgroup K of Aut,(Q,D,g) at o € Q is
a mazximal compact subgroup of G.

Proof. The group K is a closed subgroup of A(n) because Aut,(Q2, D, g)
is a closed subgroup of A(n). We set

={h € A(n) | Zf )i f(h) gpq(o) = gij(0)},

where [f(h);] is the linear part of h. Since H, is a compact group and
K C H,, K is a compact group. Let K’ be a maximal compact subgroup
of G including K and let W be a bounded open subset of Q2. Put
K'W={kKw|k e K', we W}

Then K'W is a bounded subset invariant by K’. Let o’ be the center
of gravity of K'W. Then o is, by definition, a fixed point of K’ and
is contained in ) by the convexity. Choosing an element s € G such
that so’ = o, we have sK’s™! C K. Since sK’s™! is a maximal compact

subgroup of G, we obtain sK’s~! = K. Therefore K is a maximal compact
subgroup of Aut, (2, D, g). O

It follows from Theorem 10.1 and Propositions 10.1 and 10.2 that there
exists a triangular subgroup 7" and a maximal compact subgroup K of
Auto(2, D, g) such that

Auto(Q,D,9) =TK, TnNK={e}.

In the proof of Proposition 10.2 we proved that there exists a fixed point
o € Q of K such that the isotropy subgroup of Aut,(€2, D, g) at o coincides
with K. Therefore the triangular group T' acts simply transitively on €.
Thus we have

Theorem 10.2. A homogeneous Hessian domain (0, D, g) admits a simply
transitive triangular subgroup T of Aut(Q), D, g).
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10.2 Homogeneous regular convex domains and clans

In this section, according to [Vinberg (1963)] we shall give a bijective corre-
spondence between homogeneous regular convex domains and certain non-
associative algebras, called clans. Let € be a homogeneous regular convex
domain in R™. By the proof of Theorem 8.4, Q) admits a Hessian metric
of Koszul type (D,g = Dw). Without loss of generality we may assume
that Q contains the origin 0 of R™. By Theorem 10.2, there exists a tri-
angular subgroup T of Aut(2, D, g) acting simply transitively on . Let
f:T — GL(n,R) and ¢: T — R"™ be the mappings which assign each
s € T to the linear part f(s) and the translation vector part g(s). Let t be
the Lie algebra of T. We denote by f:t — gl(n,R) and ¢ : t — R" the
differentials of f and q at the identity respectively.

For X € t we denote by X* the vector field on € induced by exp(—tX),
then

0
J
=2 Zf o+ (0) 57
Using the notation of section 9.1 we have

Ay = =3 (X PO + 3 F)a( V)
ik J

Hence

(Ax-Y*)o = — Z<f<X>Q<Y>>i(aii)o'

5} ,
Identifying 21: a; (%)0 € ToQ? and [a’] € R™ we have

Xg = —q(X), (Ax+)o = f(X). (10.1)

The pair (f,q) defined above coincides with the pair given in the section
9.1. Thus (f, q) is an affine representation of t on V.= R",

(1) f is a linear representation of t on V/,
(2) ¢ is a linear isomorphism from t to V,

3) ¢([X,Y]) = f(X)q(Y) = fF(V)g(X).



188 Geometry of Hessian Structures

Using the above (1)-(3) we define an operation of multiplication on V' by

w-v=flq ().

Then V is an algebra with this multiplication.

Lemma 10.3. Let L, be the operator of the left multiplication by u € V.
Then we obtain

[Lu; Lv] = Lu~v—v~u-

Therefore V' is a left symmetric algebra (cf. Definition 9.2 and Lemma
9.1)D

Proof. Since
LU = f(q_l(u))7
a(lg " (u), g @) = fla™ (w)o = fla (@) =u-v—v-u,
we have
Lyypou = f(q_l(u U —v-u)) = f([q_l(u)a q_l(v)])
= [f(g7" (), flg ()] = [Lus L. 0

Proposition 10.3. If a homogeneous regular convex domain is a cone, then
the corresponding left symmetric algebra has the unit element.

Proof. Let —e be the vertex of the cone. The 1-parameter transformation
group of dilations at —e is given by

o(t):x — (expt)(z +e) —e,

and is included in the center of T'. There therefore exists an element E in
the center of t such that o(t) = exptE and

flexptE)x = (expt)z, qlexptE) = (expt—1)e.
Hence
fB) =1, q(E)=e,
where [ is the unit matrix. This implies
e-u= f(E)u=u,
0=q([B,q" (w)]) = f(B)u— fla (u)e=u—u-e.

Therefore e is the unit element in V. O
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Definition 10.1. A left symmetric algebra V is said to be normal if the
eigenvalues of L, are all real numbers for any v € V.

Definition 10.2. A normal left symmetric algebra V is called a clan (cf.
[Vinberg (1963)]) if V' admits a linear function x on V such that

(1) x(u-v) =xw-u), foruandveV,
(2) x(w-w) >0, forw#0eV.

The clan is denoted by (V, x).

Theorem 10.3. Let 2 be a homogeneous regular convexr domain. Then we
can construct a clan from Q. If Q is a cone, then the corresponding clan
has the unit element.

Proof. Since t is the Lie algebra of a triangular group 7', all the eigen-
values of L,, are real numbers for any u € V. Hence, by Lemma 10.3, V is
a normal left symmetric algebra. The homogeneous regular convex domain
Q = T0 admits a Hessian metric of Koszul type ¢ = Dw, where w is an
invariant 1-form (cf. Theorem 8.4). Denoting by x the value of w at 0, by
Lemma 9.3 the pair (V, x) is a clan. By Proposition 10.3 the clan has the
unit element if €2 is a cone. O

Conversely, we shall construct a homogeneous regular convex domain
from a clan. Let (V,x) be a clan and let {x!,--- 2"} be the affine coordi-
nate system on V with respect to a basis {e1, - ,e,}, i.e. u =3,z (u)e;
for u € V. We define a vector field X, on V' by

Xu==> (D (Lu)je’ +a'(w) aii’ (10.2)

i J

where (Lu); represent the components of L,, with respect to the basis. Then
X, is an infinitesimal affine transformation, and we have

[Xus Xo] = Xuw—veu-
Thus
t(V)={X,|ueV}
forms a Lie algebra. Let T(V) be the affine transformation group of V

generated by t(V'). For s € T(V) we denote by f(s) and g(s) the linear part
and the translation vector part of s respectively. Then

flexpX_,) =expL,, qlexpX_, Z n' L. (10.3)

n=1
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Let f and g be the differentials of fand g at the identity respectively. Then
f(X_u) = Lu, q(X_u) = u. (10.4)

Let Q(V) be the orbit of T'(V') through the origin 0;
QV)=T(V)0={q(s) | s € T(V)}.

Then (V) is a domain in V because g : t(V) — V is a linear isomorphism.

Lemma 10.4. The group T'(V') acts simply transitively on Q(V).

Proof. Tt is enough to show that the isotropy subgroup B of T (V') at the
origin 0 is reduced to the identity element. Let b be the Lie algebra of B. It
follows from B = {s € T(V) | q(s) = 0} that b = {X,, € (V) | ¢(X,) = 0},
and so b = {0}. Hence the group B is discrete. Since all the eigenvalues
of L, are real numbers for every u € V, the Lie algebra {L, | v € V}
is triangular. Therefore the Lie algebra t(V') is also triangular and so
the mapping exp : t(V) — T(V) is surjective. Let s € B, then there

exists X, € (V) such that s = expX,. Put r = exp %Xu. Since
0= g(s) = q(r?) = flr)q(r) + q(r) we obtain f(r)q(r) = —q(r). Suppose
g(r) # 0. Then ¢(r) is an eigenvector of f(r) corresponding to the eigen-
value —1. However, since f(r) = flexp %Xu) = exp %f(Xu) = exp %Lu and
all the eigenvalues of L,, are real, the eigenvalues of f(r) are all positive real

numbers. This is a contradiction. Hence ¢(r) = 0 and r = exp §Xu € B.

1
Repeating the same procedure we obtain exp FX « € B for all non-negative

integers n. Since the group B is a discrete subgroup, we conclude X,, =0
and so s is the identity element. Thus B is reduced to the identity element.
O

Lemma 10.5. Let w be a 1-form on Q(V') defined by
w(Xy) =x(u) forueV.
Then

(1) wis a closed 1-form invariant under T(V).
(2) Dw is a positive definite symmetric bilinear form invariant under T'(V').

Proof. The 1-form w is closed and invariant under T'(V') because
(dw)(Xu, Xo) = Xu(w(Xo)) = Xo(w(Xu)) — w([Xu, Xo])

=—x(u-v—v-u)=0,
(Lx,w)(Xy) = Xu(w(Xy)) — w([Xu, Xu])
= —w(Xyv—vu) = —xu-v—v-u)=0,
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where Lx, is the Lie derivative by X,,. The invariance of Dw under T'(V)
follows from

(Lx, Dw)(Xo, Xo)
= Xy (Dw(Xy, X)) — Dw([Xu, Xo], Xw) — Dw(Xy, [Xu, Xw])
= Xu((Dx,w)(Xw)) — (Dx,w)([Xu, Xu]) = (Dix,,x,)w) (Xw)
= (Lx,Dx,w — Dix, x,1w)(Xw)
={(Lx.,Dx, = Dx,Lx, — Dix, x,))w}HXuw)
=0,
where for the last equation see [Kobayashi and Nomizu (1963, 1969)](I,

p.231). To prove that Dw is positive definite, it is sufficient to show at 0.
Since

(Dw)( Xy, Xy) = Xpw(Xy) —w(Dx,Xy) = —w(Dx, Xu),
Dx, X ZZ{Z(LuLU oF 42 (u-v }6 =)
ik

we have

(Dw)o((Xu)o, (Xu)o) = —wo((Dx, Xu)o) = —WO(Z”JJ u-v ( - )0)

— wo((Xun)o) = x(u - ).
This implies that (Dw)g is positive definite. O

By Lemma 10.5, w is a closed 1-form invariant under T(V) and g =
Dw is a Hessian metric of Koszul type on Q(V) = T(V)0. Therefore, by
Theorem 8.5, Q(V) = T(V)0 is a homogeneous regular convex domain. If
the clan (V] x) has the unit element e, the 1-parameter affine transformation

group o(t) generated by X, = — Z(xl + xl(e))% is given by
. x

olt)xr=e"(x+e)—

and is a group of dilations at —e. Thus (V) is a cone with vertex —e. In
summary, we have the following theorem.

Theorem 10.4. Let (V,x) be a clan. Then we can construct from the clan
(V,x) a homogeneous regular convex domain (V). If the clan has the unit
element e, then Q(V) = {(exp Ly,)e | u € V} — e is a cone with vertex —e.

Corollary 10.1. Let (V,x) be a clan. The bilinear form on V defined by
Tr L., is a positive definite symmetric bilinear form.
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Proof. Let aand 8 be the Koszul forms on Q(V'). Since Q(V) is a regular
convex domain, the second Koszul form § is positive definite (cf. the proof
of Theorem 8.4). Denoting by g and [y the restrictions of the Koszul
forms to the origin 0, we obtain by Lemma 9.5

ag(u) = ao(¢(X—v)) = —Tr f(X_u) = =Tr Ly,

Bo(u,v) = —ap(f(X_u)g(X_-y)) = —ap(u - v) = Tr Ly.p.
Therefore Tr Ly,.., = Bo(u, v) is positive definite. O

Example 10.1. Let V be the vector space of all real symmetric matrices of
degree n and € the set of all positive definite symmetric matrices in V. We
have seen in Example 4.1 that €2 is a regular convex cone in V' and the group
{f(s) | s € GL(n,R)} act transitively on Q, where f(s)z = sx's for z € V.
Let T'(n,R) be the group of all upper triangular matrices with all positive
diagonal elements. Then

GL*(n,R) = T(n,R)SO(n),
T(n,R)NSO(n) = {e}, where e is the unit matrix,
and the group {f(s) | s € T(n,R)} acts simply transitively on Q. Let us

consider the cone given by Q —e. For s € GL(n,R) we define an affine
transformation a(s) of V' by

a(s):x — s(xr+e)ls—e.
Then a(s) preserves the cone §2 — e invariant. The linear part f(s) and the
translation vector part g(s) of a(s) are given by
f(s)x = sa's, q(s) =s's —e.
The affine transformation group {(f(s), q(s)) | s € T(n,R)} acts simply
transitively on the regular convex cone 2 — e. The Lie algebra t(n,R)

of the Lie group T'(n,R) is the set of all upper triangular matrices. The
differential (f, q) of (f, q) is given by

f(X)w=Xv+v'X,
gX)=X+ tX,
for X € t(n,R)and v € V. Therefore, putting @ = ¢! (u) for u = [u;;] € V,
we obtain

1

UL Uiz Ulp
1

0 5u22 -+ wuap

=53
Il

1
0 0 e §unn
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Then the multiplication law on V' is given by
w-v=f(g  u))v = fla) = v + v,

and the unit matrix e is the identity element of the algebra V. Let 1 be
the characteristic function on 2 and put ¢(z) = ¥(x+e€). Then w = dlogp
is a 1-form on 2 — e invariant under {(f(s), ¢(s)) | s € T'(n,R)}, and Dw is
positive definite. It follows from (4.2) that

o(0(X) = | togplatesp(-1x)
d d b(e)
-4, tomvten-oe - 4 1og{ - f(exp(_tX))}
_ 4 logdetexptf(X) = Tr f(X).
dt],—g

Using these expressions we have
n

wolw) = Tr fla™ (@) = nTrg ™ (u) = STru,

(u,v) = wo(u-v) = gTru-v = gTruv.

Therefore (V,wp) is a clan with the unit element e.

10.3 Principal decompositions of clans and real Siegel do-
mains

For a clan V we constructed in Theorem 10.4 the homogeneous regular
convex domain (V). In this section we shall prove that a clan V' admits the
principal decomposition V' =V + N, and that the domain (V) is realized
as a real Siegel domain by using this decomposition [Vinberg (1963)].

Let (V,x) be a clan and let (u,v) = x(u - v) the inner product on V.
We define an element eg € V' by

{eg,u) = x(u) forallu e V.

Then we have the following lemma.

Lemma 10.6. The element eq is an idempotent, i.e. eg - ey = ey, and the
operator Re, of the right multiplication by e is symmetric with respect to
the inner product (u,v) and satisfies

RZ = Re,.
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Proof. We have

<u7 R€0U> - <’U, R€0u> = X(u . (U . 60) — U (u . 60))
= X([Lu; Lv]e()) = X(Lu-v—v~u60)
={(u-v—v-ue)=x(u-v—ov-u)=0,

for all w and v € V. This means that R., is symmetric with respect to the
inner product (u,v). Hence

(€0 - eg,u) = (Regen, u) = (e, Regut) = x(u - eg) = (e, u),
for all w € V', and so
€0+ €y = €.
By Lemma 9.1 (3) we obtain
[Leo Reo] = Rey — RE,.

Put P = Re, — R . Since [R.,, P] = 0 we have Tr P? = Tr[Le,, Re,|P =
Tr Ley [Rey, P] = 0. Since P is symmetric and Tr P? = 0, we have P = 0
and so Rgo = R,,. g

Since R., is an orthogonal projection by Lemma 10.6, we obtain an
orthogonal decomposition

V=W+N,

where Vo = {2 € V| Reyx =z} and N = {y € V | R,y = 0}.

The decomposition V' = Vp+ N is said to be the principal decomposition
of the clan, and the element e is called the principal idempotent. If V'
has the unit element e, then e is the principal idempotent because (e, u) =

x(e-u) = x(u).
Lemma 10.7. Let eq be the principal idempotent of a clan V. Then
1
L€0 = §(R€0 + I)7
where I is the identity mapping on V.

Proof. By Lemma 9.1 (2) we have
(Leg, v) + (ty Legv) = X(Lega¥ + LyLegv) = X(Lueq + Leg Ly v)
= (Repu, v) + (u,v),
which implies

Leo + tLeo = Reo + I7
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where ‘L., is the adjoint operator of L,. Put

1 1
K= §(R80 +I) _Leo = i(tLeo _Leo)'
Since
1
[ 807_(R€o +I) [LeovReo]:g(Reo_Rgo)ZO

1
and since all the eigenvalues of L., and 5(]-1’eo + I) are real numbers, it

follows that all the eigenvalues of K are real numbers. Since 'K = —K, the
eigenvalues of K are 0 or purely imaginary. Therefore all the eigenvalues
of K are 0 and so K = 0. (]

Lemma 10.8. Let L.,u = A\u and L.,v = Ayv where A\, and A\, € R.
Then

Leg(u-v)=(=Ay+ A+ Du-v
Proof. By Lemma 10.7 we have

Le,(u-v)=eq-(u-v)=(eg-u) v+ [eg-u-v]
(u-v)+[u-eo-v]=A(u-v)+u-(eg-v)—(u-eg) v

(- 0) + Aol 0) — (h — -

A+ A+ Du-wv

Au
Au
(=

By Lemma 10.8 we obtain the following proposition.

Proposition 10.4. Let V. = Vi + N be the principal decomposition of a
clan (V,x) and let ey be the principal idempotent of V.. Then

Vo - Vo C Vp, Vo-N CN,
N -V, = {0}, N.NC V.

In particular Vy is a subalgebra with the unit element eg.
Definition 10.3. A clan (V] x) is said to be elementary if dim V = 1.

Lemma 10.9. Let V = Vi + N be the principal decomposition of a clan
(V,x). Then

(1) y-z2=2-y fory and z € N.
(2) expLo(y-2) = (exp Lay) - (exp Laz) fora € Vy andy, z € N.
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Proof. Letyandz e N. Since Re,(y-2—2-y) = Ly..—..yeo = [Ly, L:]eo
= LyReyz — LR,y = 0, we obtain y - 2 — z -y € N. On the other hand,
by Proposition 10.4, we have y- 2 —z-y € V5. Hence y -z — 2z -y = 0.
Again by Proposition 10.4, it follows that Lo(y-2) —y- (Laz) = [La, Ly]z =
Lo.y—y.a? = Layz = (Lay)- 2. Re-arranging, Lo (y-z) = (Lay) -2+ Y- (Lqe2).
This implies (2). O

Theorem 10.5. Let V = Vy + N be the principal decomposition of a clan
(V,x) with the principal idempotent eq. Then the homogeneous regular
convex domain Q(V') constructed from the clan (V,x) is expressed by

1
Q(V):{aH—y | ©€Vy, ye N, a:—iy'yeQ(VO)},

where Q(Vp) is the homogeneous reqular convexr cone with vertex —eq cor-
responding to the clan (Vp, x)-

Proof. Since the clan (Vj, x) has the unit element eg, the corresponding
homogeneous regular convex domain Q(Vp) is a cone with vertex —ey. We
set

~ 1
Q(V):{aH—y | x€Vh, y€E€N, a:—iy'yeQ(Vo)}.

Let a € Vg and z 4y € Q(V). Tt follows from (10.2) that

— 1
exp X _o(z+y) =expLa(x+y)+ Y W(LQ)%
n=0 :

- 1 n
=exp Loz + Z m(La) a+exp Loy
n=0

=exp X_,x +exp Lyy.
By Lemma 10.9 we obtain

1
exp X_oT — i(exp Loy) - (exp Lay)

1
=expX_qT — 3 exp La(y - y)

=exp Lox + Z W(La) a— B exp La(y - y)
n=0

1 | N
:eXpLa(ﬁ—gy-y)—‘er(La) a
n=0 :

1
=expX_a(z —5y-y) € AVo).
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Since exp L,y € N and exp X_,x € Vj we have
expX_g(x+y)=expLyy+expX_q,x € Q(V)

Hence the affine transformation exp X _, leaves Q(V) invariant. Let b € N
and z +y € Q(V). It follows from Proposition 10.4 that

exp X _p(x +y) = exp Ly(z +y) + W(Lb)"b

n=0

1 1
:(x+y+b-y)+(b+§b-b) - (x+b~y+§b-b)+(y+b).
1
Since x +b-y + §b-b€ Vo and y + b € N by Proposition 10.4, and since

1 1 1
$+b'y+§b'b—§(9+b)'(1}+b):x—gy'yeQ(Vo)
by Lemma 10.9 (1), we obtain
exp X_p(x +y) € QV).

Hence the affine transformation exp X_; leaves (V') invariant. Therefore
Q(V) is invariant under the group T'(V) = {exp X, |u € V}. Let z +y €
Q(V) be an arbitrary point. Then
1
expX_ylxz+y)=o— Sy YE Q(Vo).
Since T'(Vp) = {exp Xy, | uo € Vo} acts transitively on Q(Vp) there exists
ug € Vg such that

1
exp Xy, (x — gy . y) =0.

Hence exp X, exp X_,(z +y) = 0. Therefore Q(V) = T(V)0 = Q(V). O

Definition 10.4. Let V be a finite-dimensional real vector space. Suppose
that V' is decomposed into the direct sum V = Vjj + W of two subspaces Vj
and W. Suppose further that there exists an open regular convex cone g
with vertex —vg in Vj and a symmetric bilinear function £ : W x W — 1
satisfying the following conditions,

(1) F(w,w) € Qp+ v for all w € W,

(2) F(w,w) =0 if and only if w = 0.

Then a domain in V' defined by
{u+w|ueVy, weW, u—F(w,w) € Q}
is called a real Siegel domain and is denoted by S(Qo, F).
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Lemma 10.10. A real Siegel domain S(Qq, F) is a reqular convex domain.

Proof. Let A(u+ w) + (1 — A)(v' + w’) be a point in the segment of a
line joining any two points u + v and v’ +v" € §(Qp, F) where 0 < A < 1.
It follows from the convexity of Q¢ + vg and condition (1) for F' that
A+ (1= Xu — FQw + (1 = Nw', dw + (1 — A)w')
=AMNu— F(w,w)) + (1 =\ (u — Fw',w"))
A1 = NF(w —w',w—w") € Qg + vo.

Thus S(Qo, F') is a convex set. Suppose that a full line v + w + t(a + b)
through a point u+w € S(Q, F') in a direction a+b € Vy+ W is contained
in §(Q, F'). Then

u+ta— F(w + th,w + tb)

=u— F(w,w) + ta — 2tF(w,b) — t*F(b,b) € Qo + vo.

Since Qg + vg is a cone with vertex 0, it follows

t%{u — F(w,w) +ta — 2tF(w,b) — t*F(b,b)} € Qo + vo,

for all t € R. Letting t — oo, we see —F(b,b) € Qg + vo, that is F(b,b) €
—(Q0 + vo). On the other hand by condition (1) for F' we know F(b,b) €
Qo + vo. Hence F(b,b) = 0. By condition (2) we have b = 0. This means

u— F(w,w) + ta € Qo,

for all t € R.. Since 2y contains no straight line we obtain a = 0. Therefore
S(Qo, F) does not contain any full straight line. O

Lemma 10.11. With the same notation as in Theorem 10.5 we have

(1) y-y=2(W)+e foryeN.
(2) y-y=0if and only if y = 0.
1 1 -
Proof.  Since (gy-y—eo) - 5(:|:y) -(xy) = —ep € Q(W), it follows from
Theorem 10.5 that

1 __
(§y-y—eo)iy€ V).
Since (V) is a convex domain we obtain

1 171 1 —_—
SYy—eo= 5{(5y-y—eo+y) + (§y-y—eo—y)} € QV).

1 —_— —_— 1

Therefore Sy y—eo€ V)NV =Q(Vp) and Sy Y€ Q(Vp) + eoD Hence
we obtain (1). Suppose y-y = 0. Then (y,y) = x(y-y) =0, and so y = 0D
Thus (2) is also proved. O
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By Theorem 10.5 and Lemma 10.11 we obtain the following corollary.

Corollary 10.2. Let V be a clan and let V. = Vi + N be the principal
decomposition. Then the homogeneous regular convex domain Q(V) cor-
responding to V is a real Siegel domain S(Q(Vy), F) where Q(Vy) is the
cone corresponding to Vy and F is the symmetric bilinear function given by

1
F:NxNS(y,z)—>§y-z€VO.

Proposition 10.5. An n-dimensional elementary clan V' corresponds to a
real Siegel domain given by

(cf. Proposition 3.8).

Proof. Let (V,x) be an n-dimensional elementary clan with principal
decomposition V' = Vj + N and principal idempotent eg. Choose an or-
thogonal basis {e1, - - ,e,—1} of N such that (e;, e;) = x(e;-e;) = di;x(eo)-
Then

€; ej = (5@760.
Let {x!,--- 2"~ 2™} be an affine coordinate system on V with respect to

the orthogonal basis {e1,- - ,en_1,e,} of V where e,, = eg. Then

Qo ={z"e, | 2" > -1},

n—1

F(y,2) = 50 z——(zy Yoo oy =Y vt z—ZzeleN

Therefore

nl

QV) = {x en—l—erl‘x ——Z )2>—1}.

=1

Conversely, let €2 be a domain in R™ defined by

nl

x>z

Let us consider a direct sum decomposition of R™ such that
=Vo+ N,
Vo={zecR"|2'=0, 1<i<n—1},
N={zeR"|z" =0}
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We denote an element in R™ by Z where ¢ € R ! and b € R. We
define an open regular convex cone g in V) with vertex —ey and a bilinear
mapping F': N x N — Vj by
Qo={zeV|a">-1},
0
F = .
=]
Then F and Qg satisfy the conditions of Definition 10.4 and 2 is a real
Siegel domain S(Qo, F). For A € R we define an affine transformation of
R"™ by
a:i—>)\3:i, for1 <i<n-—1,
2" — A" A% - 1.
Then the affine transformation leaves  invariant. The linear part f(\) and

the translation vector part g(\) of the affine transformation are expressed
by

=M b e =[],

where I,,_; is the unit matrix of degree n — 1. For a = [a’] € N we define
an affine transformation of R” by

xi—>xi—|—ai, for1<i<n-1,

n—1 177,—1
n n 7.0 7\2
" — —|—i§1a3: —|—§£1(a).

Then the affine transformation leaves ) invariant. Identifying N with
R"~!, the linear part f(a) and the translation vector part q(a) of the affine
transformation are expressed by

_ In,1 0 _ a
O R I
By (s,2) € G x Q — f(s)x + q(s) € Q the Lie group G = RT x N acts
simply transitively on Q. The Lie algebra g of the Lie group G = Rt x N
is identified with R + N. Since

r etr.[n,1 0 0
flexptr) = fle'") = [ 0 thr] ,  gqlexptr) = |:62t’r _ J )

for r € R C g, the differentials f of fand q of q are given by

o ="t ] =]
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Since
flexpta) = fita) = [I 0

tla 1 L taa

}, g(expta) = q(ta) = ltzm ]

for a € N = R""! C g, the differentials f of fand q of q are expressed by

r=[uo] w@=[5].

g:r+acg=R+N — {;] € R".
T

These imply

Therefore
ul
g H(u) = su" + €g=R+N,
oy
0
1,n .
L= s @) = | 70 O foru— e re
ul -y
Thus
%unvl
u-v=Lyw= : , for u = [u'] and v = [v'] € R".
%unvn
2]

n—1
1 ,
Putting p(z) = —log {a:" +1-— 3 Z(ml)z} the 1-form w = d is invariant
i=1
under the group G = RT x N, and the symmetric bilinear form Dw is
positive-definite (cf. Proposition 3.8). For X =r+a € g = R+ N we have

qlexptX) = q((e")(ta)) = fle") qlta) + q(e™)

0
- [GQtr(g taa + 1) — 1‘| .
Hence

o( glexp(—tX)))

t=0
12
log {62”(5 taa + 1)} = 2r.

t=0
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Thus wo(u) = u™ for u = [u’] € R™ and
(u,v) = wo(u-v) = "uv, for uand v € R™.
Therefore (R™,wp) is a clan. Let e = [(1)] € V5. Then
(u,eq) = wolu - eg) = wp(u"eg) = u" = wo(u),
Leyvo = vg, for vy € Vp,
1
Leyu = e for uw € N.

Hence e is the principal idempotent of the clan (R™,wp), and R™ = V+ N
is the principal decomposition. Thus the clan is elementary. O

Let (V,x) be a clan and let (V') be the corresponding homogeneous
regular convex domain. We identify V' with the tangent space ToQ(V') of
Q(V) at 0 by the correspondence u «— —(X,)o. Denoting by =, and 4,
the values of —yx, and —Ax, at 0 we have

0

Ao = (Ax, Xo)o = —(Dx, Xu)o = — Y _(u- ”)i(ail)

=—u-v.
We put
AY, =Lx, — Vx,.
Then by [Kobayashi and Nomizu (1963, 1969)](I, p.235) we know
AY, Xy =-Vx, X
Denoting by AY the value of —A;u at 0 we obtain
AYv = (AY, X,)o = —(Vx,Xu)o

)
:_Z (3333) ZU] i ( )o

= UV =YV =— (Lu"_’yu)
Lemma 10.12. For u € V we have

(1) A, =—Ly,
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1
(2) Yu = _§(Lu + tLu);

(3) AY = —5(Lu — 'Lu).

(4) The sectional curvature K for a plane spanned by u and v € V' is given
by
(Y, Yuv) = (Yutt; Yov)
(u, u){v,v) — (u,v)?
Proof. By Lemma 2.1 we have
29(vx, X, Xw) = 9(Ax, X, Xu) + 9(Xo, Ax, Xu),

which implies assertion (2). Assertion (3) follows from AY = —(Ly, + 4,)
and (2). By Proposition 2.3, we obtain (4). O

K =

Proposition 10.6. Let (V,x) be a clan and let Q(V') be the homogeneous
reqular convex domain corresponding to the clan. For the canonical Hessian
structure (D, g) on Q(V') we have

(1) If the difference tensor vy =V — D is V-parallel, then
[AY Y] = Yago-
(2) If the curvature tensor R of V is V-parallel, then
[AY s Yoll = [YaY 0 Y] + s VAT w]-
Proof. Since X, is an infinitesimal affine transformation with respect to
V and D, we have (cf. [Kobayashi and Nomizu (1963, 1969)])
£Lx,,Vx,] =V, x,» [£x,,Dx,]=Dcry, x,-

Hence

[£x.7x.] = Vex, X0
If v is V-parallel, then, by Lemma 2.2, we have

V. 7x,] =79k, X,
Therefore

(A%, vx,] = [£x, = VX, 7x,] = Yex, X0 — 19xu X,
= YAy, Xy

which implies assertion (1).

Suppose that R is V-parallel. Since X, is an infinitesimal affine transfor-
mation with respect to V we have

Lx,R=0.
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Hence
0= (AY, R)(Xy, X)X
=AY, (R(Xy, Xuw)X.) — R(AY, X0, Xu) X
—R(Xy, AY, Xu)X. — R(X,, Xu)AX, X.

= (AX, [rx,» 7x,) = Pag, x,07%.] = Dix, vag, x,) = [rx, 7x, 14X, ) X
= ([AX,, [rx.. vx,]l = Dag, x,07x.] = bix, vag, x, DXz,
and so assertion (2) has also been proved. O

Proposition 10.7. Let Q2 be a homogeneous regular convex domain and
let V' be the corresponding clan. Then the following statements (1)-(3) are
equivalent.

(1) Q is affine isomorphic to the domain given by

n—1
n 1 i\ 2

(2) The sectional curvature with respect to the second Koszul form 3 on
18 a negative constant.

{(a:l,--- ,2") e R"

(3) V is an elementary clan.

Proof. By Proposition 10.5 the statements (1) and (3) are equivalent.
We shall here show that statement (2) implies (3). Let V = Vi + N be the
principal decomposition of the clan V' with the principal idempotent eg.
By Lemmata 10.6 and 10.7 we know ‘L., = L.,D Hence 7., = —L., by
Lemma 10.12. Suppose that there exists vg € Vj independent to eq. Since
L¢,vo = vp we obtain

<780U05780’U0> - <7806077U0’U0> = <U07U0> + <6077U0U0>
= (v0,0) + {Yeo 0, v0) = 0.

By Lemma 10.12, this implies that the sectional curvature K for the space
spanned by ey and vy vanishes, which contradicts (2). Therefore V) = Reg
and V is an elementary clan. We shall prove that statement (2) follows from
(3). Let V = Reg + N be the principal decomposition of the elementary
clan V. Let {e1, -+ ,e,—1} be an orthonormal basis of N with respect to
the inner product (u,v) = Tr L,,.,. Putting e,, = cep where ¢ = (e, eo>_%
we obtain

c ..
€; - €j = C0;jen, en'ei:§€i7 ei-e,=0, for1<i,j<n-1,
€n En = CEp,.
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Hence

n—1

‘ n—1
u-v= 5 Z(unvi)ei + C( Z U V5 + unvn)ena
i=1 1=1

n n
for u = E u;e; and v = E v;e;. Since

i=1 =1

(upv; + vpu;), for 1 <i<n-—1,

N O

(v = {{uv,ea) + (o en)} =
1 ¢
(Y, en) = §{<u ‘v en) + (v, u-en)}t = 5(; Uv; + 2Un Uy ),
we have

n—1

n—1
Yu¥ = g{ Z(unvi + vnui)ei + ( Z u;v; + 2unvn)en}~

i=1 i=1
Using this expression we obtain

(Vuv, Yu¥) = (Yults Yov)
o n—1 n—1
= CZ{ Z(unvl + vpui)? + (Z w;v; + Qunvn)2
i=1 i=1

n—1

n—1 n—1
_( Z uf + 2u,zl) ( Z vf + 21),21) — Z unvnuwi}
i=1 i=1 i=1

02 n—1 n—1 n—1 n—1
— (T ()~ (T waw)* + 3 (e = vai)?}
i=1 i=1 i=1 =1

2
c
= _Z{<U7 u> <U7 U> - <U, U>2}'
Hence, by Lemma 10.12 (4) the sectional curvature K is a constant of value

~fleoseo)™ = ~(2(dimV + 1) 7D 0

We shall give a differential geometric characterization of homogeneous
self-dual regular convex cones among homogeneous regular convex domains.
We proved in Theorem 4.11 that the difference tensor v = V — D on a
homogeneous self-dual regular convex cone is V-parallel. Here, we shall
now show the converse.

Theorem 10.6. Let (V,x) be a clan satisfying the condition

(C) [sz PYU] =YAYwv-
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We define a new operation of multiplication on V by
Uk V= V0.
Then V is a compact Jordan algebra with this multiplication.
Lemma 10.13. Under the same condition of the above theorem we have

(1) The clan has the unit element e.
(2) Tryyo =Tr L.
(3) [['Vm'yv]v'yw] = Vvu,yolw-
Proof. By the condition (C) and Lemma 10.12 we have
3

= Z(<Luu, Luu> — <tLuu, tLuu>),

that is,
(Lyu, Lyu) = (*Lyu, *Lyu).

Let V= V4 + N be the principal decomposition of V. For u € N we
have (Lyu, Lyu) = ('Lyu, "Lyu) = (u, Ly, "Lyu) = 0 because L,V C Vj
and V =V, + N is an orthogonal decomposition. Hence u - u = 0. Since
(u,u) = x(u-u) = 0 we have u = 0. Therefore V. = Vy and V has
the unit element e. Again by condition (C) and Lemma 10.12, we have
0="Tr[AY, 7] = Tryavy = —Try(L,4v,)0- Hence

Trvyy,o = —Tryp,, =TrLp,,.
From Proposition 2.3 (1) we have
x.s7x.) = —RY (Xu, Xo) = —[AX,, AY, ] + A%, x.)-
Applying this equation and condition (C) we obtain

[y Yols Y] = V{-[AY,AY]-AY

uv—v-u

}w = ’Y[V'uﬂ"u}w' D
Proof of Theorem 10.6. By Lemma 10.13 (3) we have

[[’Yua P)/v]a ’Yw] = Vusrw*v]

where [uxw*v] = ux* (v*w) —v* (u*w). Again by Lemma 10.13 (2) a
symmetric bilinear form defined by

(4, v) = Tr Yysp = Tr Ly, = (u, v)
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is positive-definite. By Lemma 4.2 these facts imply that V is a compact
Jordan algebra with respect to the multiplication u * v = y,v. O

Proposition 10.8. Let V be a clan satisfying the condition (C) in Theorem
10.6, and let Q(V') be the homogeneous reqular convex cone corresponding to
the clan V.. We denote by Q(V, *) the homogeneous self-dual regqular convex
cone corresponding to the compact Jordan algebra (V, x) with multiplication
uxv = v (cf. Theorem 4.9 and 10.6). Then the homogeneous regular
convex cone QUV) + e coincides with Q(V, *).

Proof. It is known that exp~y, is contained in the linear automorphism
group Aut(Q(V,x)) of Q(V,*), and that

QV, %) ={expy, | vEVi}e

n terms

z{expvzz:%v*---*v‘ UEV},

n=0 "

(cf. Theorem 4.9). Since condition (C) implies AY (v * w) = (AYv) * w +

U
v * AYw, we obtain

exp AY (v *w) = (exp AYv) * (exp AY w).

Hence, for any expv € Q(V, %), we have

1
exp AY expv :eprqY(ZEv*---*v)

= Z %{(eprzv) ook (eprXU)}

— expl(exp AYv) € QV; %),
which implies
exp AY € Aut(Q(V, *)).
Therefore AY and 7, are contained in the Lie algebra g of Aut(Q(V,*)),
and so L, = v, + AY € g. Since Q(V)+e = {exp L, | u € V}e by Theorem
10.4, we have
QV)+eCQV, ).

By Lemma 10.13 (2), both characteristic functions of Q(V') +e and Q(V, %)
coincide. It follows from the property of the characteristic function stated
in Proposition 4.3 that

QV) + e = Q(V, ).
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Theorem 10.7. Let €2 be a homogeneous reqular convex domain. Then the
following conditions are equivalent.

(1) Q is a self-dual cone.
(2) The difference tensor v =V — D is V-parallel.

Proof. In Theorem 4.12 we proved that statement (1) implies (2). Sup-
pose that statement (2) holds. Then, by Proposition 10.6 (1), the cor-
responding clan satisfies condition (C) in Theorem 10.6. Therefore, by
Proposition 10.8, €2 is a self-dual cone. ([

10.4 Homogeneous Hessian domains and normal Hessian
algebras

By using the same approach as in section 10.2, we shall give a correspon-
dence between homogeneous Hessian domains and normal Hessian algebras,
and we state without proof a structure theorem of normal Hessian algebras.
From the theorem we will see that the second Koszul forms plays an im-
portant role in the structure theory of homogeneous Hessian manifolds.

Let (Q,D,g) be a homogeneous Hessian domain, then there exists a
triangular group 7T acting simply transitively on €. In section 10.2 we
showed that the flat connection D invariant by T induces an affine repre-
sentation (f,q) on V of the Lie algebra t of T', and defined an operation of
multiplication on V' by

u-v=flg ().
Then the algebra V' with this multiplication is a normal left symmetric

algebra. By Lemma 9.2 we obtain the lemma.

Lemma 10.14. Let (, ) be the restriction of the Hessian metric g to the
origin 0. Then we have

(u-v,w) + (v,u-w) = (v-u,w)+ {u,v - w). (10.5)

Definition 10.5. A normal left symmetric algebra V' with an inner product
(, ) satisfying the condition (10.5) is called a normal Hessian algebra
and is denoted by (V,(, )).

It should be remarked that a clan (V,x) is a normal Hessian algebra
(V,{, ) where (u,v) = x(u-v).
By Lemma 10.14 we have the following theorem.
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Theorem 10.8. For a homogeneous Hessian domain (2, D, g) there cor-
responds a normal Hessian algebra.

Conversely, we shall show that a normal Hessian algebra (V,(, )) in-
duces a homogeneous Hessian domain. We use the same method and no-
tation as in section 10.2. Let {e1, - ,en} be an orthonormal basis of V.
Since T(V) acts simply transitively on Q(V) = T(V)0, we can define a
Riemannian metric g on Q(V') by

9i(s0) = > fls M)} fls™ N, for s € T(V), (10.6)
p=1

where | f(s’l)g] is the matrix representation of f(s~!) with respect to

{ela e 7671}'

Lemma 10.15. The pair (D, g) is a Hessian structure on Q(V') invariant
by T(V).

Proof. By definition, g is invariant under T'(V). For v € V we denote
by exptX, the 1-parameter affine transformation group generated by

Xy =~ Z(Z(Lu)zmj + a:l(u))azZ

g

Then we have

i flexptX,) = —L,,

tX,) = —u.
il q(exptXy,) u

dt

=0
For a fixed s € T(V), we define a linear isomorphism v € V. — v/ € V by
s lexptXys = exptXy. Then

Ly = f(s)™ Luf(s),
u' = f(s) "' Luq(s) + f(s) " u = Lu fis) " a(s) + fls) " .

Denoting by Lx the Lie differentiation with respect to a vector field X on
Q(V), we set

Ax = Lx — Dx,
and then
AxY = —Dy X.

Hence

(Ax, Xo)o = = Y (LuLow + Luv)'(

2

0
axi)x'
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Since the derivation Ax, maps a function to 0, and given also that Lx, g =
0, we have

(Dx,9)(Xo, Xuw) = —(Ax, 9)(Xo, Xw)
= g(AXuXﬂme) + g(XvaAXuXw)-
Therefore
g(sO)((AXu XU)S(Ja (Xw)sO)
= Z f(s_l)ff(s_l)?(LuLUSO + L) (Lys0 + w)?

4,5,P

= Z{f(s—l)(Luqu(s) + Lyv)}Pw'™
= Z{L",L”,f(sil)q(s) + Lu/f(s)flv}pw/p
= Z(UI v )Pw'P

= (u' - w').
These results and (10.5) imply that (D, g) satisfies the Codazzi equation

(DXug)(Xvan) = (Dng)(Xm Xw)a

so by Proposition 2.1 (2) the pair (D, g) is therefore a Hessian structure.
U

The following theorem summarizes the above results.

Theorem 10.9. A normal Hessian algebra (V,( , )) induces a homoge-
neous Hessian domain Q(V') on which a triangular group T(V') acts simply
transitively.

We state without proof a structure theorem of normal Hessian algebras.
For the detailed proof the reader may refer to [Shima (1980)].

Theorem 10.10 (Structure theorem of normal Hessian algebras).
Let (V,(, )) be a normal Hessian algebra. Then we have

(1) Let C ={ceV |c-c=0}. Then C is a vector subspace of V.
(2) The orthogonal complement U of C' is a clan.
(3) The decomposition V- = C + U satisfies

C-C={0}, Cc-Ucc,

U-Ccc, U-UcU.
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Corollary 10.3. With same notation as used in Theorem 10.10, we denote
by Q(V') the homogeneous Hessian domain corresponding to V', and by Q(U)
the homogeneous reqular convex domain corresponding to the clan U. Then
we have

1) QV)=C+QU).
(2) The restriction of the Hessian metric g on C is the Euclidean metric.
Proof. We set Q(V) =C + Q(U). For a € C and = € Q(U) we have
expX_y(a+a)=expLya+texpX_,xeC+QU), uwel,
expX_cla+z)=(a+ct+c-z)+xe€C+QU), ceC,
=0

and so T(V)Q(V) (V). Since Q(U) = T(U)0, for z € Q(U) there exists

ug € U such that
exp X,z =0.
For a € C we put ¢g = —exp Ly,a € C. Then
exp X _c, exp X _y,(a+x) =0.

This implies Q(V) = T(V)0 = Q(V), and (1) is provedD For ¢ € C we
put s = exp X_.. Then s0 = ¢, and f(s~!) is the identity mapping on C.
Hence by (10.6)

g(c)ij = ij.

Therefore the restriction of g on C' is a Euclidean metric. ]

Corollary 10.4. With the same notation as in Theorems 10.10, the ideal
C' is a mazimal vector subspace of V' contained in Q(V).

Corollary 10.5. Let V' be a normal Hessian algebra and let Q(V') be the
homogeneous Hessian domain corresponding to V. Denoting by Bo the re-
striction of the second Koszul form B on Q(V) at the origin 0 we have

(1) Bo is positive semi-definite.
(2) The null space {w € V | Bo(w,v) =0, for all v € V'} of By is a mazimal
vector subspace of V' contained in Q(V).

Proof. By Lemma 9.5 we know
Bo(u,v) = Tr Ly, foru,veV.
Hence it follows from Theorem 10.10 (2) that
Bo(a,v) =0, foraecC, velV.
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For a,b € C' and u € V' we have
(u-a,by + {a,u-by ={a-u,b) + (u,a-b) = (a-u,b).
Therefore
Lule +'Lulc = Rulc,

where the symbol |¢ means the restriction of the corresponding operator
on C. In particular we obtain

Rulc = Rulc,
Tr Ly|c = %TrRu|c.
Since U is a clan, we know by Corollary 10.1
Tr Lywu >0, foru#0eU.

It follows from Lemma 9.1 (3) that

1
Tr Lu~u|C = iTI‘ Ruu|C

1
ST (RuR+ Loy R))

c

1 1
Hence
Bo(u,u) = Tr Ly.yy = Tr Ly.y|c + Tr Lyy|u >0, foru#0¢€U.

Therefore 3y is positive semi-definite, and the null space of Gy coincides
with C. On the other hand, by Corollary 10.4, C' is a maximal vector
subspace of V' contained in Q(V). O

By Corollaries 8.1, 8.2, 10.3, 10.4 and 10.5 we obtain

Corollary 10.6. Let (G/K, D, g) be a homogeneous Hessian manifold and
let B be the second Koszul form on G/K. Then we have

(1) B is positive semi-definite.

(2) Let u # 0 be a tangent vector at x € G/K. Then the geodesic exp? tu
with respect to D is complete if and only if B, (u,v) =0 for all tangent
vectors v at x.

(3) The following conditions are equivalent.

(a) B=0.
(b) The Levi-Civita connection of g coincides with D.
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(¢) D is complete.
(4) The following conditions are equivalent.

(a) There is no complete geodesic with respect to D.

(b) B is positive definite.

(¢) The universal covering space of (G/K, D, g) is a homogeneous reg-
ular convex domain.
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Chapter 11

Homogeneous spaces with invariant
projectively flat connections

In section 9.1 we derived the correspondence between an invariant flat
connection on a homogeneous space G/K, and a certain affine representa-
tion of the Lie algebra of G. Generalizing this result, in section 11.1 we
characterize an invariant projectively flat connection on G/K by an affine
representation of the central extention of the Lie algebra g of G. In course of
the proof we establish that G/K is endowed with an invariant projectively
flat connection if and only if G/K admits a G-equivariant central affine
hypersurface immersion. In section 11.2 we show that symmetric spaces
of semisimple Lie groups with invariant projectively flat connections cor-
respond bijectively to central simple Jordan algebras. We prove in section
11.3 that a homogeneous space G/K carries an invariant Codazzi structure
of constant curvature if and only if G/K admits a G-equivariant immersion
of codimension 1 into a certain homogeneous Hessian domain.

11.1 Invariant projectively flat connections
We first recall the following fundamental facts on projectively flat connec-
tions (Definition 1.8).

Theorem 11.1. Let D be a torsion-free connection with symmetric Ricci
tensor Ricp. The connection D is projectively flat if and only if the follow-
ing conditions hold.

(1) The curvature tensor Rp is given by
1
Rp(X,Y)Z = ——{Ricp(Y, Z)X — Ricp(X, Z)Y}, n=dim M.
n—

(2) The Ricci tensor satisfies the Codazzi equation,
(DxRiCD)(Y, Z) = (DyRiCD)(X, Z)

215
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Theorem 11.2. A connection induced by a central affine hypersurface im-
mersion s projectively flat.

For details the reader may refer to [Nomizu and Sasaki (1994)].

Let G/K be a homogeneous space of a connected Lie group G, and let
g and € be the Lie algebras of G and K respectively. We define the central
extension g of the Lie algebra g by

§=9goRE, (9, E] = {0}.
Theorem 11.3. Suppose that a homogeneous space G/ K admits an invari-
ant projectively flat connection, then there exists an affine representation
(f,q) of the central extension g =g® RE of g on V' such that
(1) dimV = dimG/K + 1C
(2) ¢: 9 — V is surjective and the kernel coincides with €,

(3) f(E) is the identity mapping on V and §(E) # 0D

Conwversely, suppose that the Lie group G is simply connected, and that the
central extension g of the Lie algebra g of G admits an affine representa-
tion ( 1, q) satisfying the above conditions. Then there exists an invariant
projectively flat connection on G/K.

Corollary 11.1. Let G/K be a homogeneous space of a simply connected
Lie group G. Then the following conditions are equivalent.

(1) There exists an invariant projectively flat connection on G/K.
(2) G/K admits an equivariant central affine hypersurface immersion.

Proof of Theorem 11.3. Suppose that G/K admits an invariant
projectively flat connection D. Using the same notations as in the section
9.1 we have by [Kobayashi and Nomizu (1963, 1969)](I, p.235).

(X, Y]" = [X7, Y7,

Ax-Y* = —Dy.X",

Ax:Y* — Ay X* = [X* V7],

Aixy+ = [Ax+, Ay+] — Rp(X*, V™).
Let V be the tangent space of G/K at o = {K}. We denote by f(X) and
q(X) the restriction of Ax» and —X* at o respectively. Then

q([X,Y]) = f(X)a(Y) = f(YV)q(X), (11.1)
FUXY]) = [F(X), f(YV)] = Rp(X™,Y7)o,
Kerqg =¢.
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Since D is projectively flat, by Theorem 11.1 we have
Rp(X*,Y")Z"=Q(Y",Z") X" —Q(X™,Z")Y™,
where @ =

Ricp. Therefore
n—1

(X, Y]a(2) (11.2)
— (), FO))a(Z) — Qola(Y), a(Z))a(X) + Qo(a(X), a(Z))a(Y).
Since @ is invariant by G, we obtain
(Dx-Q)(Y™,Z7)
=X"(Q(Y",Z") - Q(Dx-Y",Z*) = Q(Y",Dx-Z")
=QULx-Y*" Z)V+ QY ", Lx-Z*)—Q(Dx-Y*,Z") — Q(Y*,Dx~Z%)
= Q(Ax-Y", Z%) + Q(Y", Ax-Z7),
and, by Theorem 11.1 @ satisfies the Codazzi equation
(Dx-Q)(Y", Z7%) = (Dy-Q)(X™, Z7).
Thus we have
Qu(f(X)a(Y),a(2)) + Qola(Y ), F(X)a(Z)) (11.3)
= Qu(f(V)a(X), a(2)) + Qulg(X), F(Y)q(2)).
Let us consider an extended vector space V of V'
V =V &Re.
For X € g we define a linear mapping f(X):V — V by
F(X)a(2) = F(X)a(Z) = Qola(X),a(2))e

F(X)e = a(x).
Then
[F(X), F(V)]a(2)
= [f(X), fM)]a(Z) — Qo(a(Y), a(2))a(X) + Qo(a(X), a(Z))a(Y')
—{Qo(q¢(X), F(Y)a(Z)) — Qo(a(Y), F(X)q(Z))}e
= f([X,Y])a(Z) = {Qo(f(X)q(Y), q(Z2)) — Qo(f(YV)q(X), q(Z))}e
= f(IX,Y]a(Z) — Qo(a([X,Y]), q(Z))e
= (X, Y])a(2)
and
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by equations (11.1), (11.2) and (11.3). These imply that (f,q) is an affine
representation of g on V;

Fx.Y]) = [NJ?(X),JZ(Y)],~
q([X,Y]) = F(X)q(Y) = f(YV)q(X), for X,V € g.
We define an extended affine representation ( 1, g) of g on V by

Frvy f(X)7X:X€g
f(X)_{I‘;, X =E,
iy - {10 £ e

where I is the identity mapping on V. Then the affine representation
(f,q) satisfies conditions (1)-(3).

Conversely, suppose that there exists an affine representation (f,§) of
g satisfying conditions (1)-(3). Let {xt .-+ 2""1} be the affine coordinate
system on V with respect to a basis {el, c L epg1f,le.u=)x ( )e; for
uwe V. For X € § we define an infinitesimal affine transformation X, on V

by
0
= SR ) g

where f(f(); and G(X)? are the components of f(X) and G(X) with respect

to the basis respectively. Since [X, Y], = [X,, Ya], the space §, defined by
ga = {X | X € g}
forms a Lie algebra. Since G acts effectively on G/K, the mapping X —
X, is a Lie algebra isomorphism from § to §,. Let G, be the Lie group
generated by §,. For an affine transformation s € G, of V, we denote by
f(s) and g(s) the linear transformation part and the parallel translation
vector part of s respectively The orbit Q, of G, through the origin 0,
0, =G0 =G,/K,,
is an open orbit because q( ) V. Let G, be the connected Lie subgroup

of G, generated by g, = {X, | X € g}, and let M, the orbit of G, through
the origin

M, = Go0 = G /K,.

ox

an induced connection D, anld an affine fundamental form h, on M, by
Dx,Ye = Dux,Yu + ha(Xa,Ya)Ea, for X,Y €g,

Using a vector field £, = — Z(xl +3(E)") il transversal to M,, we define
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where D is the standard flat connection on V. Then the immersion of M,
into V is a centro-affine immersion centred at —§(E). Therefore the induced
connection D, is projectively flat by Theorem 11.2, and is invariant by G,
because D and FE, are invariant under éa. Since G is simply connected,
there exists a covering homomorphism

p:G— G,

such that p.(X) = X, for X € g. Because K is the identity component of
p~Y(K,), p induces the universal covering mapping

p:G/K — G/p ! (K,) =G /Ko = M,.

Hence we can define an invariant projectively flat connection on G/ K using
the above covering mapping p and the invariant projectively flat connection
D, on M,. O

Proof of Corollary 11.1. In course of the proof of Theorem 11.3,
we proved that assertion (1) implies (2). By Theorem 11.2, assertion (1)
follows from (2). O

In Corollary 9.1 we gave the correspondence between Lie groups with left-
invariant flat connections and left symmetric algebras. As an application
of Theorem 11.3, we now extend this result.

Corollary 11.2. Suppose that a Lie group G is endowed with a left-
imwvariant projectively flat connection. Then we can define a left symmetric
multiplication X -Y on the central extention g = g® RE of g satisfying the
following conditions

(1) X7V % =[X7],

(2) X -E=E-X=X.

Conversely, if a Lie group G is simply connected and the central extention
g = g®RE of the Lie algebra g of G admits a left symmetric multiplication

satisfying the above conditions, then G admits a left-invariant projectively
flat connection.

Proof. Suppose that G is endowed with a left-invariant pro jectively flat
connection. By Theorem 11.3 there exists an affine representation (f,§) of
gon V. Then §: § — V is a linear isomorphism. We define an operation
of multiplication on g by

XY =q(f(X)qY)).
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It is easy to see that g is a left symmetric algebra satisfying conditions (1)
and (2). Conversely, assume that there exists a left symmetric multiplica-
tion on g satisfying (1) and (2). Then, defining f and ¢ by

the pair ( 1, ) is an affine representation of g on g satisfying conditions (1),
(2) and (3) of Theorem 11.3. Therefore G admits a left-invariant projec-
tively flat connection. O

Example 11.1. The Lie group SL(n,R) is considered as an equivariant
central affine hypersurface in gl(n,R) centered at 0. Hence the induced
connection is invariant and projectively flat. Let sl(n, R) be the Lie algebra
of SL(n,R) and let E be the unit matrix of degree n. Then the central
extension of sl(n, R) is given by gl(n,R) = sl(n,R) ® RE. The operation
of the multiplication X -Y on the left symmetric algebra gl(n, R) coincides
with ordinary matrix multiplication.

Example 11.2. Let (V, x) be a clan with unit element e. We set g = {L,, |
ueV}land g={L, | u eV, x(u =0}. Then g and g are linear Lie
algebras because x(u-v—v-u)=0and g=g®RL.. For L, and L, € g
we define

Ly - Ly =Ly,

Then Ly, - L, — Ly - Ly = Lyy—yoy = [Lu, Ly] and Ly, - Le = Le - Ly, = Ly,.
Hence, by Corollary 11.2, the simply connected Lie group corresponding to
g admits a left-invariant projectively flat connection.

11.2 Symmetric spaces with invariant projectively flat con-
nections

In this section we prove that symmetric homogeneous spaces with invariant
projectively flat connections correspond bijectively to central simple Jordan
algebras.

Let G/K be a symmetric homogeneous space of a semisimple Lie group
G, and let

g=t+m,
[, ¢ ce [Em]Cm, [mm]cCeE¢

be the canonical decomposition for the symmetric homogeneous space G/ K
where g and € are the Lie algebras of G and K respectively.
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Suppose that G/ K admits an invariant projectively flat connection. Let
g = g ® RFE be the central extension of g defined in section 11.1. Putting
t=tand m = m® RE we have

g=rt+m,

(€ ce [e,mcm, [MmmcCEt
It follows from Theorem 11.3 that g admits an affine representation ( 1, q)
satisfying the conditions in the theorem. Since § : m — V is a linear

isomorphism, for each u € V there exists a unique element X, € m such
that G(X,) = u. We define an operation of multiplication on V' by

wxv = f(X,)v.

Then the algebra V with multiplication u*v is commutative and has a unit
element e = §(FE). In fact

uxv—vru= f(X,)i(X,) — F(X0)d(Xu) = 4([Xu, X)) = 0,
exu=f(E)u=u.

In the same way as in the proof of Lemma 9.7, the following lemma may
be proved.

Lemma 11.1. Let W € £. Then f(W) is a derivation of the algebra V.

Denoting by L, the operator of multiplication by u € V we define a
symmetric bilinear form 7 on V' by

T(U, v) = Tr Ly

In the same way that we proved Lemma 9.8, the following lemma may be
proved.

Lemma 11.2.

(1) [[Lu, Ly], Lw] = Lijyswsw), where [uw *v] = u* (w*v) — (u*w) * v.
(2) T(uxv,w) =7(v,u*w).

Lemma 11.3. 7 is non-degenerate.
Proof. Let Vp be the null space of 7,

Vo ={vo € V| 7(vg,v) =0, veV},
and let vg € \70, veV and W € E. Since

G(W, Xy,0]) = FV)@(Xogv) — F(Xugeo)@(W) = F(W)(vo # v),
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by Lemma 11.1 we obtain

[f(W)7 f(XUO*U)] f( f(W UO*U)) L ~(W)(v0*'u)
L(f(W)vg)*v + ng*(f(W)v)

Hence

[an)
I

=
=
=
3
=
=
*

[
—

= T L (5w yugyeo T T0 Loy 7(wy0)

and so
f®V, c V.
Let vg € Vo, v € V and X € fr. Then
T(f(X)vo,v) = T(d(X) * vo,v) = T(v0, (X) % v) =0,
and so
f (m)Vo C V.
These imply f (@)VO C Vp, in particular
f(e)Vo € Vo
Since the representation f of the semisimple Lie :amlgebra g is completely
reducible, there exists a complementary subspace V; invariant under f(g);
V=VoaV, flgVcCW.
Since f(E) = I;; we have
F@Vic V.
Hence
VsV C V.
We set e = eg + e1, where e; € V;. Then
Le,vj = d;jv;, for v; € Vj,
where d;; is Kronecker’s delta. Therefore
dim Vo = Tr Le, | Vo = Tr Le, = Tt Legre, = 7(€0,€0) = 0.
This implies that 7 is non-degenerate. O

The following lemma follows from Lemmata 4.2, 11.2 and 11.3.

Lemma 11.4. V is a semisimple Jordan algebra.
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Lemma 11.5. The representation f of § on V is faithful.

Proof. Let Kergf be the kernel of f on g;

Keryf={X €g| f(X)=0}.
We denote by d 7 the coboundary operator for the cohomology of coefficients
on the representation (V, f) of g. Regarding ¢ as 1-dimensional (V, f)-

cochain we obtain

(df)(X,Y) = F(X)q(Y) = F(¥)d(X) - 4([X,Y]) = 0.
Since g is a semisimple Lie algebra, the cohomology H(g, (V, f)) vanishes,
and there exists € € V such that § = dfé, that is
d(X) = f(X)e, for X €g.

This implies Kerg f Ct=¢ and so Kerg f is an ideal of g contained in ¢.
Since G acts effectively on G/K we have

Kerg f = {0}.

Suppose f(X) = 0 where X = X + ¢E and X € g. Then Tr f(X) =
Tr (—¢f(E)) = —edim V. It follows from the semisimplicity of g that g =
g, 9] and so Tr f(X) = 0. These results yield ¢ = 0 and X € Kergyf = {0}.
Hence X = 0. Thus the representation f is faithful. O

Let m(V) be a vector subspace spanned by {L, | v € V} and let ¢(V)
be a vector subspace spanned by {[L, L,] | u,v € V'} . Then
f(m) =m(V).
We set

a(V) = ¢(V) + m(V). (11.4)

Then g(V) is a Lie algebra. Since any element in f(€) is, by Lemma 11.1,
a derivation of the Jordan algebra V', and any derivation of a semisimple
Jordan algebra is an inner derivation [Braun and Koecher (1966)], we obtain

F(®) = (V).
Therefore
fig=t+m—g(V)=¢V)+m(V) (11.5)

is an isomorphism as Lie algebra including decomposition.
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Definition 11.1. Let A be a Jordan algebra with multiplication u * v.
(1) The center Z(A) of the Jordan algebra A is by definition
ZA)={ueA|uxvxw]=vxusxw] =vrxw=*u] =0, for all v,w € A},

where [u*vxw] = ux* (v*xw) — (u*v)*w.
(2) A Jordan algebra A with unit element e is said to be central simple
if A is simple and Z(A) = Re.

Lemma 11.6. The Jordan algebra V is central simple.

Proof. Let ¢ € Z(V)and u € V. Then [L,, L,] = 0 because 0 = [c *
v*u] = [Le, Ly]v for all v € V. This result together with equation (11.4)

implies that L. is an element of the center of g(V'). It follows from (11.5)

that the center of g(V') is the image of the center RE of g under f. Hence

L. € f(RE) = RL.D Thus we have Z(V) = Re. Since V is a semisimple

Jordan algebra, V' is decomposed into the direct sum of simple ideals V;G
V=Wi& &,

Let € = e1 + - - -+ ), be the decomposition of the unit element e of V where
e; € V;. Suppose V3 # {0}. Then e; is the unit element of V;. For any
c1 # 0 € Z(V1) we obtain

[+ Vi % 4] = {0},
[c1 % Vi V] = {0}, fori#1andj+# 1.

Hence
[c1 * V « V] ={0}.
In the same way we have
Ve« V]={0}, [Vx*Vxc]={0}.

Therefore ¢; € Z(V) = Re and ¢; = ae, a # 0. This means V; = {0} for
all ¢ #£ 1. Thus V is simple. O

The above results are summarized in the following theorem.

Theorem 11.4. Let G/ K be a symmetric homogeneous space of a semisim-
ple Lie group G on which G acts effectively. Suppose that G/K admits an
imwvariant projectively flat connection. Then there exists a central simple
Jordan algebra 1% satisfying the following properties.
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(1) V is decomposed into a direct sum of vector spaces,
V =V &@Re,

where e is the unit element of V.

(2) Let m(V) be a vector subspace spanned by {L, | v € V'} and let ¢(V)
be a vector subspace spanned by {[Ly,Ly] | u, v € V}. Then g(V) =
¢((V) +m(V) is a Lie algebra, and is isomorphic to the Lie algebra g of
G including the canonical decomposition g = €+ m for the symmetric
homogeneous space G/ K.

Conversely, we shall construct from a central simple Jordan algebra a
semisimple symmetric homogeneous space with an invariant projectively
flat connection.

Theorem 11.5. Let V be a central simple Jordan algebra. We set V. =
{v eV |TrL, = 0} and denote by m(V), ¢(V) vector subspaces spanned
by {Ly | v € V}, {[Lu,Lo] | u,v € V} respectively. We put g(V) =
¢V) + m(V). Then g(V) and €(V) are linear Lie algebras. Let G(V') be
the simply connected Lie group with Lie algebra g(V') and let K(V') be the
connected Lie subgroup of G(V') corresponding to ¢(V). Then G(V) is a
semisimple Lie group and G(V)/K(V) is a symmetric homogeneous space
with an invariant projectively flat connection.

Proof. By [Braun and Koecher (1966)] we know that g(V) is a semisimple
Lie algebra and

V), m(V)] Ccm(V),  [m(V),m(V)] C&V).
Denoting by m(V) a vector subspace spanned by {L, |v e V1, and by (V)
a vector subspace spanned by {[Ly, Ly] | u,v € V'}, we set
a(V) =¢V) +m(V). (11.6)
Then g(V) is a Lie algebra and
a(V)=g(V) + Ry,

where I, is the identity mapping on 1 [Braun and Koecher (1966)]. We
define a linear representation f of g(V) on V by f( ) X and a linear
mapping ¢ from g(V) to V by G(W 4+ L;) = © where W € E(V) and Ly €
m(V). Then (f,q) is an affine representation of g(V) on V and satisfies
the conditions (1)-(3) of Theorem 11.3. Hence G(V)/K (V) is a symmetric
homogeneous space with an invariant projectively flat connection. O
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Example 11.3. (Quadratic hypersurfaces) We set

~I, 0
=[]

j_[L 0 ]_[J0
0 Insip 01]’

where [}, is the unit matrix of degree p. A quadratic hypersurface M is by
definition the connected component of {z € R"*' | tz.Jz = 1} containing
te = [0,---,0,1]. Then M} is a central affine hypersurface centered at
the origin 0 and the induced connection on M} is projectively flat. My
is a sphere and M, is a component of a two-sheeted hyperboloid. Let
SO(p,n — p) be a linear Lie group preserving J,
SO(p,n —p) ={s € SL(n,R) | 'sJs=J}.
The group SO(p,n + 1 — p) acts transitively on M. The isotropy sub-

group at e is { {8 (1)] ‘ s € S0(p,n —p)} and is identified with SO(p, n—p).

Therefore we have M} = SO(p,n+1—p)/SO(p,n —p). The central affine
hypersurface immersion M}' is SO(p,n + 1 — p)-equivariant. Hence the
induced projectively flat connection on SO(p,n + 1 — p)/SO(p,n — p) is
invariant under SO(p,n + 1 — p). We define an involutive automorphism

I’IL
o of SO(p,n+1—p) by o(s) = HsH™ ! where H = {0 _OJ Then

My = SO(p,n+1—p)/SO(p,n — p) is a symmetric homogeneous space
with involution . The Lie algebra o(p,n — p) of SO(p,n — p) is given by
o(p,n—p)={Aecgl(n,R)| "AJ + JA =0},
and the Lie algebra o(p,n + 1 — p) of SO(p,n+ 1 — p) is given by

A a "
o(p,n+1—p)= {{_ ‘(Ja) 0] | A€o(p,n—p), aeR }

Since the differential o, of ¢ is expressed by

“{—éMﬁﬂ:{té@?ﬂ’

the canonical decomposition of g = o(p,n+ 1 — p) for the symmetric space
SO(p,n+1—p)/SO(p,n — p) is given by
g==t+m,

e={[go]14cotn-n}.

o {[L ] o)
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We set
g=g®RE, m=m®RE,

where E = I,,,1, and define an affine representation (f, ) of § on R"*1 by
f(X) =X and ¢(X) = Xe. Then the affine representation (f,q) satisfies

the conditions of Theorem 11.3. Then for @ = *[uy, -+, upn, ups1] € R*?
we obtain
Unt1ln ¢
X, = — ).
[—t(Ju) un+1]’ =l

Hence

[ ][ ] = ne [ s
Upt1 Upt1 —"uJV + Upt1Vnt1

The central simple Jordan algebra corresponding to SO(p,n + 1 —
p)/SO(p,n — p) coincides with the Jordan algebra defined in Example 4.4.
[Braun and Koecher (1966)](p.193)

Example 11.4. Let V be the vector space of all symmetric matrices of
degree n and let Q) be the set of all element in V with signature (p,n — p).
Then GL*(n,R) acts on Q' by GL*(n,R) x Q7 > (s,2) — sz'’s € Q7.
A matrix J defined in Example 11.3 is contained in Q. For any z € Q7,
by Sylvester’s law of inertia there exists s € GL*(n.R) such that sz's = J.
Hence GL*(n,R) acts transitively on €. Since the isotropy subgroup of
GLT(n,R) at J is SO(p,n — p), we have

n o _ +
Q, =GL"(n,R)/SO(p,n — p).
Let M} = {x € Q | |detz| = 1}. Then M} is a central affine hypersurface

in V' centered at 0. Hence the induced connection on M is projectively
flat. The group SL(n,R) acts transitively on M}’ by

(s,) € SL(n,R) x M} — sr'ls e M.

The central affine hypersurface immersion is SL(n, R)-equivariant. Hence
the induced projectively flat connection on M} is invariant under SL(n, R).
The homogeneous space M, = SL(n,R)/SO(p,n — p) is symmetric with
respect to the involutive automorphism o : s — J ts~1J. Since the differ-

ential o, of o is given by ¢,(X) = —J !X J, the canonical decomposition of
the Lie algebra g = sl(n, R) for the symmetric space is given by
g=t+m,

t={Acg|J'AJ=—A} =0o(p,n — D),
m={Acg|J'AJ = A}.
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Let g=gPRE = g[(~n, R) where E = I,,. We define an affine representation
(f:@) of gon V by f(X)v=—"'Xv—0vX and ¢(X) = — 'XJ — JX where
X € gand v € V. Then (f,q) satisfies the conditions of Theorem 11.3.

For u € V there exists a unique X,, € m such that §(X,) = u. Then

X, = —%Ju. Thus the operation of multiplication of the central simple

Jordan algebra V' corresponding to SL(n,R)/SO(p,n — p) is given by
wxv = f(X,)v= %(UJU +vJu).

1
In the case of p = 0, the multiplication is reduced to u * v = i(uv + vu)

and the Jordan algebra V coincides with the space of all real symmetric
matrices of degree n (cf. Theorem 4.12).

11.3 Invariant Codazzi structures of constant curvature

A pair (D, g) of a torsion-free connection D and a non-degenerate metric g
on a manifold M is called a Codazzi structure if it satisfies the Codazzi
equation,

(Dxg)(Y, Z) = (Dyg)(X, Z).

A manifold M provided with a Codazzi structure (D, g) is said to be
a Codazzi manifold and is denoted by (M, D,g). A Codazzi structure
(D, g) is said to be of a constant curvature c if the curvature tensor Rp
of D is given by

Rp(X,Y)Z = c{g(Y. )X — g(X. Z)Y},
(cf. Definition 2.8 and 2.9). A homogeneous space G/K endowed with an
invariant Codazzi structure (D, g) is called a homogeneous Codazzi mani-
fold, and is denoted by (G/K, D, g).

In this section we study an invariant Codazzi structure of a constant
curvature c. By Proposition 2.9, an invariant Codazzi structure of constant
curvature ¢ = 0 is an invariant Hessian structure, which has been exten-
sively studied in chapters 9 and 10. We shall prove that a homogeneous
space with an invariant Codazzi structure of a non-zero constant curvature
¢ # 0 is obtained by an equivariant immersion of codimension 1 into a
certain homogeneous space with an invariant Hessian structure.

Theorem 11.6. Let G/K be a simply connected homogeneous space of a
simply connected Lie group G. Suppose that G/K is endowed with an in-
variant Codazzi structure (D, g) of constant curvature ¢ # 0. Then there
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exists a G-equivariant immersion p of codimension 1 from G/K into a ho-
mogeneous space G /K with an invariant Hessian structure (D, §) satisfying
the following conditions:

Let § be the Lie algebra of G. For X € § we denote by X* the vector
field on G/K induced by exp(—tX). Then there exists an element E
in the center of § such that

(1) E* is transversal to G/ K, and the pair (D, g) coincides with the induced
connection and the affine fundamental form of an affine immersion

(p—cE"), )
(2) Dg. B ==X, for X €34,

(3) §(B" B = .
Proof. Since the Codazzi structure (D, g) is of a constant curvature ¢ #
0, we have
Rp(X,Y)Z = c{g(Y, 2)X - g(X, 2)Y},
and so the Ricci tensor Ricp of D is given by
Ricp = ¢(n —1)g,

where n is the dimension of G/K. Hence

Rp(X,Y)Z = ﬁ{RicD(Y, Z)X — Ricp(X, Z)Y},

(DxRicp)(Y, Z) = (DyRicp)(X, Z).

Therefore, by Theorem 11.1, D is an invariant projectively flat connection
on G/K. Also by Theorem 11.1, the central extension g of the Lie algebra
g of G admits an affine representation. Here we recall the proof of Theorem
11.3 and its accompanying notation. Let ( f ,4) be the affine representation
of the central extension § = g ® RE on V = V @ Re where V is the
tangent space of G/K at o = {K}. We denote by {e1, - ,e,} a basis
of V and by {z',--- "'} the affine coordinate system on V defined by

”*1( i) =0, x”*l( )—1andxj(el)—(5j I(e ) =0for 1 <4,j<n. For
X € § we define an infinitesimal affine transformation X, on V by

— =S AR +a X))o

where f(f(); and G(X)? are the components of f(X) and §(X) with respect
to the basis. Then the vector space g, defined by

ga:{Xa|X€§}
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is a Lie algebra because of [X,Y], = [X,,Y,]. Since G acts effectively on
G/K, the mapping g > X — X, € g, is a Lie algebra isomorphism. Let
G, be the Lie group generated by g,. The orbit Q, of G, through the
origin 0
Q= Gul = G J Ko

is an open orbit because §(§) = V. Let G, be the connected Lie subgroup
of G, generated by g, = {X, | X € g}, and let M, the orbit of G, through
the origin

M, = G,0 = Gq/K,.

Since F, = — Z(xl +§(E)l)% is transversal to M, we define an induced

K2
connection D, and an affine fundamental form h, on M, by

-DXaYa = DaXaYa + ha(Xa7 Ya)Eaa for Xa Y e g,

where D is the standard flat connection on V. Then the immersion of
M, into V is a central affine immersion centered at —§(FE). Therefore the
induced connection D, is projectively flat by Theorem 11.2, and is invariant
by G, because both D and E, are invariant under Gy,. Since G is simply
connected, there exists a covering homomorphism

p:G— G,.
Let p be a G-equivariant immersion of G/K into V defined by
p:G/K 3 sK — p(s)0e€ M, =G,0C V.

For X € g we denote by X* the vector field on G/K induced by exp(—tX).
Then

p(X™) = X,.

Let D’ and k' be the induced connection and the affine fundamental form
on G/K with respect to the affine immersion (p, —cE,),

Dx+ps(Y*) = pu(D5.Y*) + W (X*,Y*)(—cE,), for X,Y €g.
Then
P*(D/X*Y*) = Dax,Ya,
B(X*Y*) = —%ha(Xa,Ya).
Since

p(sx) = p(s)p(x), p(s)«Eq = Eq, for s e G,
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and since D, and h, are invariant by G,, both D’ and h’ are invariant
under G. It is straightforward to see that

(Dx,Ya)o = p((Dx-Y")o) + g(X*,Y")o(—ce),

hence we have D’ = D and b’ = g, and so

Dx,Ya = pu((Dx-Y™)) + g(X*,Y")(~cEq).
Put G = G,, K = p(K) and § = .. Then we have a covering map from
G /K to the open orbit Q, = G,0 of G,

WIG/K%QGZG 0.
Since the open orbit Qa = G 0 admits a G -invariant flat affine connection
D, there exists a G-invariant flat affine connection D on G/K induced by
D and 7. For X € g we denote by X* the vector field on G / K induced by
exp(—tX). Let p be a G-equivariant immersion from G/K to G/K given
by
p:G/K > sK — p(s)K € G/K.
Since p =7 op, p.(X*) = X* and 7. (X*) = X,, we have
n(Dg. V) = D (gm. (V) = D Ve
= p«((Dx-Y7)) + g(X*, Y7)(—cEa)
= o {p(Dx-Y) + g(X7, V) (B}

Thus the Gauss formula for the immersion (p, —cE) is given by

Dx+p(Y*) = Dy, (xps(Y*) = D¢ V"

:ﬁ*(DX*Y*) +g(X*7Y*)(_CE*)a
which proves assertion (1).
We shall show that G/K admits an invariant Hessian structure (D, §) satis-
fying conditions (2) and (3). From the Codazzi equation (D xRicp)(Y, Z) =
(DyRicp)(X, Z) we obtain
Qo(f(X)a(Y),4(2)) + Qolq(Y), f(X)a(2)) (11.7)
= Qo(f(Y)4(X), 4(Z)) + Qo(a(X), f(Y)a(2))-

Let us define a non-degenerate symmetric bilinear form Q, on V by
Qo(u,v) w,vevV
Qo(u,v) =< 0 ueVv=e
-1 u=7v=e.
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Let X = X +2EY =Y +yE,Z = Z + zE, where X,Y,Z € g and
z,y,z € R. Then we have
Qo(f(X)a(Y),d(2))
= Qo(f(X)a(Y) +2q(Y) +ya(X) + {zy — Qo(a(X),q(Y))}e, 4(Z) + ze)
= Qo(f(X)q(Y),q(2))
+2Qo(a(Y), 4(Z)) + yQo(e(X), 4(Z)) + 2Q0(q(X), a(Y)) — zy=.
The above expression together with equation (11.7) imply

Qo RN, 4(2) + Qula(V), F(X)a(2)) (118
= Qo(f(Y)q(X),4(2)) + Qo(a(X), f(Y)q(Z)),
for X,Y and Z € §. We now define a non-degenerate bilinear form g, on
the tangent space G’/K at 6 = K by

§o(X3,77) = = Qulm(X3),m (V7).

Then §; defines a G-invariant non-degenerate metric § on G / K. Tt follows
from equation (11.8) that § satisfies the Codazzi equation. Hence (D, §) is
a Hessian structure on G/K. Since

(D3 E*) = D (goyme(E") = Dx,Eq = =X, = —m.(X"),

we have

Do B — X
which proves assertion (2). Assertion (3) follows from
DA 1 ~ A 1 1
Go(E* E*) = Qo (1 (B7), 7 (E*)) = Qo (e, e) = —-.
Go(B",B) = 2Quma(B7),ma(B) = 2Qufee) = =

Conversely, we have the following theorem.

Theorem 11.7. Let (G/K,D,j) be a homogeneous Hessian manifold.
Suppose that there exist an element E in the center of the Lie algebra §
of G, and a non-zero constant ¢ such that

(1) ﬁ JE* = —X*, where X* is a vector field on G/K induced by
exp( X) for X E g.
(2) §(£",E") =

Then there exists a homogeneous submanifold G/ K of G'/K of codimension
1 such that E* is transversal to G/K, and that the pair (D, g) of the induced
connection D and the affine fundamental form g with respect to D and E*
is a G-invariant Codazzi structure of constant curvature c.
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Proof. Let V be the tangent space of G/K at 6 = K. We put
A V" =Dy X,
and denote by f(X) and G(X) the values of A - and X*at 6 respectively.

Then by Theorem 9.1 the pair ( f G) is an affine representation of g on V.
Let (, ) be the restriction of § at 6. By Lemma 9.2 we have

(f(X)d(V),d(2)) + (a(V), f(X)a(2))
= (f(V)a(X),d(2)) + (a(X), f(YV)a(2)).
Since ﬁx*E’* = —X*, we have
f(B) =TIy,
where Iy, is the identity mapping on V. We define a subspace g of g by
0= {X g (a(x),q(E) = 0}.
Then g is a subalgebra of g. In fact, for X, Y € g we have
(@X YD) 4(E) = (F(X)a(Y) = F(YV)a(X), ()
= (@(X), F(V)Q(E)) = (@(Y), f(X)d(E))
=0.

- 1
Since (G(E), (E)) = —— we have
c
Gg=g®RE.

Let G be the connected Lie subgroup of G corresponding to g. Let G/K
be the orbit of G through 6. Then K = K. For X € g and s € G we have

850(X25, Bl5) = Gso((54)0 ( d(s™ ) )5, (s:)o(Ad(s™ ) E)3)

= go(Ad(s ' X);, E5)
= (4(Ad(s™1)X), 4(E))
= 0.

This implies that E:O is orthogonal to the tangent space of G/K at so.
Using the flat affine connection D on G/K and the transversal vector field
E*, we define the induced connection D and the affine fundamental form
h on G/K by

ﬁX*Y* _ Dx*Y* +h(X*,Y*)E*,
where X, Y € g. Then
A A 1
J(Dx-Y* E*) = —=h(X*,Y™).
c
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Alternatively, we have

g([)X*Y*vE*)

= —(Dp.9)(X7,
= —E*(§(X*,Y") +§(D
= —g(X*,Y").
Thus we obtain
h(X*,Y*) = cg(X*, V™).
Since
Dx-Dy-Z* = Dx+Dy-Z* — h(Y*, Z*)X*
+{h(X*,Dy-Z*) + X*h(Y™*, Z*)} E*,
we have
Rp(X*,Y*)Z* = Dx-Dy-Z* — Dy-Dx-Z* — Dix+ y Z*
= Rp(X*,Y*)Z* — h(Y*, Z)X* + h(X*, Z*)Y*
H(Dx-h)(Y", Z") = (Dy-h)(X*, Z*)} B,
which implies
(Dx~h)(Y*,Z*) = (Dy+h)(X*,Z"),
Rp(X*,Y")Z* =h(Y", Z") X" — h(X",Z")Y".
Therefore, denoting by ¢ the restriction of ¢ to G/K, the pair (D, g) is a

G-invariant Codazzi structure of constant curvature c. O

Corollary 11.3. Let Q) be a homogeneous regular convex cone and let 1 be
the characteristic function. Then each level surface 1) ~1(c) of ¥ admits an
invariant Codazzi structure of constant curvature with value —(dim Q) =1,

Proof. We may assume that the vertex of € is the origin 0. Let G be the
linear automorphism group of 2 and let G be a closed subgroup defined by
G = {s € G | det s = 1}. For any two points p and g of 1) ~1(c) there exists
§ € G such that ¢ = §p. Since

vlp) ¢

c=1(q) =¢(Sp) = dets  dets

by (4.2), it follows that § € G. Hence G acts transitively on ¢ ~1(c). Since
the one parameter group e’ is contained in G the linear Lie algebra g of G
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contains the identity transformation E of Q. Let (D, § = Ddlog) be the
canonical Hessian structure on 2. Using the same notation as in Theorem
11.7, we have

DB = X", for X e g,

because E* = — Z xz% Since dlog 1) is invariant under G, denoting by
L. the Lie derivative with respect to £*, we obtain
0=Lj.dlogy = (dip. +tp.d)dlogy
= d((dlog ¥)(E")).
Therefore (dlog)(E*) is a constant. Hence
§(X*, E*) = (Dg.dlog ) (E”)
= X*((dlog¥))(E")) — (dlog¢)) (D . E*)

= (dlog)(X™),
and so
g(E", E7) = (dlog ) (E").
Since
i xTr) = i Xpl(— D x
(E0@) = 5| vlexp-E))
_ % t_01/)(a:)(det(exp(—tE)))_l
d nt _ Y
=< t_oe Y(x) =np(r), n=dimQ,
we have

G(E*, E*) = dim Q.

Therefore our assertion follows from Theorem 11.7. O
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